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1. Introduction

In this study, we are interested in global existence of classical solutions to the following
reaction-diffusion system


∂u

∂t
− a�u = f (u, v) , in ]0, +∞[ × �,

∂v

∂t
− c�u − d�v = g (u, v) in ]0, +∞[ × �,

(1.1)

where � is a regular and bounded domain of R
n, (n ≥ 1), with boundary ∂�, u =

u (t, x) , v = v (t, x), x ∈ �, t > 0 are real valued functions, � denotes the Laplacian
operator, and the constants of diffusion a, c, and d are assumed to be nonnegative such
that a > d.

System (1.1) is subjected to the following boundary conditions

u (t, x) = v (t, x) = 0, in ]0, +∞[ × ∂�, (1.2)

and the initial data
u (0, .) = u0, v (0, .) = v0 in � (1.3)

which are assumed to be continuous and nonnegative.
The above system (1.1)-(1.3) arises in physics, chemistry and various biological

processes including population dynamics. (See [4, 17] and references therein).
Concerning the problem (1.1)-(1.3), we assume the following hypothesis:

u0, v0 are nonnegative functions in L1 (�) (H1)

f (0, v) ≥ 0, ∀v ≥ 0. (H2)

∃C ≥ 0 : f (u, v) + g (u, v) ≤ C (u + v + 1) , ∀u, v ≥ 0. (H3)

∃Ĉ ≥ 0 : f (u, v) ≤ Ĉ (u + v + 1) , ∀u, v ≥ 0. (H4)

f (u, v) ≤ a − d

c
g (u, v) , ∀u, v ≥ 0. (H5)

The main question we want to address is the existence of global solutions for system
(1.1)-(1.3). In fact, the subject of the global existence of reaction-diffusion systems has
received a lot of attention in the last decades and several outstanding results have been
proved by some of the major experts in the field. see [2, 3, 12].

For c = 0, this question has been investigated by many authors by considering special
forms of the nonlinear terms f and g. Note that, Alikakos [1], treated the following
system 


∂u

∂t
− a�u = f (u, v) , in ]0, +∞[ × �,

∂v

∂t
− d�v = g (u, v) , in ]0, +∞[ × �,

(1.4)
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with the same boundary conditions

∂u

∂η
= ∂v

∂η
= 0, in ]0, +∞[ × ∂�, (1.5)

and with initial condition (1.3), where f (u, v) = −g (u, v) = −uvσ , and gave a
positive answer to the problem of the global existence of a system (1.4)-(1.5)-(1.3) under
the assumption

1 < σ < σ0

where

σ0 = 1 + 2

n
. (1.6)

The method used in [1] is based on some Sobolev embedding theorems.
Note that the exponent σ0 given in (1.6) is exactly the critical exponents given by

Fujita [5] for the parabolic problem{
ut = �u + uσ ,

u (0, x) = u0 (x) ,
(1.7)

where u0 in (1.7) is a nonnegative. Fujita proved that if 1 < σ < σ0, then (1.7) possesses
no global nonnegative solutions while if σ > σ0, both global and non global nonnegative
solutions exist, depending on the nature of the initial energy.

In [16], Moumeni and Barrouk obtained a global existence result. By combining the
compact semigroup methods and some L1 estimates, we show that global solutions exist
for a large class of the functions f and g.

In [15], Masuda obtained a global existence result for a large class of the parameter
σ . In fact, by using some Lp estimates, he showed that the solution of the problem
(1.1)-(1.5)-(1.3) exists globally in time if σ > 1.

The same result in [15] was obtained by Hollis, Martin and Pierre [9] by exploiting
the duality of arguments in Lp techniques, allowing to derive the uniform boundeness
of the solution.

Following Masuda’s approach, Haraux andYoukana [7] established a global existence
result of the system (1.1)-(1.5)-(1.3) for a large class of the function f and g. More
precisely, they showed that for

f (u, v) = g (u, v) = −u� (v)

the problem (1.1)-(1.5)-(1.3) admits a global solution provided that the following con-
dition holds:

lim
v→+∞

[
log (1 + � (v))

]
v

= 0.

