Global Journal of Pure and Applied Mathematics.

ISSN 0973-1768 Volume 11, Number 6 (2015), pp. 4587-4602
© Research India Publications

http://www.ripublication.com

Black Scholes Option Pricing Model — Brownian
Motion Approach

Dr S Prabakaran

Associate Professor, Department of Accounting & Finance,
Faculty of Economics and Administrative Sciences,
Pontificia Universidad Javeriana Cali — Cali,
Colombia. Valle Del Cauca, South America
prabakaran@javerianacali.edu.co, Cell No: - +573044587735

Abstracts

Brownian motion has become one of the fundamental building blocks of

modern quantitative finance. The mathematical theory of Brownian motion

has been applied in contexts ranging far beyond the movement of particles in

fluids. Until recently, stock market researchers have confronted the same

problem. While they can chart the path of the market on a minute by minute

basis it is very hard for them to observe who buys, who sells and how demand

and supply affects price fluctuations. There exist many researchers about how

the behavior of different investors makes the option price movement in a stock

market. The purpose of this paper is to construct the Black Scholes option

pricing model in the stock markets by using Brownian motion approach. The

main ambition of this study is fourfold:

1) First we begin our approach to construction of Brownian motion from the
simple symmetric random walk.

2) Next we introduce the Black — Scholes option pricing model with stock
price movement by using of Geometric Brownian motion.

3) Then we extent this Brownian motion approach in the stock market and

4) Finally we construct the model for the generalization based on the
deformation of the standard Brownian motion and Black Scholes pricing
formula. And this paper will end with conclusion.

KEY WORDS: - Brownian motion, Option pricing model, Random walk,
Stock Market
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INTRODUCTION

Brownian motion is a simple continuous stochastic process that is widely used in
physics and finance for modeling random behavior that evolves over time. Examples
of such behavior are the random movements of a molecule of gas or fluctuations in an
asset’s price. Brownian motion gets its name from the botanist Robert Brown [1] in
(1828) who observed in 1827. While Brown was studying how particles of pollen
suspended in water moved erratically on a microscopic scale. The motion was caused
by water molecules randomly buffeting the particle of pollen and he observed minute
particles in the pollen grains executing the jittery motion. After repeating the
experiment with particles of dust, he was able to conclude that the motion was due to
pollen being “alive” but the origin of the motion remained unexplained. The first one
to give a theory of Brownian motion was Louis Bachelier in 1900 in his PhD thesis
“The theory of speculation”. However, it was only in 1905 that Albert Einstein, using
a probabilistic model, could sufficiently explain Brownian motion. He observed that if
the kinetic energy of fluids was right, the molecules of water moved at random. Thus,
a small particle would receive a random number of impacts of random strength and
from random directions in any short period of time. This random bombardment by the
molecules of the fluid would cause a sufficiently small particle to move exactly just
how Brown described it [2].

However, stock markets, the foreign exchange markets, commodity markets and bond
markets are all assumed to follow Brownian motion, where assets are changing
continually over very small intervals of time and the position, namely the change of
state on the assets, is being altered by random amounts. More importantly, the
mathematical models used to describe Brownian motion are the fundamental tools on
which all financial asset pricing and derivatives pricing models are based.

The purpose of this paper is to construct the Black Schools Option Pricing Model
through the Brownian motion approach.

1. CONSTRUCTION OF BROWNIAN MOTION
Brownian motion has become one of the fundamental building blocks of modern
quantitative finance. Indeed, the basic continuous — time model for financial assets
prices assumes that the log — returns of a given financial assets follow a Brownian
motion with drift. A convenient way to understand Brownian motion is as a limit of
random walk with smaller steps taking places more and more often.
Throughout, we use the following notation for the real numbers, the non — negative
real numbers, but integers, and the non — negative integers respectively:

def
0 = —o0,00 1)

U L = 0,00 2)

Z - ..-2,-1012.. (3)
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def
0 = 012,.. (4)

Our particular importance in our study is the normal distribution, N z,o° , with

mean —oo < 1z <o and the variance 0 < o°< oo ; the density and cdf are given by

1 s
f x = e 2 xell, (5)
o2
1 X _y_.u2
F x = e 2 dy,xell, 6
— = [ y (6)

The normal distribution is also called the Gaussion distribution after the famous
German mathematician and physicist Carl Friedrich Gauss.

