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Correction and generalization: “Fixed points of ߙ_admissible Meir-Keeler contraction mappings on 
quasi-metric spaces” 
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Abstract 
 

In a recent paper titled “Fixed points of ࢻ_ admissible Meir-Keeler 
contraction mappings on quasi-metric spaces”, proofs of main results are 
incorrect and the uniqueness is not discussed. In this paper we suggest a new 
fixed point theorem. Our main result is a generalization of the main results in 
the original paper. Moreover, we introduce the concept of “separated 
mappings” to obtain the uniqueness of the fixed point. 
 
Index Terms— quasi-metric; Meir-Keeler; contraction; admissible; separated 
mappings. 

 
 
I. INTRODUCTION AND PRELIMINARIES 

 
Definition 1.1. Let ሺܺ, ݀ሻ be a quasi-metric space. Let ܶ ׷  ܺ ՜  ܺ be a triangular ߙ_admissible mapping. 
Assume that for every ߝ ൐  0 there exists ߜ ൐  0 such that ߝ ൑ ଵܰሺݔ, ሻݕ ൏ ൅ ߝ ,ݔሺߙ ݏ݈݁݅݌݉݅ ߜ  ,ݔሻ݀ሺܶݕ ሻݕܶ ൏  ,ߝ
where ଵܰሺݔ, ሻݕ  ൌ ,ݔሼ݀ሺݔܽ݉  ,ሻݕ ݀ሺܶݔ, ,ሻݔ ݀ሺܶݕ,  ,ሻሽݕ
for all ݔ, א ݕ ܺ. Then ܶ is called a generalized ߙ_Meir-Keeler contraction of type (I). 
Assume that for every ߝ ൐  0 there exists ߜ ൐  0 such that ߝ ൑ ଶܰሺݔ, ሻݕ ൏ ൅ ߝ ,ݔሺߙ ݏ݈݁݅݌݉݅ ߜ  ,ݔሻ݀ሺܶݕ ሻݕܶ ൏  ,ߝ

Throughout this paper, the terminology and the notations are the same as in [1]. 
Exceptionally, we recall the following definitions: 
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where 

ଶܰሺݔ, ሻݕ  ൌ ݔܽ݉  ൜݀ሺݔ, ,ሻݕ 12 ሾ݀ሺܶݔ, ,ሻݔ ݀ሺܶݕ,  ,ሻሿൠݕ
for all ݔ, א ݕ ܺ. Then ܶ is called a generalized ߙ_Meir-Keeler contraction of type 
(II). 
We consider the following definition: 
Definition 1.2. Let ሺܺ, ݀ሻ be a quasi-metric space. Let ܶ ׷  ܺ ՜  ܺ be a triangular ߙ_admissible mapping. Assume that for every ߝ ൐  0 there exists ߜ ൐  0 such that ߝ ൑ ,ݔሺܯ ሻݕ ൏ ൅ ߝ ,ݔሺߙ ݏ݈݁݅݌݉݅ ߜ  ,ݔሻ݀ሺܶݕ ሻݕܶ ൏  1.1 ,ߝ
where ܯሺݔ, ሻݕ  ൌ max ሼ݀ሺݔ, ,ሻݕ ,ݔሺܶ݀ߙ ,ሻݔ ,ݕሺܶ݀ߚ ,ሻݕ ఊଶ ሾ݀ሺܶݔ, ,ሻݔ ݀ሺܶݕ,  ሻሿቅ, 1.2ݕ

for all ݔ, א ݕ  ܺ and ߙ, ,ߚ  Meir-Keeler_ߙ in ሾ0,1ሿ. Then ܶ is called a generalized ߛ
contraction of type (III). 
 