In the general case, that is to say for

f (u, v) = −g (u, v) (1.8)
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the positivity of the function g (u, v) together with the maximum principle of the heat
operator give the following uniform estimate of the solution in L∞ (�)

‖u (t)‖∞ ≤ ‖u0‖∞ , ∀t ∈ [0, Tmax[

where Tmax is the maximal time of existence. See Pazy [19] for more details.
Based on the Lyapunov functional method and for f and g satisfying (1.8), Kouachi

[11] proves that the solution of the problem (1.1)-(1.5)-(1.3) exists globally in time if

lim
v→+∞

[
log (1 + f (u, v))

]
v

≤ 8αβ

n (α − β)2 ‖u0‖∞
Recently, Moumeni and Salah Derradji [17] has established the existence of global
solution using an approach that involves the Lyapunov’s functional for the system (1.1)-
(1.5)-(1.3) where the functions f and g are assumed to satisfy the condition

sup (|f (r, s)| , |g (r, s)|) ≤ C (r + s + 1)m , ∀r , s ≥ 0

where C is a positive constant and m ≥ 1.
If a 	= d, an important particular case is that when f ≤ 0, which means that the first

substance is absorbed by the reaction. In this case, the problem of the global existence
of a system (1.4) is reduced to obtaining a uniform estimate for v, since by the maximal
principle we have

u (t, x) ≤ ‖u0‖∞ .

The global existence when a > d has been treated by Kanel and Kirane [10] for a
bounded domain and by Martin and Pierre [14] for whole space R

n.
Still for the case a 	= d, but without assuming a > d , the answer is again positive

to the problem of the global existence of the system (1.4) under condition (1.9) and a
polynomial growth assumption on g:

g (u, v) ≤ C (u + v + 1)γ , for all u, v ≥ 0 and some γ ≥ 1,

see [9] for more details.
If the diffusion coefficients are the same, that is, if a = d, then system (1.4) has a

global solution under the condition

f (u, v) + g (u, v) ≤ 0, (1.9)

which is known as the mass dissipative structure condition. Indeed if a = d, then the
solution (u, v) of (1.4) satisfies (by summing up the two equations in (1.4))

∂

∂t
(u + v) − a (u + v) = f + g ≤ 0.

Then the maximal principle implies that:

0 ≤ u + v ≤ ‖u0‖∞ + ‖v0‖∞ .

Therefore, the global existence follows.
In the present work we consider the problem (1.1)-(1.3) by using a technique based

on L1-estimate we establish a global existence result of the solution.
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1.1. Formulation of the result

The existence of global solutions for the system (1.1)-(1.3) is to equivalence to existence
a (u, v) true for the following theorem:

Theorem 1.1. Suppose that the hypotheses (Hi), i= 1,5 are satisfied, so it exists (u, v)

solution of:


u, v ∈ C
(
[0, +∞[ , L1 (�)

)
f (u, v) , g (u, v) ∈ L1 (Q) where Q = (0, T ) × � for all T > 0,

u (t, x) = S1 (t) u0 +
t∫

0

S1 (t − s) f (u (s) , v (s)) ds ∀t ∈ [0, T [

v (t, x) = S3 (t)

(
v0 − c

a − d
u0

)
+ c

a − d
S1 (t) u0+

c

a − d

t∫
0

(S1 (t − s) − S3 (t − s)) f (u (s) , v (s)) ds+
t∫

0

S3 (t − s) g (u (s) , v (s)) ds ∀t ∈ [0, T [

(1.10)

where S1 (t) and S3 (t) are the Semigroups of contractions in L1 (�) generated by a�

and d�, with homogeneous Dirichlet boundary conditions.

To prove this theorem we will rely on studying a single system through which it is
more convenient to derive the evidence.

2. Main results

Let A m-dissipative operator of the dense domain in the Banach space X and S (t)

a Semigroup engendered by A, f a function locally Lipchitz, so ∀u0 ∈ X it exists
T (u0) = Tmax such that the problem


u ∈ C ([0, T ] , D (A)) ∩ C1 ([0, T ] , X) ,
du

dt
− Au = F (u (s)) ,

u (0) = u0.