When u=0and o*=1we obtain the standard (or unit) normal distribution, N 0,1 ,
and the density and cdf reduce to

2

def 1
0 X = —e , 7
e (7

def 1 X—y2
® X = —| e?dy. 8
—[edy (8)

As we shall see over and over again in our study of Brownian motion, one of its nice
features is that many computations involving it are based on evaluating® x , and

hence are computationally elementary.
If ZON 0,1 ,then X=cZ+uhas the N pu,o° distribution. Conversely, if

XON u,0° ,then Z= X —u /o has the standard normal distribution.
If thus follow that if X 0 N z,0° , then
FX=P X<XxX=0 x-ulo.

Letting X U N x,0? ,the moments generating function of the normal distribution is
givenby M s =E e* = jesxf x dx=e**"? _p<s<om, 9)

For deriving this above equation (9), first we compute M s when X=Z the unit is

normal. Denoting this by M, s apply the lower and upper limit and we will compute

M, s =E e =%/
Normally generally if X (0N z,0° ,then it can be expressed as X=cZ+ x, and
thus

2 2.2 -
E e =e%E e° =e¢*Mz os =e™e 2 ootz , and we proved equation no 9.
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Now the central limit theorem (CLT) says, if X,:i>1 are iid with finite mean
E X =pand finite non — zero variance o>=Var X ,then

def

Z, = X.,—nu |= N 0,1 ,n— oo, in distribution;
=IER

lim P Z <x =0 x ,xell.

If x=0and o°=1,then the CLT becomes

Lyx,=Not.

Jn i3

Moreover, for any constantc = 0, since cN 0,1 [J N 0,c¢* ,we obtain:

If x=0and =1, then the CLT becomes for any constant ¢ = 0

1 n
c—=>.X;=N 0,c?

N{h=
Now, we are constructing the Brownian motion from the simple symmetric random
walk. Recall the simple symmetric random walk, R,=0,

n
R,=A +..+ A=) A;,n2>1,

i=1
Where the Ajare iid with P A=-1 =P A=-1=05.thus E A =0Oand
Var A =E A* =1.
We view time nin minutes, and R as the position at time nof a particles, moving in

0, which every minute takes a step, of size 1, equally likely to be forwards or
backwards. Because E A =0and Var A =1, it follow that E R, =0Oand

Var R, =n,n>0.
Choosing a large integer k>1, if we instead make the particle take a step every

1/k minutes and make the step size ]/«/E then by time t the particle will have taken
a large number, n=tk, of steps and its position will be

, t ——ZA

This Ieads to the particle taking many more iid steps, but each of small magnitude, in
any given interval of time. We expect that as k — <, these small steps become a

continuous and the process B, t:t>0 should converge to a process
B t :t>0 with continuous sample paths. We call this process Brownian motion

after the Scottish botanist Robert Brown. Its properties will be derived next.
Notice that for fixed k any increment

Bt -B s ——ZA,,0<s<t

(="
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has a distribution that only depends on the length, t—s, of the time interval
s,t because it only depends on the number, k t—s , of iid A, making up its

construction. Thus we deduce that the limiting process ask — o will posses

stationary increments. The distribution of any increments Bt —B s has a

distribution that only depends on the length of the time interval t —s.
Notice further that given two overlapping time intervals, t,t, and t,.t, ,

0 <t <t,<t,<t,,the corresponding increments

B.t, -B t, =—= Y A, (11)
k ta k 3 \/E.:Zt;‘(

1 tk
B.t, -B, t, ==Y A, (12)
k ‘2 k 1 \/E|;lk

are independents because they are constructed from different A,. Thus we deduce that
the limiting process ask — oo will also posses independent increments. For any non
— overlapping time intervals, t,t, and t,,t, the rvs X,=Bt, -Bt and
X,=B t, —B t, are independent.