Remark 1.3. ܯ represents a class of functions containing both function ଵܰ and ଶܰ. In 
fact, if ሺߙ, ,ߚ ሻߛ ൌ ሺ1,1,0ሻ we get ܯ ൌ ଵܰ and if ሺߙ, ,ߚ ሻߛ ൌ ሺ0,0,1ሻ we get ܯ ൌ ଶܰ. 
Now, we introduce the concept of separated mapping as: 
 
Definition 1.4. A function ߙ ׷  ܺ ൈ ܺ ՜ ሾ0, ൅∞ሾ is called separated if it verifies for 
all ܽ, א ܾ ,ሺܽߙ :ܺ  ܾሻ ൌ 0 ֜  ܽ ൌ ܾ. 
In [1] authors stated the following theorems (as main results): 
 
Theorem 1.5. Let ሺܺ, ݀ሻ be a complete quasi-metric space and ܶ ׷  ܺ ՜ ܺ be a 
continuous generalized ߙ_Meir-Keeler contraction of type (I). If ߙሺݔ଴, ଴ሻݔܶ ൒ 1 and ߙሺܶݔ଴, ଴ሻݔ ൒ 1 for some ݔ଴ א ܺ, then ܶ has a fixed point in ܺ. 
 
Theorem 1.6. Let ሺܺ, ݀ሻ be a complete quasi-metric space and ܶ ׷  ܺ ՜ ܺ be a 
continuous generalized ߙ_Meir-Keeler contraction of type (II). If ߙሺݔ଴, ଴ሻݔܶ ൒ 1 and ߙሺܶݔ଴, ଴ሻݔ ൒ 1 for some ݔ଴ א ܺ, then ܶ has a fixed point in ܺ. 
 
Theorem 1.7. Let ሺܺ, ݀ሻ be a complete quasi-metric space and ܶ ׷  ܺ ՜  ܺ be a 
generalized ߙ_Meir-Keeler contraction of type (II) and let ሺܺ, ݀ሻ satisfies the 
following conditions: “If ሼݔ௡ሽ௡ is a sequence in ܺ which converges to ݔ and satisfies ߙሺݔ௡ାଵ, ௡ሻݔ ൒ 1 and ߙሺݔ௡, ௡ାଵሻݔ ൒ 1 for all ݊ then there exists a subsequence ൛ݔ௡ೖൟ௞  
of ሼݔ௡ሽ௡ such that ߙ൫ݔ௡ೖ, ൯ݔ ൒ 1 and ߙ൫ݔ, ௡ೖ൯ݔ ൒ 1 for all k. 
If ߙሺݔ଴, ଴ሻݔܶ ൒ 1 and ߙሺܶݔ଴, ଴ሻݔ ൒ 1 for some ݔ଴ א ܺ, then ܶ has a fixed point in ܺ. 
The proofs of the three theorems stated above in the original paper [1] are based on 
the following -clearly incorrect- reasoning: Putting ݎ௡  ൌ ,௡ݔሼݔܽ݉  ݊ ௡ሽ for allݕ א Գ, 
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if ݔ௡ and ݕ௡ verify some property ሺܲሻ for all ݊ א Գ then ݎ௡ verifies the property ሺܲሻ 
for all ݊ א Գ. 
The following example is for clarification: We consider the following sequences: ݎ௡ ൌ ,௡ݔሼݔܽ݉  ,௡ሽݕ ௡ݔ ൌ ൜݊; ;0݊݁ݒ݁ ݏ݅ ݊ ݂݅  ௡ݕ  ݀݊ܽ  ݀݀݋ ݏ݅ ݊ ݂݅  ൌ  ,௡ାଵݔ

and the property ሺܲሻ by: If there exists a subsequence ൛ݎ௡ೖൟ௞ of the sequence ሼݎ௡ሽ௡ 
which converges to "0" , then the sequence ሼݔ௡ሽ௡ converges to "0". 
This error makes almost all the proofs incorrect. The remaining results in [1] 
(corollaries 18, 19 and theorems 23, 28, 29) are direct consequences from 1.5, 1.6 and 
1.7, then their proofs still correct. 
In this paper, we consider the following fixed point theorem. This theorem is a 
generalization of the results obtained in [1]. Moreover, by adding a simple and natural 
condition, we got the uniqueness of the fixed point. 
 
