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On An Contact Angle Problem of Rotating Fluid With Free
Surface

Hirotada Honda

Abstract

In this paper, we consider the fluid on the rotating plate in 3 dimensional
space, which is applicable to thin film coating process, and so on. By
considering the contact line of the fluid and the plate, we model the system as
a contact angle problem in 3 dimensional space. We model the system
mathematically using Stokes equation, and verify the solvability near the edge
in weighted Sobolev spaces.

1991 Mathematics Subject Classification: 35M10, 35Q35, 35R35, 76D99,
86A05

Introduction

Mathematical modeling of thin film coating process is one of the most important
features in the fluid dynamics. It will contribute to thin film coating control process.
In the coating process of thin film, the free surface of the fluid and the contact angle
problem should be considered. There are several studies of coating processes in the
literature, but they did not deal with them at the same time. In this paper, we model
the system as a 3 dimensional stationary contact angle problem with free surface. We
assume that the diameter of the fluid is small and constant. In the following, we
introduce the mathematical formulation on the problem in the next section, consider
the linear problem in section 3, nonlinear problem in section4, and conclude this
paper in the final section.

Mathematical Formulation
Consider the system depicted in Fig.1.
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Figure 1: Fluid around Contact Angle

For simplicity, we assume that the contact line of the fluid is a ball on the plane, and
the distance between the contact line of the fluid and the rotating center is a positive
constant d. To model the system, we introduce the coordinate system shown in Fig.2.
In this system, a point in the region is denoted by (d —rcos'¥, ¢, '), where
Dsr<d0<¢<2m,0<¥P<l

I.'II

Figure 2: Coordinatge System

Linear problem for stationary problem for the fluid shown in Fig.1 can be described
using Stokes equation:

vav+Pp=f, (1.2
V-v=0 x€gQ, (1.2)
Tlvin—cHn—pn=f;, x&I,, (1.3)
v=f, x€eTl,, (1.4)

By € we denote the region satisfied by the fluid, I'; the free surface of the fluid, I,
the bottom boundary. f4, f3, f. stand for external forces which are known functions.
v = 0 is viscosity constant, v velocity of the fluid, T{v) the stress tensor, o the
surface tension, H twice the mean curvature of the surface, p. the pressure on the free
surface, n is the outer unit normal to the free suraface. For convenience, we assume
that supp(v) € {|(r,¢, ¥ € Q4|0 < + < £} for a positive constant . Operators &
and ¥ in the coordinate system introduced above is denoted as follows:
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_ 1 3 _ AT dr 8y , @ fd-recos¥ 8f
= f - (d-rcos¥)r {63' [TEd TCGS‘P) E‘!'J 2 [E‘d—."cosw E‘up) EW[ r E‘WJ}J (15)
LE]
ar
|1 3@
Vg = d—roos¥ 8¢ | (16)
1dg
r o

Next, we can see that the line component of the coordinate system is denoted as
ds® = hidr® + hide” + hgd'¥, and we use the following notations:

=G G G =1

dx

Pl P Pl

dz©

- av B 5
hy = [E) + (EJ + [E) =(d — rcos¥)",
= (&) - (&) () - &
From relations above, we get
Grr =1 Gap = (d—rcosp)®, ggw =717, (1.8)
g =1 g% =_—— g% =% (1.9)

- pm ¥
(d—rcosg )™

1

Now we introduce new coordinates (b, b; by) defined by b.=,g™a,,

—

by = 9%%ay, by = g% ay, and using o;;a' @ o/ = &,;b° @ &/, and stand for
the (%, /) component of the stress tensor T (v} in the old and coordinate system by o,
and &, respectively. Then we get the relations

Ty = O popes Opg = (d — T‘CGS‘:?.‘I:I@'_,.@ Opx = 10, Ops = (d —Tcascp):frl‘,;,_‘,;,,
(1.10)
Oge = r(d —7cos)Gae, Oyy =7 Fgu. (1.11)
On the other hand we can calculate Christoffel notations by
1 gk, f9p _ Pawj
1_": o Zg [E.'.x B Bt ]
I =T, =T =0 l_.p _ cas . =0 l_lp _ rsind
o 1_ ré T UrE T Ter T d _peps@’ T®P T T 4 reosy
Te, =—, Tag=0 Tz =0,
b _ W e g _ (d—rcos¥)sin¥ .
I =1, =01, = (d—reost)cos?, T,,=-— " PR
=—r, T% =0
Then we get
- dv, _[dv,. @ ( J @ .;a} b oo s
Opp T2V Opp =V 5o o (d —rcas?)v v¥cos?|,
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du, dv

