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Abstract

We study a ring theoretic property which is a special case of right McCoy rings,
introducing the concept of principally right McCoy rings. We study the basic prop-
erties of principally right McCoy rings, and ordinary ring extensions of principally
right McCoy rings are considered.
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1. Principally right McCoy rings

Throughout this note every ring is associative with identity unless otherwise stated.
Given a ring R, rgr(—) (Igr(—)) is used for the right (left) annihilator in R. If § is a
singleton, say S = {a}, then we write rg(a) (£g(a)) in place of rr({a}) (¢{r({a})). We
use R[x] to denote the polynomial ring with an indeterminate x over R. Let Z (Z,)
denote the ring of integers (modulo n). Denote the n by n full (resp., upper triangular)
matrix ring over R by Mat,(R) (resp., U,(R)). Let E;; be the matrix with (i, j)-entry
1 and zeros elsewhere.

McCoy [7, Theorem 2] proved the following in 1942:

If R is a commutative ring and rg[x(f(x)) # 0, then rg(f(x)) # 0.

A ring (possibly without identity) is usually called reduced if it has no nonzero nilpo-

tent elements. Rege etal. [9] called aring R Armendarizif a;b; = Oforalli, j whenever

m n
fx) = Zaixi, glx) = ijxj in R[x] satisfy f(x)g(x) = 0. Reduced rings are
i=0 j=0
Armendariz by [2, Lemma 1]. A ring is usually called Abelian if every idempotent is
central. Armendariz rings are Abelian by the proof of [1, Theorem 6] or [5, Corollary 8].
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Nielsen [8] called aring R (possibly without identity) right McCoy provided that the
equation f(x)g(x) = 0 implies f(x)c = 0 for some nonzero ¢ € R, where f(x), g(x)
are nonzero polynomials in R[x]. Left McCoy rings are defined similarly. If a ring is
both left and right McCoy then the ring is called a McCoy ring. Armendariz rings are
clearly McCoy.

A ring R will be called principally right McCoy provided that f(x)g(x) = 0 implies
f (x)r = 0 for some nonzero r in the principal right ideal of R generated by a coefficient
of g(x), where f(x) and g(x) are nonzero polynomials in R[x]. Principally left McCoy
rings are defined similarly. If a ring is both principally left and right McCoy then the
ring is called a principally McCoy ring.

A principally right McCoy ring is obviously right McCoy. Armendariz rings are
clearly principally McCoy rings. And this implication is irreversible as the following
example shows.

Example 1.1. We use the ring and argument in [5, Example 2]. Let A = Z({ao, a1,
az, bo, b1, by, c) be the free algebra with noncommuting indeterminates ag, ai, az,
bg, b1, by, c over Z;. Let B be the subalgebra of A consist of all polynomials of zero
constant term. Consider an ideal of A, say I, generated by apbo, a1by + axby, apby +
aibo, apbr +a1by +azbg, axby, aprbo, axrba, (ag+ay +az)r(bo+by+by) and rirar3ra,
where r, r1, 12, r3, r4 € B. Note B*el.

Letnext R = A/I. Consider (ap+aix +a2x2)(bo +bix +b2x2) = 0,buta;by # 0.
So R is not Armendariz. We show next that R is principally right McCoy. supp(—) means
n m

the support of a given polynomial. Take 0 # f(x) = Zaixi, 0 # gx) Z,Bjxj €
i=0 j=0

R[x] with f(x)g(x) = 0. If I € supp(B;), then fix &’ to be a monomial in the support
of o; of smallest degree. But this implies & - 1 is in the support of Zai Bi =0,a
contradiction. Thus 1 ¢ supp(B;), and similarly, 1 ¢ supp(c;). So «;, B; € A for each
i, j. Now we have By # 0 for some 0 < k < m. Note that A* = 0. Let H,, be the set of
all linear combinations of monomials of degree n over Z;. Observe that H, is finite for
any n and that the ideal / of R is homogeneous

If Bx with smallest degree 1 exists, then f; € H; and so we can find nonzeror € ;R
such that f(x)r = 0.

If Bx with smallest degree 2 exists, then f> € H» and so we can find nonzeror € ;R
such that f(x)r = 0.

If Br with smallest degree 3 exists, then f3 € H3 and so f3 € BrR such that
f&x)f3=0.

Thus R is principally right McCoy.

Following [3], a ring R is called (von Neumann) regular if for each a € R there
exists b € R such that a = aba. If given a ring is regular then we have the following
equivalence.
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Proposition 1.2. Given a regular ring R the following conditions are equivalent:

(1) R is reduced;

(2) R is Armendariz;

(3) R is principally right McCoy;
(4) R is right McCoy;

(5) R is Abelian.