 
II. MAIN RESULT 
Theorem 2.1. Let ሺܺ, ݀ሻ be a complete quasi-metric space and ܶ ׷  ܺ ՜  ܺ be a 
generalized ߙ_Meir-Keeler contraction of type (III), we assume that one of the two 
following conditions holds: ሺܣሻ  ܶ is continuous. ሺܤሻ If ሼݔ௡ሽ௡ is a sequence in ܺ which converges to ݔ and satisfies: ݉݅݊ሼߙሺݔ௡ାଵ, ,௡ሻݔ ,௡ݔሺߙ ௡ାଵሻ ሽݔ  ൒  1 for all ݊, then there exists a subsequence ൛ݔ௡ೖൟ௞  
of ሼݔ௡ሽ௡ such that ݉݅݊൛ߙ൫ݔ, ,௡ೖ൯ݔ ,௡ೖݔሺߙ ሻൟݔ ൒ 1 for all ݇. 
If ݉݅݊ሼߙሺݔ଴, ,଴ሻݔܶ ,଴ݔሺܶߙ ଴ሻ ሽݔ  ൒  1 for some ݔ଴ א X, then ܶ has a fixed point in ܺ. 
Furthermore, if ߙ is separated, this fixed point is unique. 
 
Remark 2.2. Theorems 1.5, 1.6 and 1.7 are a special case of theorem 2.1. 
Proof. Let ݔ଴ א  ܺ such that ݉݅݊ሼߙሺݔ଴, ,଴ሻݔܶ ,଴ݔሺܶߙ ଴ሻ ሽݔ ൒  1 and define the 
sequence ሼݔ௡ሽ௡ in ܺ as ݔ௡ାଵ  ൌ  ௡ . Throughout this paper we assume -without lossݔܶ 
of any generality- that ݔ௡ ്  ௡ାଵ. 2.1ݔ
For all ݊, and since ܶ is ߙ_admissible, it follows that ݉݅݊ሼߙሺݔ௡, ,௡ାଵሻݔ ,௡ାଵݔሺߙ ௡ሻሽݔ ൒  1, 2.2 
for all ݊ א Գ. Using 1.1 we can easily show that ߙሺݔ௡ାଵ, ,௡ାଶݔ௡ሻ݀ሺݔ ௡ାଵሻݔ ൏ ,௡ାଵݔሺܯ  ௡ሻ, 2.3ݔ
and that ߙሺݔ௡, ,௡ାଵݔ௡ାଵሻ݀ሺݔ ௡ାଶሻݔ ൏ ,௡ݔሺܯ  ௡ାଵሻ, 2.4ݔ
for all ݊ א Գ. Having in mind inequality 2.3 and relation 1.2, we estimate 