2v(d oy e
; Ogg = v(d — reos :IEJ

dv dv dv
Ogp =V l(d - Tcag"‘f"ja—i; +r 5:: . Ogg = 2vr ai:’

and since the (£, /) component of the deformation tensor o;; is denoted as:

we get
. du, . 1 dv, Ovg 2cos¥ .
G, =2VvV—07{ G 4=V|l———+ + vel, G
" dr e d—rcos¥ d¢p dr d—rcos¥ ¥ T
v [idv, dvy
_f?[(aav vg) 4 ar I
. dv, dvy . 2v dvg
T — V I:( S 1_;_-‘_’) - ; T = ;
i ¥ : or * (d —rcos¥) dp
ﬂ' sy = "‘f-' —_— — ; ﬂ":"; = — .
e r d¥ d—rcos¥ do R - 1

From the above considerations, original equations, continuity equations and boundary
conditions are described as follows:

v d B d dv ? . d-rcos¥ dv
- {d—rcos¥)r {5_1 [T[ﬂr o TCGS‘P:I 15'_1] - E d—a'coswg v ﬁ ( r Ej} v FTG - fij
(1.13)
1 E E E
— (£ (r(d = reos®)v,) + o (rvg) + 55 ((d— reos¥)vg)}=f, x€Q
(1.14)
S T R )
[z —ve) + 57 = £ (1.15)
-(n’ — T‘C‘GS‘"P)E;:—:: + Ti—:] = faa, (1.16)
[ dog
v[arZE—p,| = fia, xeTy, (1.17)
v=f, x&T,, (1.18)
where
ap
1 dp
Vp = d—rcos'ﬁ"ﬁ ' (119)
10w

r oy
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(1.13)-(2.19) are our mathematical model of the fluid on the plate in the thin film
coating process, and is the original problem we deal with in this paper.

Mellin Transform And Function Spaces

In this section, we introduce some function spaces to solve the model problems.
Before that, we introduce the Mellin transform with respect to +. From here after, we
denote the Mellin transform of a function #(+) by f(4)(» = 0) given as follows:

FAY = F)yr*dr, A=k, +id EC (2.1)
The inverse transformation is given by

F0) = o fepms, 7 F DA (22)
We know that the following equalities holds[1]:

= Jezms | FDPR = [T P25 ()2 dr, (2.3)
rifr) = f(A+K), (2.4)
rfi(r) = —Af(4), (2.5)

where () means the derivative of f with . Next we introduce function spaces.

Let €2 be a domain of the fluid depicted in Fig.1, and we introduce the coordinate
system described in the previous section. We also denote by I" the bottom boundary
with ¥ = =, Then, for ardinary m € N. and v = 0, we define weighted Sobolev

norms for the functions defined on them:

2 I o= Z J | DDEDLu(x) |Pr2w =4 drdgpd?,
e e D p

Ozli+atjzm °°

Il II

zzu [N g

R,
m—1

- Z Z J J |D,"-D;f(?,.:pj|3a,»f'i#—m—.'—1;.d¢d?
_“Z_ij J df?:"r‘*““-"idej "IDPTTIDGf(r +p) — DI TIDGF (NI
y=p BE+°0 a p-

For domains after Mellin transform, let A €€, £ €R, 0 < ¥ <=, and we define
norms of functions on (4, &, '¥),
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For

n= | dg| a¥ | AL et e
g JR 0 Red=p—-m+= d‘-f"

T o=jtaam

) 1
ey ,“_1=ZJ L1+ 127718 2w R dads

Z =1 Rsd= ,.4—""——

a7
[

m—1

—ZJ (14127

=0 Rsd= ,.,!—"4——

Similarly, fori e €, & € R (i = 1,2), we define norms of functions on (4, ¢, ¥,

o= | dade | v @R RR
R® o ReA=u—m+3

I:-:Cl-:Cnﬂ

7 17dA.