Observing that E B, t =0and Var B, t =tk /k >t,k >o we infer that the
limiting process will satisfy E Bt =0,Var B t =tjust like the random walk
R, doesindiscrete—time n E R, =0,Var R, =n.

Finally, a direct application of the CLT yield (via setting n=tk, =0, o*=1, c=t )

B t =Vt ( \/_ZA
And we conclude that for each fixed t>0, B t has a normal distribution with mean 0

and variance t. similarly, using the stationary and independent increments property,
we conclude that B t —B s has a normal distribution with mean 0 and variance
t—s, and more generally.

The limiting BM process is a process with continuous sample paths that has both
stationary and independent normally distributed (Gaussian) increments: if

t,=0<t,<t,<..<t ,thenthervs.B t_, ,ie 12,..n ,are independent with
Bt -Bt, ON Ot —t_, .

j: N 0,t ,k = ooin distribution.

If we define X t =oB t +ut,then X t ON 6% ,cell,,uell, and we

obtain, by such scaling and translation, more generally, a process with stationary and
independent increments in which X t —X s has a normal distribution with mean

4 t—s and variance o t—s .
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When o®=1and =0 (as in our construction) the process is called Standard Brownian
Motion, and denoted by B t :t>0. Otherwise, it is called Brownian motion with

variance term oand drift z.

2. BLACK SCHOOLS OPTION PRICING MODEL

Here we assume that the Black — Scholes option pricing model is instantaneous stock
price movement and it can differentiate by

dS=xSdt+ oSdz (13)
Here, S is the stock price, xand oare constants, t is the time, and z follows a

stochastic process called Wiener process, under which dz=g¢+/dt where gis a random
draw from the standardized normal distribution. Equation (13) known as geometric
Brownian motion, with gand ocalled the drift parameter and the volatility

parameters, respectively.
2

The (1) implies dInS:(,u—%jdHadz (14)

The stochastic process as characterized by equation (14) indicates that InS is normal
distributed.

Equivalently, S is lognormally distributed. With S,and S, denoted as the stock prices
at time 0 and time T, respectively, equation (14) leads to

2
S, =S,exp K - %jT +oeT } (15)
Further, the expected value and the variance of S; are
E S, =S,exp ufl (16)

and Var S; =S;[exp 24T ][exp o’T —1}:[E S, ]2 [exp o’T —1}, (17)
respectively. Equation (17) can be written as

Nar's. =E s Jexp o°T -1 (18)

for graphical convenience.
Given equation (16), we have

OE S,

=TE S; and (19)
ou
OE S;
=uE S 20
aT H T (20)

Accordingly, E S; increase with g for any given T>0. It increase with T if x>0,

decreases instead if <0, and remains unchanged if x=0.
Likewise, given equation (17), we have
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ovar S

——T =2Tvar S, , (21)
ou

ovar S

o 226T[E S, exp 07T (22)
oo
oVar S

and TT:SOZ 2u+0’ exp[ 2u+0° T]—Z,uexp 2utl . (23)

Thus, Var S; increases with gand ofor any given T>0. As
exp[ 2u+co? TJ>exp 2uT >0  for T>0,var S, increase with T  if

2u+0” >0.However, if 4 is negative and low enough to make 2+ o negative, the
graph of Var S, versus T will not always be upward sloping; if 2u+0°<0, the

graph will be download sloping once T exceeds a threshold value. Specifically, with
the threshold value of T being

T*:izln(z 21 2)’ (24)
o U+o

T <T corresponds to éVar S, /oT <>0.

In addition, the Black Scholes formulas for the prices at time 0 of a European call and
put option on a non dividend paying stock are

c=S,N d, —Ke™"N d, (25)
and p=Ke"™N -d, —S,N —d, (26)
In S,/K + r+c?/2 T
where d,= o/ / and d,=d, —oT (27)
oT

the function N x is the cumulative probability distribution function for a standard

normal distribution. In other, words, it is probability that a variables with a standard
normal distribution, ¢ 0,1 , will be less than x. The variables ¢ and p are the

European call and put price, S, is the stock price at time zero, K is the strike price, r is
the continuously compound risk — free rate, o is the price volatility, and T is the time
to maturity of the option.

