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Abstract

In this paper the notion of w-convex (weakly convex) subsets of a pseudo ordered
set is introduced and it is proved that for any pseudo ordered set A, lattice of all
w-convex subsets WC S(A) is lower semi modular. Also it is proved that w-convex
homomorphism maps atoms of WCS(A) to atoms of WCS(A'). Concept of path
preserving mapping is introduced in a pseudo ordered set and it is proved that every
mapping of a pseudo ordered set A to itself is path preserving if and only if A is a
cycle.
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1. Introduction

A reflexive and antisymmetric binary relation < on a set A is called a pseudo-order on
A and (A, Q) is called a pseudo-ordered set or a psoset.Fora,b € Aifa <banda # b,
then we write a </ b. For a subset B of A, the notions of a lower bound, an upper bound,
the greatest lower bound ( GLB or meet, denoted by A B), the least upper bound (LUB
or join, denoted by Vv B) are defined analogous to the corresponding notions in a poset
(refer [1]).
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It is shown in [3] that any psoset can be regarded as a digraph(possibly infinite) in
which for any pair of distinct elements u and v there is no directed line between u and v or
if there is a directed line from u to v, there is no directed line from v to #. Define a relation
C p on a subset B of a psoset (A, <) by setting b Cp b'for two elements b and b'of B
if and only if there is a directed path in B from b to b! sayb=bg by <..... <b, = b!
for some n > 0. The relation Jp is defined dually. If for each pair of elements b and
b' of B at least one of the relations b Cg b or b! Cp b holds, then B will be called a
pseudo chain or a p-chain.If for each pair of elements b and b! of B both the relations
b Cp b and b! Cp b hold, then B will be called a cycle. The empty set and a single
element set in a psoset are cycles. A non-trivial cycle contains at least three elements. A
psoset is said to be acyclic if it does not contain any non-trivial cycle.

2. Definitions and Results

Definition 2.1. A subset S of a psoset A is said to be a w-convex subset (weakly convex
subset) of A whenevera,b € Sandc € Asuchthata T4 ¢4 bthenc € S.

Set of all w-convex subsets of a psoset A is denoted by WC S(A) and it forms a lattice
with respect to the relation C.

Remark 2.2.

(1) For Hy, H, € WCS(A), define Hy A Hy = Hy N Hy and H| v Hy = the smallest
w-convex subset of A containing Hy U Hj.

(2) (WCS(A), C) is a complete lattice as ¢ is the least element and A is the greatest
element of WCS(A).

Example 2.3. A psoset (A, <) where A = {a, b, c, d} and the lattice of all its w-convex
subsetsare shown in Figure 1.

Definition 2.4. Let S be a subset of a psoset A. The w-convex hull of § denoted by
wch(S) is defined to be the smallest w-convex subset of A containing S.

Theorem 2.5. Let S be a subset of a psoset A. Then wch(S)={q € A|p1 Eaq 54 p2
for some pp, po € S} where p, p> need not be distinct.

Proof. Let Q = {q € Alp1 T4 g T4 ps for some pq, p» € S}. Clearly Q is a subset
of any w-convex subset of A containing S. Then Q C wch(S). Let us prove that Q
itself is a w-convex subset of A. Let g1, g2 € Q such that g1 &4 r T4 g for some
r € A. Now g1 € Q implies there exist some pi, p» € S such that py T4 g1 E4 po.
Also g» € Q implies there exist pll, p; € S such that p]1 Ca4 g2 Eg p;. Then
PIEAGICATrCAqr Ty p% which implies r € Q. Therefore Q = wch(S). [ |

Corollary 2.6. For any element a in a cycle C, wch({a}) = C.
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Figure 1:

A lattice L is said to be lower semi modular if x VvV y covers x and y imply x and
y cover x A y.

Theorem 2.7. Lattice of all w-convex subsets of a psoset A is lower semi modular.

Proof. Let S1, S € WCS(A), lattice of all w-convex subsets of a psoset A. Let P =
Si1v S and QO = S; A S,. Let P cover both S and S,. It suffices to prove that §;
covers Q. Suppose there exists a w-convex subset S ! of A such that OcCsS ! C S;. Let
so € S' — Q. Thensg € S;andsy ¢ S». Lets; € S; —S'. Thens; € S1, 51 ¢ S»
and s; # so. Now S» C S» U {so} C P, as P is the smallest w-convex subset of A
containing S; U S. But P covers S; imply S> U {so} is not a w-convex subset of A.
Therefore there exists a path between sy and an element kg € S which does not lie
completely in S> U {so}. Assume the path in the form kg = 4 sg. (similar argument holds
if the path is of the form so &4 ko).

Let X = {s € st — Qlk E4 s for some k € S3}. X is non empty as so € X and
S> C S2 U X. Furtheras s; ¢ X (infacts; ¢ Sl), we have S U X C P. As P covers S,
S UX ¢ WCS(A). Therefore there exists a path m £ 4 n between two elements m, n
of §> U X which is not contained in S> U X. Thisimpliesm &4t E4 nbutt ¢ S U X.
We can assume that r € P as S, U X is not a w-convex subset of P.

In the following cases either we get a contradiction to the w-convexity of S, or S!
itself is not w-convex, proving S covers Q.

Case (i): Let m,n € S,. This is a contradiction to the w-convexity of S>.

Case (ii): Letm € X andn € S;. Asm € X, m ¢ S,. By the definition of X there
existsak € Spsuchthatk Ty m. Thusk Typmandm Coat Tonimplyk gt E4 0,
which contradicts the w-convexity of S;.