Proof. The proof is done by help of [3, Theorem 3.2] and [6, Proposition 2.14], noting
that Armendariz rings are principally right McCoy and principally right McCoy rings
are right McCoy. [

2. Extensions of principally right McCoy rings

In this section we examine some ring extensions, which have roles in ring theory, to
be principally right McCoy. A ring R is usually called right Ore if given a, b € R with
b regular there exist aj, by € R with b; regular such that ab; = ba;. Note that R is
a right Ore ring if and only if the classical right quotient ring of R exists. There exist
many reduced rings which are not right Ore as can be seen by the free algebra in two
noncommuting indeterminates over a field. This kind of ring is a domain which cannot
have its classical right quotient ring.

Theorem 2.1. Let R be a right Ore ring with the classical right quotient ring Q,(R).
Then R is principally right McCoy if and only if so is O, (R).

Proof. We adapt the proof of [4, Theorem 2.1] for the case of principally right McCoy
rings. Let O = Q,(R). Suppose F(x)G(x) = 0for 0 # F(x), G(x) € Q[x]. We
can write F(x) = aou '+ aju 'x + -+ apu'x" and G(x) = bov~ ' + bjv " x +
R b,,v_lx”, where u, v are regular. Since F(x)G(x) =0, (aou_1 + alu_lx 4+ +
am ™' x™)(bo + b1x + - - - + byx™) = 0 and this yields

(1) aou'bg =0, apu"'by + aju~'by =0, ..., apu""'b, = 0.
For u_lbo, u_lbl,...,u_lbn, there exist co, c1,...,c, and s regular such that

u_lbi = c,-s_1 for all i. Then, from the equality (), we get apco = 0, apc1 + ajco =
0,...,amc, = 0and f(x)g(x) = 0, where f(x) = ap + ajx + -+ + a,x™ and
g(x) = co+ cix + -+ 4+ ¢,x" in R[x]. Note that f(x) # 0 and g(x) # 0 because
F(x) #0and G(x) # 0.

Since R is principally right McCoy, there exists nonzero r € c¢; R for some i such
that f(x)r = 0. Note that

recRCc¢ Q= cis_lQ = u_lbiQ.
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Thus ur € b; Q = b,~v_1 Q and ur # 0. Since f(x)r = 0, we have

0= (ap+aix + -+ aux™)r = (@ + arx + - + aux™u"ur

= (a()u_1 + alu_lx + -4 amu_lxm)ur = F(x)ur.

Therefore Q is principally right McCoy.

Conversely, let0 # f(x) = ap+ajx+---+a,x" and0 # g(x) = by+bix+---+
b,x" in R[x] such that f(x)g(x) = 0. Then f(x), g(x) € Q[x]. Since Q is principally
right McCoy, there exists i such that f()c)b,-rs_l = ( for some 0 # birs_1 € b; Q. This
implies f(x)b;r = 0 and b;r # 0. Since b;r € b; R, R is principally right McCoy. W

Let R be aring R and n > 2. Following the literature, we usually consider the
subring

a apjp a3 -+ dip
0 a a3 --- axn

D, (R) = 0 0 a - an ||a,a;€Ry
0 0 0 --- a

of U, (R). Note that D,,(R)[x] is isomorphic to D, (R[x]).
Theorem 2.2. For aring R, the following conditions are equivalent:
(1) R is principally right McCoy;
(2) D> (R) is principally right McCoy;

(3) D3(R) is principally right McCoy.

Proof. We apply the proof of [4, Theorem 2.2]. For the proof of (1) implying (2), suppose
that R is principally right McCoy. Recall (D, (R))[x] = D,(R[x]). Let

B ” ai;; by i fikx) gi1(x)
O#A(x)_z(;( 0 au)x _< 0 fl(x))
and

0 o= 3 (G D)= (S5 ),

j=0

m m n n
where fi(x) = Y aux', g1(x) = Y _bux', o(x) =Y arjx’, ga(x) = Y bojx/.
i=0 j=0

i=0 Jj=0

Case 1. (f1(x) #0, f>(x) # 0)
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Note f1(x) f2(x) = 0. Then since R is principally right McCoy, there exists nonzero

a € ayjR for some j € {1,2,...,n} such that fi(x)a = 0, say = azjaj. So
A(x) ( 8 g ) — 0, noting that

0 a\ [ aj; by 0 o azj  baj
(0 o)‘(o a2j><0 0 )\ 0 a D2

Case 2. (fi1(x) # 0and f2(x) =0, g2(x) # 0)
Note f1(x)g2(x) = 0. Then since R is principally right McCoy, there exists nonzero

B € byjR for some j € {1,2,...,n} such that fi(x)8 = 0, say B = by;B;. So

A(x) ( 8 g ) = 0, noting that

0B\ (0 by \(B O 0 by,
(06)=(5%)(% 5)=(0%)rm

Case 3. (f1(x) =0, g1(x) #0,and f>(x) # 0)