(2.1)

admits a unique solution u verifying

u (t) = S (t) u0 +
t∫

0

S (t − s) F (u (s)) ds, ∀t ∈ [0, Tmax] .
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3. Compactness of the solution

In this section we will give a compactness result of operator L defining the solution of
the problem (2.1) in the case where the initial value equals zero [u (0) = 0] i.e.

L (F) (t) = u (t) =
t∫

0

S (t − s) F (u (s)) ds, ∀t ∈ [0, T ]

Theorem 3.1. If for all t > 0, the operators S (t) are compact, then L are compact of
L1 ([0, T ] , X) in L1 ([0, T ] , X) .

Proof.
Step 1: We show that S (λ) L : F → S (λ) L (F ) is compact in L1 ([0, T ] , X) i.e.
show that: the set {S (λ) L (F ) (t) ; ‖F‖1 ≤ 1} is relatively compact in L1 ([0, T ] , X) ,

∀t ∈ [0, T ].
Since S (t) is compact then, the application: t → S (t) is continuous of ]0, +∞[ in

£ (X) therefore:

∀ε > 0, ∀δ > 0, ∃η > 0. ∀0 ≤ h ≤ η, ∀t ≥ δ, ‖S (t + h) − S (t)‖£(X) ≤ ε

we choose λ = δ, we have for 0 ≤ t ≤ T − h S (λ) u (t + h) − S (λ) u (t)

=
t+h∫
0

S (λ + t + h − s) F (u (s)) ds −
t∫

0

S (λ + t − s) F (u (s)) ds

=
t+h∫
t

S (λ + t + h − s) F (u (s)) ds

+
t∫

0

(S (λ + t + h − s) − S (λ + t − s)) F (u (s)) ds

where from

‖S (λ) u (t + h) − S (λ) u (t)‖X ≤
t+h∫
t

‖F (u (s))‖X ds + ε

t∫
0

‖F (u (s))‖X ds

we definite v (t) by

v (t) =
{

u (t) for 0 ≤ t ≤ T

0 if no

therefore:
‖S (λ) v (t + h) − S (λ) v (t)‖1 ≤ (h + εT ) ‖F (u (s))‖1
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which implies that all {S (λ) v; ‖F‖1 ≤ 1} is equi-integrable, then it is conventional that
all {S (λ) L (F ) (t) ; ‖F‖1 ≤ 1} is relatively compact in L1 ([0, T ] , X), this way S (λ) L

is compact.

Step 2: We show thatS (λ) L converge towardsLwhenλgoes towards 0, inL1 ([0, T ] , X).
We have:

S (λ) u (t) − u (t) =
t∫

0

S (λ + t − s) F (u (s)) ds −
t∫

0

S (t − s) F (u (s)) ds.

So for t ≥ δ we have:

‖S (λ) u (t) − u (t)‖ ≤
t∫

δ

‖S (λ + s) − S (s)‖£(X) ‖F (u (s))‖ ds +2

t∫
t−δ

‖F (u (s))‖ ds

we choose 0 < λ < η then:

‖S (λ) u (t) − u (t)‖ ≤ ε

t∫
δ

‖F (u (s))‖ ds + 2

t∫
t−δ

‖F (u (s))‖ ds

and for 0 ≤ t < δ we have:

‖S (λ) u (t) − u (t)‖ ≤ 2

t∫
0

‖F (u (s))‖ ds

as F ∈ L1 (0, T , X) where from:

‖S (λ) u (t) − u (t)‖ ≤ (εT + 2δ) ‖F (u (s))‖1

so if λ → 0 then

S (λ) u → u

into

L1 ([0, T ] , X)

where the operator L is a uniform limit with compact linear operator between two Banach
spaces, then L is compact in L1 ([0, T ] , X). �

Remark 3.2. The Semigroup S (t) generated by the operator � is compact in L1 (�).
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4. Study of a particular system

for all n > 0, we define the functions un0 and vn0 by:

un0 = min (u0, n) ≥ 0, and vn0 = min (v0, n) ≥ 0

it is clear that un0 and vn0 verify (H1), i.e.

un0 ∈ L1 (�) , un0 ≥ 0

vn0 ∈ L1 (�) , vn0 ≥ 0

Let us consider the following system:


∂un

∂t
− a�un = f (un, vn) in [0, T [ × �

∂vn

∂t
− c�un − d�vn = g (un, vn) in [0, T [ × �

un (t, x) = vn (t, x) = 0 in [0, T [ × ∂�

un (0, x) = un0 (x) , vn (0, x) = vn0 (x) in �,

(Pn)

4.1. Existence of a local solution and its positivity of the solution
of the system (Pn)

We convert the system (Pn) to an abstract first order system in the Banach space X =
L1 (�) × L1 (�) of the form

{
∂wn

∂t
= Awn + F (wn) , t > 0,

wn (0) = wn0 = (
un0, vn0

) ∈ X.
(Sn)

Here

wn =
(

un

vn

)
;

the operator A is defined as

A =
(

a� 0
c� d�

)

where

D (A) :=
{
wn =

(
un

vn

)
∈ X :

(
�un

�vn

)
∈ X

}
.

The function F is defined as

F (wn (t)) =
(

f (un (t) , vn (t))

g (un (t) , vn (t))

)
.
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so the system (Sn) can be returned to the shape of the system (2.1), thus, if (un, vn) is a
solution of (Sn) so it verifies the integral equations:



un (t, x) = S1 (t) un0 +
t∫

0

S1 (t − s) f (un (s) , vn (s)) ds

vn (t, x) = S3 (t)

(
vn0 − c

a − d
un0

)
+ c

a − d
S1 (t) un0+

c

a − d

t∫
0

(S1 (t − s) − S3 (t − s)) f (un (s) , vn (s)) ds+
t∫

0

S3 (t − s) g (un (s) , vn (s)) ds

(4.1)

where S1 (t) is the semigroup generated by the operator a�, and S3 (t) is the semigroup
generated by the operator d�.

Theorem 4.1. It exists TM > 0 and (un, vn) a local solution of (Sn) for all t ∈ [0, TM ] .

Proof. We know that S1 (t) , S3 (t) are Semigroups of contraction and as F is locally
Lipschitz in wn in the space X, so we have ∃TM > 0 and (un, vn) is a local solution of
(Sn) on [0, TM ] . �

Lemma 4.2. Let (un, vn) be the solution of the problem (Pn) such that

un0 (x) ≥ 0, ∀x ∈ �,

and
vn0 (x) ≥ c

a − d
un0 (x) ≥ 0, ∀x ∈ �,

Then

un (t, x) ≥ 0 and vn (t, x) ≥ c

a − d
un (t, x) ≥ 0, ∀ (t, x) ∈ (0, T ) × �.

Proof. Let ūn (t, x) = 0 in (0, T ) × � �⇒ ∂ūn

∂t
= 0 and �ūn = 0.

Then

∂un

∂t
− a�un − f (un, vn) = 0 ≥ ∂ūn

∂t
− a�ūn − f (ūn, vn)

and
un (0, x) = un0 (x) ≥ 0 = ūn (0, x) .

Hence, by the comparison theorem we obtain

un (t, x) ≥ ūn (t, x)
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where from:
un (t, x) ≥ 0.

To prove that vn (t, x) ≥ c

a − d
un (t, x) , let us write the integral formula for un (t) and

vn (t) ; By (4.1) we obtain

un (t) = S1 (t) un0 +
t∫

0

S1 (t − s) f (un (s) , vn (s)) ds

vn (t) = S3 (t)

[
vn0 − c

a − d
un0

]

+ c

a − d


S1 (t) un0 +

t∫
0

S1 (t − s) f (un (s) , vn (s)) ds




+
t∫

0

S3 (t − s)

[ −c

a − d
f (un (s) , vn (s)) + g (un (s) , vn (s))

]
ds

= S3 (t)

[
vn0 − c

a − d
un0

]
+ c

a − d
un (t)

+
t∫

0

S3 (t − s)

[ −c

a − d
f (un (s) , vn (s)) + g (un (s) , vn (s))

]
ds

by (H5)

t∫
0

S3 (t − s)

[ −c

a − d
f (un (s) , vn (s)) + g (un (s) , vn (s))

]
ds ≥ 0

and

vn0 ≥ c

a − d
un0 ⇒ S3 (t)

[
vn0 − c

a − d
un0

]
≥ 0

then
vn (t) ≥ c

a − d
un (t) ≥ 0.