Note that these norms have weights with the distance from the contact line of the
fluid. We define function spaces for vector functions in the same manner.

For functions defined on €2, consider its Mellin transform with respect to ~ and
Fourier transform to ¢, denoted by . Then, Il u llgm (g, is equivalent to | Il | I,

oy and Il IIUm_*?r o] Iy ||#Im_5, respectlvely o
Proof. We can easily p;gve the lemma above using Parseval type equalities.
Actually, since jh_: . f{|n[a)| (1+|A]7)%dA, is equivalent to
TE [ ‘ (Tj| p2k g ],
2y I #_m__(l—l,&l ym- e ) D':"D.Ju: ||§_ dA (2.6)

is equivalent to

I o T T [P IDIDEDEu 2, TR D gy, (2.7)

Jra=0 &=
where [I'll,_ ., denotes the L, norm in the space {0 < ¢ < Z,0 =¥ < 7} with

respect to ¢ and ‘.
This completes the first assertion of the proof. The other assertions can be proved
similarly. Now, the following is the main theorem of this paper: [

For arbitrary m = 0, f, € H"(Q), f, H (1' ), f: € H:_i(l':), the problem
(1.13)-(1.19) has a solution v € H; ™™ (1) satlsfylng

IIVI|u~+"?" o= ClI |Iu*?".o IIRIIU"?"+ o T3l oz _”"1' 0 fal gw_l_ ].
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Approximate Problem
In this section, we consider an approximate problem of (1.14)-(1.20). Replacing r in
(1.14) by a constant T‘,: that satisfies 0 < r, < r, Expanding (1.14), and denotlng the

term (d — T‘C‘GS‘"P)T'— (? j—] — T‘CGS‘"PT'— + mjﬁ + (d — TCGS‘{-") — by L[v]
and (d—mn, C‘GS‘"PE_)TE (?r" z—L] — 1ycos¥,yr Z—L + ﬁ:ﬁ +(d—r, cas‘i"uj :L;
by L 0 [1«’]1

and

(d —2rycosTo)v, + (d -1 CGF‘PD)T% o i_; + rsintvy + (d — ryeos'ty) i_:
by L35[v],
— 2rcos¥)v, + (d — rcosE)rZr + v 22 4 rsinPrg + (d — reosP) 22 by
d ), d p '5;1. i:. wo, J ?i-.: b
L-—-[L’L

o

g_ - d ( EhﬂJ - dv 5 d*v
(d — rycas¥y) (d =meosEo)ra ar\ ar) TR T 1, cos¥, dg?
- : a'l-ﬂ
i " ar
4 ¥ d v T dp
(d = meosy) gy d — rycos¥, dog
ﬂﬁ
ar ag} ) ar
v=rif, — : - - + : Lv]-L
T [(a’ —rycos¥,)  (d —recos¥) Lv] (d — rycos¥y) L] Lolv]]
P2 E -(
Ty _ v ép
{r.‘—.",:.cofhf-’,:. r.'—!'cDEW} d¢ | (28)
ap
"
dv,
((d—2rycos¥ v, + (d — rycos'ty)r — 5 T E:?:p +(d—my cag‘-}"c]
B Ty sin'¥,
2 (d —1ycos¥,)
1 1 1
s~ e L+ o [Lsolv] - L[] (2.9)
& - E-.'::'l
v[(Gr-ve) + ?“e—f] = fa (2.10)

dw g Doy
[(n’ —ryeos¥y) ==+ 1y —"r] =fy, v [(a.;[tr‘.;.ﬂ'f".;_) —a(r,'¥)) +(rp — T)T: )
(2.11)
oy _ . Bog .
v 2= fy+vf2(n - NS +p,|, xeTy, (2.12)
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v=f, x&eT,, (2.13)
where ¢y, =d — 2rycos¥,and ¢’y = d — rycos'?,.