Let p = ayip; be any nonzero element for each i = 1,2,...,n. Then we get
0 p .
A(x) ( 00 ) = 0, noting that

0 p\_( au by 0 pi azi byi
(06)=(% &)(a§)=(F &)

Case 4. (fi1(x) =0and fr(x) =0, g2(x) # 0)

Let g = by;q; be any nonzero element for each i = 1,2,...,n. Then we get
0 ¢ .
A(x) ( 0 0 ) = 0, noting that

0 g\ _ (0 by qgi O 0 by
(08)=(0%)(% 5)=(o 7)o

By Cases 1, 2, 3 and 4, D,(R) is principally right McCoy.
For the proof of (1) implying (3), suppose that R is principally right McCoy and let

m [ ai by cu . fix) gi(x) hi(x)
0£A® =Y 0 ay di |X¥'=| 0 A& i)
i=0 0 0 ay 0 0 fl(x)
and
m [ axy by c . f2(x)  ga(x) ha(x)
0£B@) =Y [ 0 ay dy |x/=[ 0 f@&x) i
=0\ 0 0 ay 0 0 falx)
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m m
in D3(R)[x] such that A(x)B(x) = O, where fj(x) = Zalixi, g1(x) = Zblixi,
i=0 i=0

m m n n
hix) =) cux',inx) =) dux', fa(x) =Y arjx/, ga(x) = Y byjx/, hy(x) =

n n
Zczjxf, ir(x) = Zdzjx].
j=0 j=0

Case 1. (f1(x) # 0, fa(x) # 0)
Note f1(x) f2(x) = 0. Then since R is principally right McCoy, there exists nonzero

a € azjR for some j € {1,2,...,n} such that fi(x)a = 0, say @ = azja;. So
0 0 «
Ax)l 0 0 O | =0, noting that
00 O
0 0 « azj sz C2j 00 a; azj sz C2j
00 0 ]= 0 ayj dyj 00 O € 0 ayj daj | D3(R).
0 0O 0 0 ay 0 0 O 0 0 aj

Case 2. (f1(x) # 0and fo(x) =0, g2(x) # 0)
Note f1(x)g2(x) = 0. Then since R is principally right McCoy, there exists nonzero

B € byjR for some j € {1,2,...,n} such that fi(x)B = 0, say B = by;B;. So

00 B
A(x)| 0 0 O | =0, noting that
00O
00 B 0 byj o2 00 O 0 byj ¢
000 |=10 0 d; 00 B el 0O 0 dy |D3R).
000 0O 0 O 00 O 0O 0 O

Case 3. (fi1(x) # 0and fo(x) =0, g2(x) =0, ha(x) # 0)
Note f1(x)ha(x) = 0. Then since R is principally right McCoy, there exists nonzero
Y € c2jR for some j € {1,2,...,n} such that fi(x)y = 0, say y = c2;¥;. So

00 y
A(x)| 0 0 O | =0, noting that
000
0 0 y 0 0 c yi 0 0 0 0 ¢
00 0 ]J=100 0 0 i 0 €| 0 0 dy; |D3(R).
0 00 0O 0 O 0 0 vy 00 O

Case 4. (f1(x) # 0and f2(x) =0, g2(x) =0, i2(x) # 0)
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Note fi(x)i2(x) = 0. Then since R is principally right McCoy, there exists nonzero
3 € dyjR for some j € {1,2,...,n} such that fi(x)6 = 0, say § = dp;d;. So

0 0 ¢
A(x)| 0 0 O | =0, noting that
000
0 0 ¢ 0 0 O 5; 0 O 00 O
000 = 00 dzj 0 5j 0 € 00 dzj D3(R).
000 00 O 0 0 4 00 O

Case 5. (fi(x) =0, fr(x) #0)

Note f1(x) f2(x) = 0. Then, for any nonzero p = ay;p; foreachi = 1,2,...,n,

00 p
A(x)| 0 0 O | =0, noting that
000
00 P a2j sz C2j 00 Pj azj sz C2j
000 = 0 asj dzj 00 O € 0 asj dzj D3(R).
000 0 0 a; J\0oo0 0 0 0 ay

Case 6. (f1(x) =0, f2(x) =0)
Subcase 1. (g;(x) # 0)
If go(x) # O, then for any nonzero ¢ = by;q; foreachi = 1,2,...,n we get