5022  Mecheraoui Rachid ݀ሺݔ௡ାଶ, ௡ାଵሻݔ ൏ ,௡ାଵݔሺܯ ௡ሻ  ൌݔ ,௡ାଵݔሼ݀ሺݔܽ݉ ,௡ሻݔ ,௡ାଶݔሺ݀ߙ ,௡ାଵሻݔ ,௡ାଵݔሺ݀ߚ ,௡ሻݔ 2ߛ ሾ݀ሺݔ௡ାଶ, ,௡ାଵሻݔ ݀ሺݔ௡ାଵ, ௡ሻሿቅ ൌݔ ݀ሺݔ௡ାଵ,  ௡ሻ, 2.5ݔ
for all ݊ א Գ. Consequently, ሼ݀ሺݔ௡ାଵ,  ௡ሻሽ௡ is a decreasing positive sequence, then itݔ
converges to some ݎଵ ൒ 0. Remember that ሼܯሺݔ௡ାଵ, ௡ሻሽ௡ݔ  ൌ  ሼ݀ሺݔ௡ାଵ,  ௡ሻሽ௡ andݔ
supposing that ݎଵ ൐ 0, we deduce that for all ߜ ൐ 0 there exists ݊ א Գ such that ݎଵ ൑ ,௡ାଵݔሺܯ ௡ሻݔ  ൏ ଵݎ  ൅ ߜ ֜ ,௡ାଵݔሺߙ ,௡ାଶݔ௡ሻ݀ሺݔ ௡ାଵሻݔ ൏ ֜ ଵݎ ݀ሺݔ௡ାଶ, ௡ାଵሻݔ ൏  ,ଵݎ
which is a contradiction with the fact that the sequence ሼ݀ሺݔ௡ାଵ,  ௡ሻሽ௡ is decreasingݔ
to ݎଵ, then lim௡՜ஶ ݀ሺݔ௡ାଵ, ௡ሻݔ ൌ lim௡՜ஶ ,௡ାଵݔሺܯ ௡ሻݔ ൌ 0. 2.6 
Similarly, taking into account inequality 2.4 and relation 1.2, we get ݀ሺݔ௡ାଵ, ௡ାଶሻݔ ൏ ,௡ݔሺܯ ௡ାଵሻ  ൌݔ ,௡ݔሼ݀ሺݔܽ݉ ,௡ାଵሻݔ ,௡ାଵݔሺ݀ߙ ,௡ሻݔ ,௡ାଶݔሺ݀ߚ ,௡ାଵሻݔ 2ߛ ሾ݀ሺݔ௡ାଵ, ,௡ሻݔ ݀ሺݔ௡ାଶ, ௡ାଵሻሿቅ ൑ݔ max ሼ݀ሺݔ௡, ,௡ାଵሻݔ ݀ሺݔ௡ାଵ,  ௡ሻሽ. 2.7ݔ
This estimate together with 2.5 gives maxሼ݀ሺݔ௡ାଵ, ,௡ାଶሻݔ ݀ሺݔ௡ାଶ, ௡ାଵሻሽݔ ൏ maxሼ݀ሺݔ௡, ,௡ାଵሻݔ ݀ሺݔ௡ାଵ,  ,௡ሻሽݔ
accordingly, the sequence ሺmax ሼ݀ሺݔ௡, ,௡ାଵሻݔ ݀ሺݔ௡ାଵ,  ௡ሻሽሻ௡ is a decreasingݔ
positive sequence and consequently it converges to some ݎଶ ൒ 0. Assume that ݎଶ ൐ 0, 
thanks to limits 2.6 we conclude that there exists ݊଴ א Գ for which the sequence ሼ݀ሺݔ௡, ௡ାଵሻሽ௡வ௡బݔ  is decreasing to ݎଶ. On the other hand, remember that ݀ሺݔ௡ାଵ, ௡ାଶሻݔ ൏ ,௡ݔሺܯ ௡ାଵሻ  ൑ݔ ݔܽ݉ ሼ݀ሺݔ௡, ,௡ାଵሻݔ ݀ሺݔ௡ାଵ,   ,௡ሻሽݔ
we deduce that ሼܯሺݔ௡,  ,ଶ. This result, together with 1.1ݎ ௡ାଵሻሽ௡ converges also toݔ
allows us to write for all δ ൐ 0 and for all ݊ א Գ sufficiently large that ݎଶ ൑ ,௡ݔሺܯ ௡ାଵሻݔ  ൏ ଶݎ  ൅ ߜ ֜ ,௡ݔሺߙ ,௡ାଵݔ௡ାଵሻ݀ሺݔ ௡ାଶሻݔ ൏ ֜ ଶݎ ݀ሺݔ௡ାଵ, ௡ାଶሻݔ ൏  ,ଶݎ
which is a contradiction with the fact that the sequence ሼ݀ሺݔ௡,  ௡ାଵሻሽ௡வ௡బ isݔ
decreasing to rଶ. Then lim௡՜ஶ ݀ሺݔ௡, ௡ାଵሻݔ ൌ lim௡՜ஶܯሺݔ௡, ௡ାଵሻݔ ൌ 0. 2.8 

Now, let’s show that ሼݔ௡ሽ௡ is a Cauchy sequence. 
 
Lemma 2.3. Using the previous notations we obtain: 
I)-  For every positive real number ߝ ൐ 0 there is a positive integer ܰ such that for 

all positive integers ݊ ൐ ܰ and ݈ א  Գ, if the distance ݀ሺݔ௡ା௟, ௡ሻݔ ൏  then ߝ
the distance ݀ሺݔ௡ା௟ାଵ, ௡ାଵሻݔ ൏  .i.e ,ߝ
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ߝ׊ ൐ 0, ܰ׌ א Գ, ݊׊ ൒ ܰ, ܰ׊ א Գ; ݀ሺݔ௡ା௟, ௡ሻݔ ൏ ߝ ֜ ݀ሺݔ௡ା௟ାଵ, ௡ାଵሻݔ ൏  2.9 .ߝ
 