�
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4.2. Global existence of the solution of the system (Pn)

To prove the global existence of the solution of the system (Pn) for all non-negative t , it
is enough to find an estimate of the solution for everything t ≥ 0, according to Haraux
and Kirane [6], Henry [8] and Routh [20].

For this we give the following lemma according to us shows the existence of an
estimate of the solution of (Pn) in L1 (�).

Lemma 4.3. Let (un, vn) the solution of the system (Pn), so it exists M (t) which depends
only of t , such that for all 0 ≤ t ≤ TM , we have:

‖un (t) + vn (t)‖L1(�) ≤ M (t)

Proof. Of the first and second equation of (Pn) we obtain:

∂

∂t
(un + vn) − � (aun + cun + dvn) = f (un, vn) + g (un, vn)

By taking into account of (H3) we have:

∂

∂t
(un + vn) − � ((a + c) un + dvn) ≤ C (un + vn + 1)

Let us integrate on � and apply the formula of Green, we find:

∂

∂t

∫
�

(un + vn) dx ≤ C

∫
�

(un + vn + 1) dx

so
∂
∂t

∫
�

(un + vn) dx∫
�

(un + vn + 1) dx
≤ C

integrate on [0, t] , we find:

ln
∫
�

(un + vn + 1) dx

∣∣∣∣∣∣
t

0

≤ Ct

thus

ln

∫
�

(un + vn + 1) dx∫
�

(
un0 + vn0 + 1

)
dx

≤ Ct

which implies: ∫
�

(un + vn + 1) dx∫
�

(
un0 + vn0 + 1

)
dx

≤ exp (Ct)
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⇒
∫
�

(un + vn + 1) dx ≤ exp (Ct)

∫
�

(
un0 + vn0 + 1

)
dx

⇒
∫
�

(un + vn) dx ≤ exp (Ct)

∫
�

(
un0 + vn0

)
dx

⇒
∫
�

(un + vn) dx ≤ exp (Ct)

∫
�

(u0 + v0) dx as if un0 ≤ u0, vn0 ≤ v0.

Let us put:
M (t) = exp (Ct) ‖u0 + v0‖L1(�)

as un, vn are positives, then:

‖un + vn‖L1(�) ≤ M (t) , 0 ≤ t ≤ TM

�

We can conclude from this estimate that the solution (un, vn) given by the Theorem
4.1 is a global solution.

5. Global existence of the solution of the system (1.1)-(1.3)

We give the following lemma which shows the existence of estimate of the solution
(un, vn) of system (Pn) in L1 (Q) .

Lemma 5.1. For any solution (un, vn) of (Pn), there is a constant K (t) which depends
only of t , such that:

‖un (t) + vn (t)‖L1(Q) ≤ K (t)
(‖u0 + v0‖L1(�) + 1

)
Proof. To prove this lemma, we use the following results: (see Hollis, Martin and Pierre
[9] and Bonafede, Schmitt [2]).

So, we introduce θ ∈ C∞
0 (Q), θ ≥ 0 and � ∈ C2,1 (Q) a nonnegative solution of

the following system




−∂�

∂t
− d1�� = θ on Q

� = 0 on [0, T ] × ∂�

� (T , .) = 0 on �,

(S)

According to Ladyzenskaya and Solonnikov [13] (S) possesses a unique nonnegative so-
lution. Moreover, for all q ∈ ]1, +∞[ , there exists a nonnegative constant c independent
of θ, such that,

‖�‖Lq(Q) ≤ c ‖θ‖Lq(Q)
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We have according to Bonafede and Schmitt [2]:∫
Q

S1 (t) un0 (x)

(
−∂�

∂t
− d1��

)
dxdt =

∫
�

un0 (x) � (0, x) dx (5.1)

∫
Q

S3 (t) un0 (x)

(
−∂�

∂t
− d1��

)
dxdt =

∫
�

un0 (x) � (0, x) dx (5.2)

∫
Q

S3 (t) vn0 (x)

(
−∂�

∂t
− d1��

)
dxdt =

∫
�

vn0 (x) � (0, x) dx

and that:

∫
Q


 t∫

0

S1 (t − s) f (un, vn) ds


 (

−∂�

∂t
− d1��

)
dxdt =

∫
Q

f (un, vn) � (s, x) dxds

(5.3)∫
Q


 t∫

0

S3 (t − s) f (un, vn) ds


 (

−∂�

∂t
− d1��

)
dxdt =

∫
Q

f (un, vn) � (s, x) dxds

(5.4)∫
Q


 t∫

0

S3 (t − s) g (un, vn) ds


 (

−∂�

∂t
− d1��

)
dxdt =

∫
Q

g (un, vn) � (s, x) dxds

(5.1)-(5.2) give ∫
Q

(S1 (t) − S3 (t)) un0 (x)

(
−∂�

∂t
− d1��

)
dxdt = 0

and (5.3)-(5.4) give

∫
Q


 t∫

0

(S1 (t − s) − S3 (t − s)) f (un, vn) ds


 (

−∂�

∂t
− d1��

)
dxdt = 0

where from ∫
Q

(
S1 (t) un0 (x)

)
θdxdt =

∫
�

un0 (x) � (0, x) dx (5.5)

∫
Q


 t∫

0

S1 (t − s) f (un, vn) ds


 θdxdt =

∫
Q

f (un, vn) � (s, x) dxds (5.6)
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and ∫
Q

(
S3 (t) vn0 (x) + c

a − d
(S1 (t) − S3 (t)) un0 (x)

)
θdxdt

=
∫
�

vn0 (x) � (0, x) dx (5.7)

∫
Q


 t∫

0

S3 (t − s) g (un, vn) ds + c

a − d

t∫
0

(S1 (t − s) − S3 (t − s)) f (un, vn) ds


 θdxdt

=
∫
Q

g (un, vn) � (s, x) dxds (5.8)

Let us multiply the first equation of (4.1) by θ, and let us integrate on Q, by using (5.5)
and (5.6), we obtain:

∫
Q

unθdxdt =
∫
Q

S1 (t) un0 (x) θdxdt +
∫
Q


 t∫

0

S1 (t − s) f (un, vn) ds


 θdxdt

=
∫
�

un0 (x) � (0, x) dx +
∫
Q

f (un, vn) � (s, x) dxds

multiplying the second equation of (4.1) by θ, and let us integrate on Q, by using (5.7)
and (5.8), we find:∫

Q

vnθdxdt =
∫
�

vn0 (x) � (0, x) dx +
∫
Q

g (un, vn) � (s, x) dxds

Therefore:∫
Q

(un + vn) θdxdt =
∫
�

(
un0 (x) + vn0 (x)

)
� (0, x) dx

+
∫
Q

(f (un, vn) + g (un, vn)) � (s, x) dxds

≤
∫
�

(u0 (x) + v0 (x)) � (0, x) dx

+
∫
Q

C (un + vn + 1) � (s, x) dxds
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Using Holder inequality we deduce∫
Q

(un + vn) θdxdt ≤ ‖u0 + v0‖L1(�) . ‖� (0, x)‖L∞(Q)

+C ‖un + vn + 1‖L1(Q) . ‖�‖L∞(Q)

≤ k1
(‖u0 + v0‖L1(�) + ‖un + vn‖L1(Q) + 1

)
. ‖θ‖L∞(Q)

For θ is arbitrary in C∞
0 (Q) this implies

‖un + vn‖L1(Q) ≤ k1
(‖u0 + v0‖L1(�) + ‖un + vn‖L1(Q) + 1

)
we take k = k1 (t)

1 − k1 (t)
we find:

‖un + vn‖L1(Q) ≤ k (t)
(‖u0 + v0‖L1(�) + 1

)
�

Proof. [Proof of Theorem 1.1]. Let us define the application L by:

L : (w0, h) → Sd (t) w0 +
t∫

0

Sd (t − s) h (s) ds

where Sd (t) the semigroup of contraction generated by the operator d�, according to the
previous result Theorem 3.1 and as Sd (t) is compact, then the application L, is adding
two compact applications in L1 (Q) , so it was that L is compact L1 (Q) × L1 (Q) in
L1 (Q).