In (2.3), we replace the second term of LHS by +#,cos'¥, fr" for a technical reason.
So we consider

i @ a ( E:?v] w dv 5 d*v
(d — rycas¥y) (d = mpcos¥o)r ar\ gr) TS G T 1, cos¥, dg?
2 9P
" ar
a* . o
o= d — rycos¥, do
ﬂﬁ
"aw
_ 4/“ \{‘ av :f
B [d—?ccagif’j?ccas TBT e
/ _ - L n " L
(d —rycos¥)  (d —?‘cas‘%’)] [v] (d — rycos¥y) [L[v]
— Lol +
288
T ar
Ty _ v ép
{r.‘—.",:.cofhf-’,:. r.'—!'cDEW} d¢ | (214)
S
"

Replacing RHS of (2.8) and (2.9) by F, and F,, (2.10)-(2.13) by ', f'o.. foa
respectively, we consider the nonhomogeneous problem:

— - {[n’ rycos'? ]Ti [Ta—vJ + rycostr— ov i3 v
(d —rycos®,) ¢ gr '\ dr ¢ dr  d —rycos¥, 3¢’
i L p ]
~ ’ E
+ (d — rycos¥ ]a_v}— i 5_p
¢ o d — rycos¥, do
ﬂﬁ
"ow
=r2F,, (2.15)
(c'y— 'y ), 'r,: E_' + (d — 1ycos¥ ) "r =rF,, (2.16)
[f——l——] = fur 217)

v[(d=rycos®) 22+ 7 2| = £+ v (a0 ¥o) —a(r 9 + (5 - ZE], (218)

ay L 2 &
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O B
v 2= fy+vf2(n - NS +p,|, xeTy, (2.19)
v=f, x&eT,, (2.20)

Applying the Mellin transform to » and Fourier transform to ¢, we get

-

v - —_— TE_ ~—
— d_.- "I.I_l' R "I.I_l' . l'-."-' a3 L d
(d —rycos¥,) {( Tpcos o) 4"~y cosTod)w d —rycos¥ (@yw+(

v
— rycos'ty) E}

—(A+ 1)
T d—!',:;;of'ﬂ,:. I:ll::::I-ﬁf = ;'_:Hf_-;; (221)
8
aw
(c's — ¢ D)F + ()T + (d — mycos¥y) 2F = 7F, (2.22)
ool - =y
-] r =
i af
[[d — 1ycos'¥,) E—; + e—:] =f . (2.24)
L
2 = (2.25)
S=f, xel, (2.26)

The following theorem guarantees the solovability of the approximate problem (2.15)-
(2.20). ] ]

For arbitrary m = 0, f, € H;7(Q), f, € H;_?(l'ij, f:E H;_?(l':j, the approximate
problem (2.15)-(2.20) has a unique solution v £ Hj‘-‘" (€2) satisfying

HIfll =, 1
) HE (T)

¥ llgz+mey < CLI Fy g oy +1 R llgmezeay +1l fs I =,
F - L F s H_: -I:
14

Half Space Problem
We consider homogeneous problems of (2.15)-(2.20) in the half space 8 ER.:
We seek a solution such that 17 — 0 with the form

(2.27)

=h

I

m

|

iy

T

—

=oa

Ll ra [l

™
|

m

1

I"|-!

T
i
i Sl
il ba [l
"

q = h,e 28, (2.28)
From the equation (2.15), we get
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-[.:1’ —rycos¥,)A% — (rycos¥ A — ""E;:cw (d — rpycos'¥Py)rs ] h=10, (2.29)
-[a' —rycos'¥,)A% — (rycos¥ A — — ?"'E;ch (d —rycos'¥y)ry ] h' +
[ —(A+1)
s, (8) | he =0,
—1

(2.30)
(¢'y—c'yA)hy +imyh, —phy = 0, (2.31)
(c'y—c'y AR +iErh'y, —h'; =0, (2.32)

hq 'h'y
where h = ( :) h = (h': .and from which
hy Y
a s 12 (rgcos¥y) .

= fd—r 'o'-'fl?“-"v"’.;.': n {A T d- nEeEy A}J (233)
= = cofl'f-’,:. L (1—4%), (2.34)
(2.35)
holds.
On the other hand, from the interface conditions,
(—rhy —mh'y) = (L+A)(hy +Hy) =f:31_: (2.36)
(d —rycos¥ ) (—rhy —mh'y) T (&) (hy + h'3) = F1,,. (2.37)
2ry(—rhy —mhy) =1y, (2.38)
From (2.21)-(2.24), we get
We=2 (2.39)
in which
P=mn [_.; Ceid {( )_D [2 __] T d_:ci%} N -:9.—1;-u:?:_:;;:mw&-, +(1+
o ro 'y (d—rpoos¥,)
A:I l:l o tj rolif) ]J

(2.40)
Q=fur I e - e s e

denoting (&% + (1 + |A|3)? by =, we can see that |P| = ¢|r| with a positive constant ¢

under the condition 2d (1 + d)°
Proof. Note that Re(r7) = 0 holds, and arg(r,)

< land A,(4, —

L‘”ﬂ} = 2(1+4d)%

a—rprosiy
(i=1,2).