II) For every positive real number ߝ ൐ 0 there is a positive integer ܰ such that for 

all positive integers ݊ ൐ ܰ and ݈ א  Գ, if the distance ݀ሺݔ௡, ௡ା௟ሻݔ ൏  then ߝ
the distance ݀ሺݔ௡ାଵ, ௡ା௟ାଵሻݔ ൏ ߝ׊ .i.e ,ߝ ൐ 0, ܰ׌ ൐ 0, ݊׊ ൒ ܰ, ݀ሺݔ௡, ௡ା௟ሻݔ ൏ ߝ ֜ ݀ሺݔ௡ାଵ, ௡ା௟ାଵሻݔ ൏  2.10 .ߝ

 
Proof. Let ߝ ൐ 0 and ݊, ݈ א Գ. Throughout this proof, ݊ is considered sufficiently 
large. 
 
I) Supposing that dሺx୬ା୪, x୬ሻ ൏ ,ሺx୬ା୪ାଵ݀ ݀݊ܽ ߝ x୬ାଵሻ ൒ ε, 2.11 
and invoking relations 1.2, 2.6 it follows ܯሺݔ௡ା௟, ௡ሻݔ ൌ max ሼ݀ሺݔ௡ା௟, ௡ሻݔ , ,௡ା௟ାଵݔሺ݀ߙ ,௡ା௟ሻݔ ,௡ାଵݔሺ݀ߚ ௡ሻ,  ఊଶݔ ሾ݀ሺݔ௡ା௟ାଵ, ௡ା௟ሻݔ ൅ ݀ሺݔ௡ାଵ, ௡ሻሿቅݔ ൏  .ߝ

Now, returning to 1.2, we can write thanks to 2.11 that ܯሺݔ௡ା௟, ௡ሻݔ ൒ ݀ሺݔ௡ା௟, ௡ሻ ൒ݔ ݀ሺݔ௡ା௟ାଵ, ௡ାଵሻݔ െ ݀ሺݔ௡ା௟ାଵ, ௡ା௟ሻݔ െ ݀ሺݔ௡, ௡ାଵሻ ൒ݔ ߝ െ ݀ሺݔ௡ା௟ାଵ, ௡ା௟ሻݔ െ ݀ሺݔ௡,  .௡ାଵሻݔ
The last two estimates mean that ߣ ൑ ,௡ା௟ݔሺܯ ௡ሻݔ  ൏ ߣ ൅  ݀ሺݔ௡ା௟ାଵ, ௡ା௟ሻݔ ൅ ݀ሺݔ௡,  ௡ାଵሻ, 2.12ݔ
where ߣ ൌ ߝ െ ݀ሺݔ௡ା௟ାଵ, ௡ା௟ሻݔ െ ݀ሺݔ௡,  .௡ାଵሻݔ
Recalling relations 1.1 and 2.2, the double inequality 2.12 implies that ݀ሺݔ௡ା௟ାଵ, ௡ା௟ሻݔ ൑ ߝ  െ ݀ሺݔ௡ା௟, ௡ା௟ାଵሻݔ െ ݀ሺݔ௡, ௡ାଵሻݔ ൏  .ߝ 
Which is in contradiction with 2.11. This finishes the proof of the first part of the 
lemma. 
 