Next, we considered a portfolio consisting of a long position in a European call option
and a short position in a European put option and assumes that both contracts have the
same underlying assets, time to maturity T and strike price K. The terminal payoff of
this portfolio is

max S; —-K,0 —max K-S;,0 =max S; -K,0 +min S; -K,0 =S; —-K

We observe that the payoff of the portfolio is equal to that of a long forward contract
with a strike price of K. Furthermore, forward contracts that the current value V, of a

long position in an existing forward contract with strike price K is given by
V,= F,-K e, (28)
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Where F,is the fair delivery price of a forward contract with the same maturity as the
two options. Remember that F, is being determined such that the initial value of the
contract is zero. We can now argue that by the law of one price, two portfolios that
have the same value at a future in time need to have the same current value.

Thus C,-P,= F,—K e " or equivalently

C,+Ke=PFe"" (29)
This result is known as the put — call parity and provides a model — independent
relation between the current price of a European call and put option with the sane
strike price. In particular, given the price of one of the two options, we can solve for
the no — arbitrage price of the other

C,=P,+Fe "™ —Ke ™"

P=C,-Fe ™ +Ke"

Note that we did not make any assumptions so far regarding the type of the
underlying security. This general form of the put — call parity formula always applies
and is the only one that we have to remember. In order to obtain the put — call parity

relationship for the diffident underlying types, we just need to substitute the
respective forward prices. We get

(30)

UNDERLYING TYPE FORWARD PUT —-CALL PARITY
No Holding returns S C,+Ke=P +5,
Fixed Discrete Holding Returns S,—De™ e7 | C,+Ke =P, +S,—De ™
Proportional Discrete holding returns 1-q S, C,+Ke"=P,+ 1-q S,
Continuous Proportional Holding S,e 7 C,+Ke"" =P, +S,e™
returns

We now consider an interesting special case of the put — call parity formula. As
mentioned earlier, the fair delivery price F, of a forward contract is determined such

that the initial value of the contract is zero. If the strike price K of the two option is
equal to F,, then it follows from the put — call parity that C,=P, and the two option

prices must be agreed.

3. BROWNIAN MOTION APPROACH — STOCK MARKET

The mathematical theory of Brownian motion has been applied in contexts ranging far
beyond the movement of particles in fluids. Until recently, stock market researchers
have confronted the same problem. While they can chart the path of the market on a
minute by minute basis it is very hard for them to observe who buys, who sells and
how demand and supply affects price movements. There exist many interesting
theories about how the behavior of different investors makes the prices move, but
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there is no empirical evidence to support the critical link between the investor
decisions and the price dynamics [3].

However, stock markets, the foreign exchange markets, commodity markets and bond
markets are all assumed to follow Brownian motion, where assets are changing
continually over very small intervals of time and the position, namely the change of
state on the assets, is being altered by random amounts. More importantly, the
mathematical models used to describe Brownian motion are the fundamental tools on
which all financial asset pricing and derivatives pricing models are based.

These models are of key importance to the work that is being done here on market
models and risk analysis.

We consider a non dividend paying stock, the price process of which follows the

geometric Brownian motion with drift S, = g4 The logarithm of the stock price
Y, = In S, follows the stochastic differential equation

dyY, = zdt + odW,” (31)
where pand o are constants representing the long term drift and the noisiness
(diffusion) respectively in the stock price and W,"is a regular Brownian motion
representing Gaussian white noise with zero mean and ¢ correlation in time i.e.
EP @W,dW, =dtdt's (-t and on some filtered probability space @, €, P .
Application of Ito’s formula yields the following SDE for the stock price process

ds, = (y +%0-2J8tdt +0S,dW” (32)

And the above equation has analytically solution

0_2

;ﬁ—)t +odW,

S, :Soe[
for an arbitrary initial value S;,. This model will use in the option pricing.

In finance, an option is a contract whereby the contract buyer has a right to exercise a
feature of the contract (the option) on or before a future date (the exercise date). The
‘writer' (seller) has the obligation to honor the specified feature of the contract. Since
the option gives the buyer a right and the seller an obligation, the buyer has received
something of value. The amount the buyer pays the seller for the option is called the
option premium.