Therefore, there is a subsequence
(
unj

, vnj

)
of (un, vn) and (u, v) of L1 (Q)×L1 (Q),

such that: (
unj

, vnj

)
converges towards (u, v)

Let us now show that
(
unj

, vnj

)
is a solution of (4.1).

We have:


unj (t, x) = S1 (t) un0 +
t∫

0

S1 (t − s) f
(
unj (s) , vnj (s)

)
ds

vnj (t, x) = S3 (t)

(
vn0 − c

a − d
un0

)
+ c

a − d
S1 (t) un0+

c

a − d

t∫
0

(S1 (t − s) − S3 (t − s)) f
(
unj (s) , vnj (s)

)
ds+

t∫
0

S3 (t − s) g
(
unj (s) , vnj (s)

)
ds

(Pj)
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so it is enough to show that (u, v) verifies (1.10).
It is clear that if j → +∞, we have the following limits:

f
(
unj

, vnj

) → f (u, v) a.e
g

(
unj

, vnj

) → g (u, v) a.e
(5.9)

and

un0 → u0

vn0 → v0

Thus to show that (u, v) verifies (1.10), it remains to show that:

f
(
unj

, vnj

) → f (u, v)

g
(
unj

, vnj

) → g (u, v)

in L1 (Q) when j → +∞.
We integrate the first and second equations of (Pn) on Q by taking into account that:

−a

∫
Q

�unj
dxdt = 0 − c

∫
Q

�unj
dxdt = 0 − d

∫
Q

�vnj
dxdt = 0

we have: ∫
�

unj
dx −

∫
�

un0dx =
∫
Q

f
(
unj

, vnj

)
dxdt

∫
�

vnj
dx −

∫
�

vn0dx =
∫
Q

g
(
unj

, vnj

)
dxdt

where from:

−
∫
Q

f
(
unj

, vnj

)
dxdt ≤

∫
�

u0dx (5.10)

−
∫
Q

g
(
unj

, vnj

)
dxdt ≤

∫
�

v0dx. (5.11)

Let us put

Nn = C
(
unj

+ vnj
+ 1

) − f
(
unj

, vnj

)
Mn = C

(
unj

+ vnj
+ 1

) − f
(
unj

, vnj

) − g
(
unj

, vnj

) = Nn − g
(
unj

, vnj

)
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it is clear that Nn and Mn are positives according to (H3) and (H4), of (5.10) and (5.11)
we obtain: ∫

Q

Nndxdt ≤ C

∫
Q

(
unj

+ vnj
+ 1

)
dxdt +

∫
�

u0dx

∫
Q

Mndxdt ≤ C

∫
Q

(
unj

+ vnj
+ 1

)
dxdt +

∫
�

(u0 + v0) dx

the Lemma 5.1 gives us: ∫
Q

Nndxdt < +∞
∫
Q

Mndxdt < +∞

which implies:

∫
Q

∣∣f (
unj

, vnj

)∣∣ dxdt ≤ C

∫
Q

(
unj

+ vnj
+ 1

)
dxdt +

∫
Q

Nndxdt < +∞

∫
Q

∣∣g (
unj

, vnj

)∣∣ dxdt ≤
∫
Q

Mndxdt +
∫
Q

Nndxdt < +∞

let

hn = Nn + C
(
unj

+ vnj
+ 1

)
�n = Nn + Mn

hn and �n are in L1 (Q) and positives and furthermore

∣∣f (
unj

, vnj

)∣∣ ≤ hn a.e∣∣g (
unj

, vnj

)∣∣ ≤ �n a.e.

Let us combine this result with (5.9) and we apply the theorem of convergence dominated
by Lebesgue.

We obtain:
f

(
unj

, vnj

) → f (u, v)

g
(
unj

, vnj

) → g (u, v)
in L1 (Q)
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by passing in the limit j → +∞ of (Pj) in L1 (Q) we find:




u (t, x) = S1 (t) u0 +
t∫

0

S1 (t − s) f (u (s) , v (s)) ds

v (t, x) = S3 (t)

(
v0 − c

a − d
u0

)
+ c

a − d
S1 (t) u0+

c

a − d

t∫
0

[S1 (t − s) − S3 (t − s)] f (u (s) , v (s)) ds+
t∫

0

S3 (t − s) g (u (s) , v (s)) ds

Then (u, v) verify (1.10) consequently (u, v) is the solution of (1.1)-(1.3). �

References

[1] N. D. Alikakos, Lp-bounds of solutions of reaction-diffusion equations, Comm.
Differential Equations 4 (1979), 827–868.