II)-  Similarly as for the first part, assume the contrary, i.e. ݀ሺݔ௡, ௡ା௟ሻݔ ൏ ,௡ାଵݔሺ݀  ݀݊ܽ  ߝ ௡ା௟ାଵሻݔ ൒  2.13 .ߝ
Accordingly, it comes due to relations 1.2, 2.6 that ܯሺݔ௡, ௡ା௟ሻݔ ൌ maxሼ݀ሺݔ௡, ,௡ା௟ሻݔ ,௡ାଵݔሺ݀ߙ ,௡ሻݔ ,௡ା௟ାଵݔሺ݀ߚ ,௡ାଵݔ௡ା௟ሻ, ംమ൫݀ሺݔ ௡ሻݔ ൅  ݀ሺݔ௡ା௟ାଵ, ௡ା௟ሻ൯ൟݔ  ൏  .ߝ
On the other hand, owing to relations 1.2 and 2.13 we obtain ܯሺݔ௡, ௡ା௟ሻݔ ൒  ݀ሺݔ௡, ௡ା௟ሻ ൒ݔ  ݀ሺݔ௡ାଵ, ௡ା௟ାଵሻݔ െ  ݀ሺݔ௡ା௟, ௡ା௟ାଵሻݔ െ  ݀ሺݔ௡ାଵ, ௡ሻ ൒ݔ ߝ  െ ݀ሺݔ௡ା௟, ௡ା௟ାଵሻݔ  െ ݀ሺݔ௡ାଵ,  .௡ሻݔ 
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By the two previous inequalities we deduce that μ ൑ ,௡ݔሺܯ ௡ା௟ሻݔ ൏ μ ൅  ݀ሺݔ௡ା௟, ௡ା௟ାଵሻݔ ൅  ݀ሺݔ௡ାଵ,  ௡ ሻ, 2.14ݔ
where μ: ൌ െ ߝ  ݀ሺݔ௡ା௟, ௡ା௟ାଵሻݔ  െ  ݀ሺݔ௡ାଵ,  .௡ሻݔ
Invoking relation 1.1 from definition 1.2, the double inequality 2.14 implies that ݀ሺݔ௡ାଵ, ௡ା௟ାଵሻݔ  ൑ ߝ െ  ݀ሺݔ௡ା௟, ௡ା௟ାଵሻݔ  െ  ݀ሺݔ௡ାଵ, ௡ሻݔ ൏  ,ߝ 
which is a contradiction with 2.13. This finishes the proof of the lemma. 
Now, suppose that the sequence ሼݔ௡ሽ௡ has not the left-Cauchy property, i.e. ߝ׌ ൐  0, ܰ׊ א Գ, ݊׌ ൐ ܰ, ݇׌ א Գ; ݀ሺݔ௡ା௞, ௡ሻݔ  ൐  .ߝ 
From where, we can assert that there exists a subsequence ൛ݔ௡ೖൟ௞with the following 
property: ߝ׌ ൐ 0, ݇׊ א ܰ, ݊׌ ൏ ݊௞ | ݀൫ݔ௡ೖ, ௡൯ݔ ൐ ,௡ೖିଵݔ൫݀ ݀݊ܽ ߝ ௡൯ݔ ൑  2.17 .ߝ
By virtue of the first part in lemma 2.3 and property 2.15, we get ݀൫ݔ௡ೖିଵ, ௡ିଵ൯ݔ ൐  2.16 ,ߝ
for sufficiently large values of ݊. Now, thanks to relations 1.2, 2.6, 2.15 and 2.16, we 
conclude that ߝ ൏ ,௡ೖିଵݔ൫ܯ ௡ିଵ൯  ൌݔ max ൛݀൫ݔ௡ೖିଵ, ,௡ିଵ൯ݔ ,௡ೖݔ൫݀ߙ ,௡ೖିଵ൯ݔ ,௡ݔሺ݀ߚ ௡ିଵሻ,  ఊଶݔ ቀ݀൫ݔ௡ೖ, ௡ೖିଵ ൯ݔ ൅  ݀ሺݔ௡, ௡ିଵሻቁቅ ൌݔ  ݀ሺݔ௡ೖିଵ, ௡ିଵሻ  ൑ݔ ݀ሺݔ௡ೖିଵ, ௡ሻݔ ൅ ݀ሺݔ௡, ௡ିଵሻ  ൑ݔ  ߝ ൅ dሺݔ௡,   ,௡ିଵሻݔ 
for sufficiently large values of ݊. From which it comes due to limit 2.6 and relation 
1.1 from definition 1.2 that ݀൫ݔ௡ೖ , ௡ ൯ݔ ൑  .ߝ
This contradiction implies that ሼݔ௡ሽ௡ is a left-Cauchy sequence. Now we have to 
establish that ሼݔ௡ሽ௡ is a right-Cauchy sequence, to do so, we following the same lines 
as above. So, assume that the sequence ሼݔ௡ሽ௡ is not a right-Cauchy sequence, and 
then we can assert that there exists a subsequence ൛ݔ௡ೖൟ୩ with the following property: ߝ׌ ൐  0, ݇׊ א Գ, ݊׌ ൏ ݊௞ | ݀൫ݔ௡, ௡ೖ൯ݔ ൐ ,௡ݔ൫݀ ݀݊ܽ ߝ  ௡ೖିଵ ൯ݔ ൑  .ߝ
Returning to lemma 2.3 and having in mind relations 1.2 and 2.17, we obtain ߝ ൏ ,௡ିଵݔ ൫ ܯ  ௡ೖିଵ ൯  ൌݔ  d൫ ݔ௡ିଵ, ௡ೖିଵ ൯  ൑ݔ ߝ ൅  ݀ሺ ݔ௡ିଵ,  ,௡ሻݔ
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for sufficiently large values of ݊. This result with relations 1.1, 2.8 and 2.17 drives to 
an obvious contradiction. In light of what precedes, we deduce the existence of ܽ א ܺ, such that ݔ௡  ՜  ܽ. 2.18 
It’s clear that if ܶ is a continuous mapping then ܽ is a fixed point of ܶ. So, to achieve 
the poof we need prove that ܽ is a fixed point of ܶ under the condition ሺܤሻ. Owing to 
relations 
1.2, 2.6, and 2.18 we can write ܯሺݔ௡, ܽሻ  ൌ max ሼ݀ሺݔ௡, aሻ, ,௡ାଵݔሺ݀ߙ ,௡ ሻݔ ,ሺܶܽ݀ߚ ܽሻ, ఊଶ൫݀ሺݔ௡ାଵ, ௡ሻݔ ൅  ݀ሺܶܽ, ܽሻ൯ቅ ൑ max ቄβ, ఊଶቅ dሺܶܽ, ܽሻ, 2.19 