Having rights without obligations has financial value, so option holders must purchase
these rights, making them assets. These assets derive their value from some other
asset, so they are called derivative assets. Modern option pricing techniques, with
roots in stochastic calculus, are often considered among the most mathematically
complex of all applied areas of finance [4].

For an exercise price K, and an exercise date T, one has the rights to buy stocks with

price K and sell it with S; in the markets if S;>K . If not, one has no obligation to

buy. This option called an European call option and we define claim C (payoff at time
T) by

C= S, -K "=max S, -K,0 (33)
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So, if S;>K then the owner of the option will obtain the payoff C at time T while if
S; < K then the owner will not exercise his option and the payoff is 0 [5].

The Geometric Brownian motion is the basis of Black Scholes model and the key
assumptions of this model are

1. The stock pays no dividends during the option's life

Most companies pay dividends to their share holders, so this might seem a serious
limitation to the model considering the observation that higher dividend yields elicit
lower call premiums. A common way of adjusting the model for this situation is to
subtract the discounted value of a future dividend from the stock price.

2. European exercise terms are used

European exercise terms dictate that the option can only be exercised on the
expiration date. American exercise term allow the option to be exercised at any time
during the life of the option, making American options more valuable due to their
greater flexibility. This limitation is not a major concern because very few calls are
ever exercised before the last few days of their life. This is true because when you
exercise a call early, you forfeit the remaining time value on the call and collect the
intrinsic value. Towards the end of the life of a call, the remaining time value is very
small, but the intrinsic value is the same.

3. Markets are efficient

This assumption suggests that people cannot consistently predict the direction of the
market or an individual stock. The market operates continuously with share prices
following a continuous It6 process. To understand what a continuous Itd process is,
you must first know that a Markov process is "one where the observation in time
period t depends only on the preceding observation.” An Itd process is simply a
Markov process in continuous time. If you were to draw a continuous process you
would do so without picking the pen up from the piece of paper.

4. No commissions are charged

Usually market participants do have to pay a commission to buy or sell options. Even
floor traders pay some kind of fee, but it is usually very small. The fees that
Individual investor's pay is more substantial and can often distort the output of the
model.

5. Interest rates remain constant and known

The Black and Scholes model uses the risk-free rate to represent this constant and
known rate. In reality there is no such thing as the risk-free rate, but the discount rate
on U.S. Government Treasury Bills with 30 days left until maturity is usually used to
represent it. During periods of rapidly changing interest rates, these 30 day rates are
often subject to change, thereby violating one of the assumptions of the model.
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6. Returns are lognormal distributed

This assumption suggests, returns on the underlying stock are normally distributed,
which is reasonable for most assets that offer options.

According to the Black Scholes Model the current fair price of the claim is

C=S,® T, —Ke"®d T

(3]

[T

[yt
‘ VT ]

® x isacumulative standard normal distribution P Z<x for

Where T, =

2
Y
2

ZON 01 =] (36)

1
—e
N2
C is the Call premium (amount per share that an option buyer pays to the seller), T is
time until expiration, K is the Option exercise price, and r is the Risk free interest rate.

From the above equation S,® T, derives the expected benefits from acquiring the

stock outright. This is found by multiplying the initial price by the change in the call
premium with respect to a change in the underlying stock price [4] . And

Ke™"® T_ gives the present value of paying the exercise price on the expiration day.

The fair market value of the call option is then calculated by taking the difference
between the two parts.