[2] S. Bonafede, D. Schmitt, Triangular reaction-diffusion systems with integrable
initial data, Nonlinear analysis, 33 (1998), 785–801.

[3] T. Diagana, Some remarks on some strongly coupled reaction-diffusion equations,
J. Reine. Angew, (2003).

[4] R. Fisher, The advance of advantageous genes, Ann. Eugenics 7 (1937), 335–369.

[5] H. Fujita, On the blowing up of solutions to the Cauchy problem forut = �u+uα+1,
J. Fac. Sci. Univ. Tokyo Sect. A Math. 16 (1966), 105–113.

[6] A. Haraux, M. Kirane, Estimations C1 pour des problèmes paraboliques semi-
linéaires, Ann. Fac. Sci. Toulouse Math. 5 (1983), 265–280.

[7] A. Haraux, A. Youkana, On a result of K. Masuda concerning reaction-diffusion
equations, Tohoku Math. J. 40 (1988), 159–163.

[8] D. Henry, Theory of semilinear parabolic equations, Lecture notes in Math, 840,
Springer Verlag, New York (1984).

[9] S. L. Hollis, R. H. Martin And M. Pierre, Global existence and boundedness in
reaction-diffusion systems.SIAM J. Math anal, 18: (1987), 744–761.

[10] I. Kanel, M. Kirane, Global existence and large time behavior of positive solutions
to a reaction-diffusion system, Differ. Integral Equ. Appl. 13(1-3) (2000), 255–264.

[11] S. Kouachi, Global existence of solutions to reaction-diffusion systems via a Lya-
punov functional, Electron Jornal of Differential Equations, Vol. 2001 (2001), No.
68, 1–10.



Triangular reaction-diffusion systems with compact result 4747

[12] S. Kouachi, A.Youkana. Global existence for a class of reaction-diffusion systems,
Bull. Polish. Acad. Sci. Math. 49(3), (2001).

[13] O. A. Ladyzenskaya, V. A Solonnikov, N. N Uralceva, Linear and quasilinear equa-
tions of parabolic type, Trans. Math. Monographs. Vol. 23, AMS; Providence, R. I,
(1968).

[14] R. H. Martin, M. Pierre, Nonlinear reaction-diffusion systems, in: Nonlinear Equa-
tions in the Applied Sciences, Math. Sci. Eng. Acad. Press, New York (1991).

[15] K. Masuda, On the global existence and asymptotic behavior of solution of reaction-
diffusion equations. Hokkaido Math, J. 12: (1983), 360–370.

[16] A. Moumeni, N. Barrouk, Existence of global solutions for systems of reaction-
diffusion with compact result, IJPAM. 102(2) (2015), 169–186.

[17] A. Moumeni, L. Salah Derradji, Global existence of solution for reaction-diffusion
systems, IAENG, Int. J. Appl. Math. 40(2) (2010), 84–90.

[18] J. D. Murray, Mathematical Biologie, 3rd ed; Interdisciplinary Applied Mathemat-
ics, Springer Verlag, (2002).

[19] A. Pazy, Semi-groups of linear operators and applications to partial differential
equations, Springer, New York, (1983).

[20] F. Rothe, Global existence of reaction-diffusion systems, Lecture Notes in Math.
1072, Springer, Berlin, (1984).



 


	za4___blank.pdf
	07_22081-ATAM__pp 35-42.pdf
	08_23061-ATAM__pp 43-48.pdf
	09_22959-ATAM_pp49-59 new1.pdf
	10_23200- ATAM__pp 61-67.pdf
	11_23674- ATAM__pp 69-70.pdf
	12_22216 ATAM new1__pp 71-76 new1.pdf
	13_23242-ATAM__pp 77-85 reset1.pdf
	b.pdf
	Page 1


	14_24146_-_ATAM__pp_87-95__author self recorrection new2.pdf