which in turn, according to relation 1.1 implies that ߙሺݔ௡, ܽሻ݀ሺݔ௡ାଵ, ܶܽሻ ൑ ݔܽ݉ ቄβ, ఊଶቅ ݀ሺܶܽ, ܽሻ. 

Having in mind relations 2.2 and 2.18, the condition above assert the existence of a 
subsequence ൛ݔ௡ೖൟ௞  of ሼݔ௡ሽ௡ such that ߙሺݔ௡ೖ , ܽሻ  ൒  1 for all ݇. Hence, 2.19 becomes ݀൫ݔ௡ೖାଵ, ܶܽ൯ ൏ ݔܽ݉  ቄβ, ఊଶቅ ݀ሺܶܽ, ܽሻ. 2.20 

Following the same line of thought, we can show that ݀ሺܶܽ, ௡ೖାଵ ሻݔ  ൏ ݔܽ݉  ቄα, ఊଶቅ ݀ሺܽ, ܶܽሻ, 2.21 

passing to the limit in 2.20 and 2.21, we get a clear contradiction with the fact that ݉ܽݔ ቄβ, ఊଶቅ א  ሾ0,1ሿ. Consequently ܽ is a fixed point of ܶ. 

Finally, regarding the uniqueness, let us suppose for all ݔ, ,ݔሺߙ :ܺ in ݕ ሻݕ ൌ  0 ֜ ൌ ݔ  2.22 .ݕ 
Consider ܾ ሺ്  ܽሻ א   ܺ another fixed point of ܶ, i.e. ܶܽ ൌ  ܽ, ܾܶ ൌ  ܾ ܽ݊݀ ݀ሺܽ, ܾሻ  ൐  0. 2.23 
Combining relations 1.2 and 2.23 yields ܯሺܽ, ܾሻ  ൌ  ݀ሺܽ, ܾሻ. 
This means that ߝ ൑ ,ሺܽܯ  ܾሻ ൏ ൅ ߝ 1݊ ൅ 1, 
for all ݊ א Գ, where ߝ ൌ  ݀ሺܽ, ܾሻ െ ݀ሺܽ, ܾሻ ௡௡ାଵ. 
Then, we can assert, due to relation 1.1, that ߙሺܽ, ܾሻ ൏  1 െ ೙೙శభ, 2.24 
for all ݊ א  Գ. Passing to the limit in 2.24, we get ߙሺܽ, ܾሻ  ൌ 0. From which, with 
relation 2.22, we obtain 
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This achieves the proof. 
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