4. CONSTRUCTION OF OPTION PRICING MODEL

The aforesaid analysis of the Black Scholes formula for option pricing presupposes
that the stock price follows the lognormal distribution. However, significant empirical
evidence now subsists of the stock returns deviating from the lognormal distribution
with “fat tails” and a “sharp peak” which better fit the truncated Levy flights or other
power law distributions [6 - 8]. To broad base the Black Scholes model,
generalizations by way of “Levy noise” and “jump diffusions” [9] have already been
studied. In this paper, we propose a model that incorporates a “weighted Brownian
motion” as the stochastic (noise) term, where the weights themselves are a function of
the “Brownian motion / noise” i.e.

dw” —>du? = f @7t gw? (37)

W." is a regular Brownian motion representing Gaussian white noise with zero mean
and & correlation in time ie. E” @W,dW, =dtdt's{—t' and on some filtered
probability space Q, €, :P: We, further, mandate that the function that the
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f U[,t satisfy the Novikov condition and that the process Uf’=£ f Uf,s dW'isa

local P- martingale with a non normal distribution. This requirement is not as
restrictive as it may seem at first sight in context of the applications envisaged. We
will address this issue again in the sequel.

This generalization contemplates a statistical feedback process. In this context, several
studies on stock market data have shown the existence of nonlinear characteristics and
chaotic behavior that lend credence to the existence of a statistical feedback
mechanism of market players. Explanations for the existence of “fat tails” in stock
market data have been offered on this statistical feedback process e.g. “extremal
events” cause “disproportionate reactions” among market players. This deformed
noise may also capture the “herd behavior” of stock market investors. The model also
captures time dependent return processes since f is a function of U and tso that the
drift term varies with time.

We define the European call option. The European call option is a financial
contingent claim that entails a right (but not an obligation) to the holder of the option
to buy one unit of the underlying asset at a future date (called the exercise date or
maturity date) at a price (called the exercise price). The option contract, therefore, has
a terminal payoff of max@; —E,O} 6, - Ej where S is the stock price on the

exercise date and E is the exercise price.
We consider a non dividend paying stock, the price process of which follows the

- - . . . P
geometric Brownian motion with drift S, = e where wand o are constants

representing the long term drift and the noisiness (diffusion) respectively in the stock
price. The logarithm of the stock price Y, =1InS, follows the stochastic differential

equation

<
dY, =zt + odU? = gt + JF Q7 t YW (38)
Application of Ito’s formula yields the following SDE for stock price process is then
given by

ds, =(u+% k ()f,tjjstdu b6t Saw, (39)

Let C6t,t:denote the instantaneous price of a call option with exercise price E at
any time t before maturity when the price per unit of the underlying is S,. We
assume that C6t,t: does not depend on the past price history of the underlying.
Applying the Ito formula to Cet,t:yields and the deformed SDE for the contingent
claim C €,,t _ gets modified to

dCt:KILH Iff(lt jjstac 68(; = I"fo \2 ZZC dt+ ac l““l t}tdwtp, (40)

Following the same procedure as in the standard case, we obtain the following PDE
for the contingent claim that is subject to the deformed noise
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6C6t,t 1 kop T , 0°C6,,t 8C6t,t
LS aS? ot

Applylng G1rsan0V s theorem to the price process (39), we perform a change of

measure and define a probability measure Qsuch that the discounted stock price

process Z, = S,e" or equivalently

0z, :(ﬂ_wg k ()f,tjztdu ko7t Zaws “2)

behaves as a martingale with respect to Q. This is performed by eliminating the drift
term through the transformation

1 ¥
oorey ben)
S d
of otP’t/ 7t
whence W,° =W,” +y,tis a Brownian motion without drift with respect to the
measure Qand dzZ, = Isf (JtQ,t\thWtQ which is driftless under the measure Q and

hence, Z,is a Q martingale. The two measures P & Q are related through the Radon
Nikodym derivative which in the deformed case takes the form

1t
_ex awf - = 2dt) 44
e P p( naWe -2 7, (44)
And the expectation operators under the two measures are related as
E® X, |F, =¢" s E” &£t X R,

Our next step in martingale based pricing is to constitute a Q martingale process that

hits the discounted values of the contingent claim i.e. call option. This is formed by
taking the condition expected of the discounted terminal payoff from the claim under

the Q measure i.e. E,=E° [e’” S, -E +|Ft} (45)
We now constitute a self — financing strategy that exactly replicates the claim and

whose value is know with certainty. For this purpose, we introduce a ‘bond’ in our
model that evolves according to the following price process

9B _rat,B, =1 (46)

-=rC 6§, ,t (41)

(43)

t
where ris the relevant risk free interest rate.