0 g O
A(x)| 0 0 O | =0, noting that
0 0O
0 g O 0 byj 2 00 O 0 byj 2
0 0O = 0 0 dzj 00 qj € 0 O dzj D3(R).
0 0O 0O 0 O 0 0 O 0O 0 O
If hao(x) # O, then for any nonzero r = cp;r; foreachi = 1,2,...,n we get
00 r
A(x)| 0 0 O | =0, noting that
000
0 0 r 0 byj ¢ ri 0 0 0 byj ¢
000 ])]=]10 0 dy 0 r; O el 0 0 d |D:(R).
0 00 0O 0 O 0 0 r 0O 0 O

Ifiz(x) # 0, then since g1 (x)iz(x) = 0 and R is principally right McCoy, there exists
nonzero { € dy;R for some j € {1,2,...,n} suchthat f1(x)¢ =0,say { =dz;¢;. So
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00 00 0 g 0 0 0 by c2
0¢|=100 a 0 ¢ 0)elo 0 d; |DiR).
0 0 00 0 0 0 ¢ 0 0 0

Subcase 2. (g1(x) =0, h1(x) #0)
If g2(x) # O, then for any nonzero ¢ = by;jq; foreachi = 1,2,...,n we get

0 g 0
A(x)| 0 0 O | =0, noting that
0 0O
0 g O 0 byj <2 00 O 0 byj
0 0O O O dyj 0 0 gj el O 0 dy |D3R).
0 0O 0 00 O 0O 0 O
If ha(x) # O, then for any nonzero r = c¢p;r; foreachi = 1,2,...,n we get
00 r
A(x)| 0 0 O | =0, noting that
000
00 r 0 byj c2j rji 00 0 byj c2j
0 0O 0 () d 0 r; O el 0 0 d |D:(R).
0 0O 0 0 0 r 0O 0 O
If ip(x) # 0, for any nonzero s = dp;s; foreachi = 1,2, ..., n we get
000
Ax)l 0 0 s | =0, noting that
000
000 00 O si 0 0 0 byj czj
00 s |=100 dy 0 s; O el 0 0 d | D3(R).
00O 00 O 0 0 s 0O 0 O

Subcase 3. (g1(x) =0, h1(x) =0,i1(x) # 0)
If go(x) # O, then for any nonzero ¢ = by;q; foreachi = 1,2,...,n we get

0 g O
A(x)| 0 0 O | =0, noting that
0 0O
0 g O 0 byj c2j 00 O 0 byj c2j
000 =10 0 dy 0 0 gj €l 0 0 dy |Ds3(R).
0 0O 0O 0 O 00 O 0O 0 O
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If hao(x) # O, then for any nonzero r = cp;r; foreachi = 1,2,...,n we get
00 r
Ax)l 0 0 O | =0, noting that
000
0 0 r 0 sz C2j rj 0 0 0 sz C2j
00O = 0 O dzj 0 rj 0 € 0O O dzj D3(R).
0 0O 0O 0 O 0 0 ry 0O 0 O
If ip(x) # 0, for any nonzero s = dp;s; foreachi = 1,2, ..., n we get
000
Ax)|l 0 0 s | =0, noting that
00O
000 00 O si 0 0 0 byj <2
0 0 s = 00 dzj 0 S 0 S 0 0 d2j D3(R).
00O 00 O 0 0 s 0O 0 O

Therefore D3(R) is principally right McCoy.
For the proof of (2) implying (1), suppose that D,(R) is principally right McCoy,
m n
and let 0 # f(x) = ) a;ix',0 3 g(x) = Y _bjx/ € R[x] with f(x)g(x) = 0. Then,
i=0 j=0
letting

m

A(x):Z(cg C?)x"andB(x):Z(bOj ;)j)xj,

i=0 ! j=0

we have A(x) = < fx) 0 )B(x) — ( gtx) 0 >xf' with A(x)B(x) = O.

0 f(x) 0 g
Since D, (R) is principally right McCoy, there exists nonzero C € bOJ b D> (R)
J
b; O Clj €25

_ _ J P
such that A(x)C = O, say C = 0 b, 0 ;) Note that bjcy; # 0 or

bjcaj # 0. Since f(x)bjci; = 0 and f(x)bjcy; = 0, R is principally right McCoy.
The proof of (3) implying (1) is similar. [

Considering Theorem 2.2, one can ask whether D, (R) may be also principally right
McCoy for n > 4 over a principally right McCoy ring R. However the following shows
that the answer is negative.

Example 2.3. Let R be any ring and consider D, (R) forn > 4. We use the polynomials

f(x) = Ep+ Ej3x and g(x) = —E3, + Eypx € D, (R)[x]
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in Remark (1) after [4, Theorem 2.2]. Then f(x)g(x) = 0. Consider the right ideals
Iy = Ey, Dy (R) and I, = E3, D, (R) of D,(R). Letri = aEy, and r; = bE3, be any
nonzero elements in /1 and I, respectively. Then

f@)ri =aE, #0and f(x)ra =bEj,x #0

and so D, (R) is not principally right McCoy.
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