Case (iii): Let m,n € X. Asm € X, there exists a path k ©4 m for some k € S,. But
we have a path m T4 t which implies there isapath k T4 7. Butz ¢ X,iet ¢ S' — Q.
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Since t ¢ S, itcannotbe in Q. Sot ¢ st Butm,n e X C S! shows that S! is not a
w-convex subset of A.

Case (iv): Letm € S> andn € X. Aswehaveapathfromm T4 t,t ¢ X = st— 0O and
sincet ¢ Spimplys ¢ S'. Now P covers S and ¢ ¢ S», we must have weh(S,U{t}) = P.
Thus every element of P is in S, or else lies on some path between ¢ and an element of
S>. In particular consider some sg € X, wehave kg T4 soandt Ton. fk T4 50 Tyt
where k € S5, then we have so 4 t T4 n which proves that S I'is not w-convex. On the
other hand if t ©4 sg E4 k then kg T4 59 T4 k, contradicting the w-convexity of S>.H

Theorem 2.8. If S covers S' in WCS(A) and p, g belong to S — S! then wch({p}) =
wch({q}).

Proof. As S covers S', weh(S' U {p}) = wch(S' U {g}) = S. Then p lies in a path
from g tor wherer € § and g lies in a path from p to s where s € § L If there exist
paths p =4 g and ¢ =4 p then the proof is done. But if both paths have the same
direction say p T4 ¢q, we have paths p £4 rands £4 p withr,s € S ], contradicting
the w-convexity of § ! |

Definition 2.9. Let (A, <) and (Al, 311) be any two psosets. A mapping f : A — Al
is called

(i) order preserving if fora, b € A, a < b implies f(a) <! f(b).
(i1) path preserving if fora, b € A,a E4 b implies f(a) E 1 f (D).
Remark 2.10. Any order preserving mapping f is path preserving. The converse is not

true. For example, in the psoset A of FIGURE 2, define a mapping f : A — A by
fla)=>b, f(b) =a, f(c) =c. Clearly f is path preserving but not order preserving.

C

Figure 2:

Theorem 2.11. Every mapping of a psoset A to itself is path preserving if and only if A
is a cycle.

Proof. If Aisacycle, then for any two elements a, b of A,botha T4 bandb T 4 a hold.
Therefore every mapping of A to itself is path preserving. Conversely, let us assume
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that A is not a cycle. Then there exists at least one pair of elements say (a, b) in A such
that a T4 b holds but b © 4 a does not hold. Define f : A — A by f(b) = a and
f(c) = b forall c # b. Then f is not path preserving asa T4 b but f(a) T4 f(b)
does not hold. |

One can easily prove the following theorem.

Theorem 2.12. Let f : A —> A' be path preserving. If S is a w-convex subset in A
then f(S) is a w-convex subset in Al

Definition 2.13. Let (A, <) and (A', <9') be any two psosets. A mapping f : A — A'is
called a homomorphism if

(1) f 1is order preserving.

(i) a' <'b'in A! implies there existsa € f~'(a') and b € f~1(b') such thata <b.

Theorem 2.14. Let f : A — A' be a homomorphism. If S! is a w-convex subset of A'
then f_l(Sl) 1s a w-convex subset of A.

Proof. Leta,b € f~1(S") suchthata T4 ¢ T4 bforsomec € A. Ifc ¢ f1(Sh
then f(c) ¢ S'. Now f(a) C41 f(c) Eq f(b)and f(c) ¢ S', a contradiction to the
w-convexity of S'. Hence ¢ € f_l(Sl) and f_l(Sl) is w-convex. [ |

Remark 2.15. If f : A —> A is a homomorphism between two psosets A and A' and
if S is a w-convex subset of A then f(S) need not be a w-convex subset of A'. For, in
FIGURE 3 defineamap f : A —> Al by f(a) = w, f(b) =y, f(¢c) = x, f(d) = z.
Clearly f is a homomorphism. Observe that {6} is w-convex in A where as f ({b}) ={y}
is not w-convex in A'.

a
Psoset A Psoset A’

Figure 3:
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Definition 2.16. A homomorphism between two psosets A and A is called a w-convex
homomorphism if it takes w-convex subsets of A onto w-convex subsets of A L

An element a of a lattice L is said to be an atom if forany b € L,0 < b < a imply
either b = 0 or b = a where O is the least element of L.

Remark 2.17.
(1) A cyclein apsoset A is always an atom of WCS(A)

(2) w-convex hull of a single element in a psoset A is an atom in WCS(A).

Theorem 2.18. Let f : A — A! be a w-convex homomorphism. If S is an atom in
WCS(A) then f(S) is an atom in WCS(A'). Conversely if S! is an atom in WCS(A")
then there exists an atom S in WCS(A) such that f(S) = st

Proof. If f(S) is not an atom in WCS (Al) then there exists a w-convex subset S!
in WCS(A") such that ¢  S' C f(S). Butthen ¢ C f~1(SHNS C S, where
F71(SY N S is also a w-convex subset of A, contradicting the fact that S is an atom.
Conversely, let S! be an atomin WCS(AI) and § C f_1 (Sl) be anatomin WCS(A).
Then ¢ C f(S) C S' and since S is an atom in WCS(AI), we have f(S) = st |

Corollary 2.19. Any w-convex homomorphism maps acyclic psosets into acyclic psosets.
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