Making use of ¢tunits of the underlying asset and l//t units of the bond, where

oC(S,,1)
="
the following properties

@) it exactly replicates the price process of the call option i.e.

#S +yB =C€.t vte hT. (47)
(b) itisself financing i.e. ¢.dS, +y,dB, =dV,,vte p,T. (48)
Using egs. (37), (39), (47) & (48) we have

By, =C€,,t -4S,, We can now construct a trading strategy that has
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dc = [¢t 1S, + %¢t0'28t +y,1B, jdt +4,05,dW.”. (49)

Matching the diffusion terms of (39) & (44) and using (42), we get the aforesaid
expressions for ¢t and 78 respectively. The value of this portfolio at any time t be

shown to be equal to V,=e"E, with E, being given (45). It follows that the value of the
replicating portfolio and hence of the call option at time t is given by

V,Ze"E =¢" ™ EQ[ s, _E +|FtJ:e.rT-t E? S, -E 1, . |F] (50)

=™ [ SUAT -E T UAT|USt dUf ®1)

UR:S UR T 2E

The expectation value of the contingent claim max S. —E,0 = S. —E "under the
measure Qdepends only on the martingale distribution of the stock price process
S,under the measure Qwhich is obtained by writing it in terms of Q Brownian

motion W,2. We have from eq (38) for the deformed stock price process under the
measure Q as

dns, = udt+ fr @t 3w’ =[r—% k OS,tfjdH Fociawe 2

which on integration yields
t
t ~ 1 <
S =S,exp| [ €2t gw? +J(r—§lrf()tQ,tAjds . (53)
0
0

The value of the call option can now be computed by using eq. (51).

CONCLUSION

From the above discussion, we described the Black scholes option pricing model
through Brownian motion approach and we stated in the introduction Brownian
motion is a simple continuous stochastic process that is widely used in physics and
finance for modeling random behavior that evolves over time and it’s extend this
approach in the constructed the black schools option pricing model in the stock
markets by using Brownian motion approach. And we concluded that, initially we
begin our approach to construction of Brownian motion from the simple symmetric
random walk and we introduced the black — scholes option pricing model with stock
price movement by using of geometric Brownian motion, then we extended this
Brownian motion approach in the stock market and finally we construct the model for
the generalization based on the deformation of the standard Brownian motion and
black scholes pricing formula.



Black Scholes Option Pricing Model — Brownian Motion Approach 4601

REFERENCES

1.

13.
14.
15.
16.

17.
18.

19.

20.

21.

22.

23.

24,

25.

R. Brown, A brief account of microscopical observations made in the months
of June, July and August, 1827, on the particles contained in the pollen of
plants; and on the general existence of active molecules in organic and
inorganic bodies, Philosophical Magazine N. S. 4 ,161-173, 1828.

Wikipedia, Brownian Motion, Wikipedia, 2006.

W.N. Goetzmann, Stock Markets, Behavior, and the Limits of History,
National Bureau of Economic Research, 2000.

K. Rubash, A study of Option Pricing Models, Finance.

B. @ksendal, Stochastic Differential Equations, Springer-Verlag, Berlin, 1998.
W. Paul & J. Nagel, Stochastic Processes, Springer, (1999);

J. C. Hull & A. White, Journal of Finance, 42, (1987), 281;

J. C. Hull, Options, Futures & Other Derivatives, Prentice Hall, (1997);

R. C. Merton, Journal of Financial Economics, (1976), 125;

A. J. Macfarlane, J.Phys., A 22, (1989), 4581,

L.C. Biedenharn, J.Phys., A 22, (1989), L873;

S. Zakrzewski, J.Phys., A 31, (1998), 2929 and references therein; Shahn
Majid, J. Math. Phy., 34, (1993), 2045;

Michael Schurmann, Comm. Math. Phy., 140, (1991), 589;C. Blecken and
K.A. Muttalib, J.Phys., A 31, (1998), 2123,

J. P. Singh, Ind. J. Phys., 76, (2002), 285;

U. Franz and R. Schott, J. Phys., A 31, (1998), 1395;

V.I. Man’ko et al, Phy. Lett., A 176, (1993), 173; V.I. Man’ko and R.Vileta
Mendes, J.Phys., A 31, (1998), 6037;

J. Voit, The Statistical Mechanics of Financial Markets, Springer, (2002);
Jean-Philippe Bouchard & Marc Potters, Theory of Financial Risks,
Publication by the Press Syndicate of the University of Cambridge, (2000);

J. Maskawa, Hamiltonian in Financial Markets, arXiv:cond-mat/0011149 v1, 9
Nov 2000;

Z. Burda et al, Is Econophysics a Solid Science?, arXiv:cond-mat/0301069 v1,
8 Jan 2003;

A. Dragulescu, Application of Physics to Economics and Finance: Money,
Income, Wealth and the Stock Market, arXiv:cond-mat/0307341 v2, 16 July
2003;

A. Dragulescu & M. Yakovenko, Statistical Mechanics of Money, arXiv:cond-
mat/0001432 v4, 4 Mar 2000;

B. Baaquie et al, Quantum Mechanics, Path Integration and Option Pricing:
Reducing the Complexity of Finance, arXiv:cond-mat/0208191v2, 11 Aug
2002;

G. Bonanno et al, Levels of Complexity in Financial markets, arXiv:cond-
mat/0104369 v1, 19 Apr 2001;

A. Dragulescu, & M. Yakovenko, Statistical Mechanics of money, income and
wealth : A Short Survey, arXiv:cond-mat/0211175 v1, 9 Nov 2002;

4601



4602

26.

27.
28.

29.
30.

31.
32.

33.
34.
35.
36.
37.
38.
39.
40.
41.
42.

43.
44,

45,

46.

Dr S Prabakaran

J. Doyne Farmer, Physics Attempt to Scale the Ivory Tower of Finance, adap-
0rg/9912002 10 Dec 1999;

F. Black & M. Scholes, Journal of Political Economy, 81, (1973), 637;

M. Baxter & E. Rennie, Financial Calculus, Cambridge University Press,
(1992).

C. W. Gardiner, Handbook of Stochastic Methods, Springer, (1996);

Enrique Canessa., Langevin Equation of Financial Systems: A second-order
analysis, arXiv:cond-mat/0104412 v1, 22 Apr 2001.

H. Risken, The Fokker Planck Equation, Springer, (1996);

R.F. Bass, Stochastic Calculus with applications to finance, PDE, and potential
theory, E-Lecture notes, 1999.

Z. Brze'zniak and T. Zastawniak, Basic Stochastic Processes, Springer-
Verlag, London, 1999.

C. Evans, An introduction to stochastic differential equations Version 1.2,
Department of Mathematics, University of Berkeley, 2005.

M. Frame, B. Mandelbrot, N. Neger, Fractal Geometry, Yale University, 2005.
M. Kozdron, A random look at Brownian Motion, Duke University, 2002.

S. Shreve, Stochastic Calculus for Finance Il Continuous Time Models,
Springer, 2004

Baxter, M. and A. Rennie, Financial calculus, An introduction to derivative
pricing, CUP 1996

Hull, J.C., Options, Futures & Other Derivatives, Fourth edition, Prentice Hall,
2000

Wilmott, P., J. Dewyne and S. Howison, The mathematics of financial
Derivatives, A student introduction, Cambridge university, 1995

Jonathan MUN, Applied Risk Analysis: Moving beyond uncertainty in
Business, Wiley, 2004

Benth, M., Option theory with stochastic analysis: An introduction to
mathematical finance, Springer, 2004.

Carmona R., Statistical Analysis of financial Data using S-plus, Springer 2004
Beichelt, F., Stochastic Processes in Science, Engineering and Finance,
Chapman & Hall/CRC, 2006

Oosterhof J. en Van der Vaart A., Algemene Statistiek Vrije Universiteit,
2002.

Fama, E.F., “Random walks in stocks Market Prices”, Financial Analytics
Journal, September/ October 1965 (reprinted January/ February (1995).