€53
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_ rs o2 s {d—rocos'vf-",:._'-: 12 ( ":]':':_"DEDEWD.":
P =— . [L, ?“,:_[2—?_—]—?"1?“3 N _[l_"’“sz_,-_

¥

igogll—A) o "o o o
(2.42)
Noting that '-: + (a2 —%wd] = I';“: I
. o . n o £ . o
o 1 (22 -2 | = a2 — 2222 3] We can see that
L-’IZ" L-’E" Ey L-’IZ"
rE_:;-E . o
|t| - ro e roros¥ <1+ Af g—TeEOsT, | (243)
) FE. A Co & ) o
and
[1+4]3 ;
E = 1(]44] = =), (2.44)
114217, Q)" (3.1 = 0), (2.45)
| 4] Ag
[1-3]° .
. Tgoos¥|® - lEl'ﬁ"ll - xji (246)
/.—l_—c'
|1-4| (1=40% 1,
o~ 7 mee (] = 0), (247)
A—— o -
Cp o

The righth and side of the 4th equation is larger than 1 if 4, is small enough, but

(2.45) is larger than (2.47), and we get H <1+¢, —%. Based on the assumption

.

that ¢, is large enough, we gQet fl—c,:_—/_i];:} 2, and so
.D/

Max(2 — ‘—‘) =2+ fl +cp T (l]
..'_ . .D{
Now, er remind that

| 2 | -

. |[r2E2\" rcos¥ |7 |[rEET
|2 = I!(u:'a ) _|;i:_|: p I![l:*: ) 11— 22
- c

-\" \ o CC‘ »\‘ . CE

1 {[1§§:j3 N |l — 32 |I (2.48)

Iy
1— 2222 =2 =l - a2 |2 -2, 2.49
-~ E !
& o
and
. 2 P2 E42
&y |2 _',._“ =h= (2.50)

This is the enough condition to show that |P| = |r].
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Now, denoting e;(f) = e"?(i = 1,2), we utilize the following lemma: Concerning
e; (&), following inequalities hold:

0 r:.'-:.s:-l:E‘_'- 2 25— , ,
P18 <t (1=12,5 2 0). (2.51)

Based on the fact that arg(r.) (—%Ej, the proof is similar to that of [3], so we

omit it here.
Using the lemma above, we get the following estimate:

| 1| 77| ”':..1.1'!—3£ Z JdufJ 1(1—|j‘|:j3:‘1—:—|.__-|'_5:'_-.|l;\_-:|G'|:|I-;":|
R Rei=p-m—=

O=jtm=m 2

NIRRT TP

= > e (14 Y22 ]+ T ) P
Red=p-m—-=

j=tazl

—J'defj'_ (15 2181+ V15 2P HF 1

i=p—m—=

+ as (1+ 1P (18] + 4T P HF
1 o
R‘s.-'f.:,u—m—?

f=la=0

4=

SR L

j21.0sj+asm 0=f=2j-1

e o em 1B
AT Z|ETEIEEIR
(2.52)
' - i b 1'n—_—|| o) _E w0 [_E-',_l_E "-?.. -
> et L (F 1) S R e
R

izl +asm 0sfs2j—1 Red=p—m—=

1

Z ZJ efJ g (L A7) +2m()28)g2 02038 2

J=j+azm =0 REed= l"!_‘“__

1 P~ S
+ ) ZJ I TE R o | S il
‘ (2.53)

Bej+agm 5=1 Red= “_"_f

Concerning the first term of RHS of (2.44), denoting
p=[+a)=3=81= (+a)-1-06 [V f |2d¢ is equivalent
to
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2w [BEF @)-DLF (@7 o |1PEF (@ -DiF e )

e =t —_dede’ = [T [T =St —dede’. (254)
F—¢ 3

2m p2m |DEF L (@)-DEF (2] 2 |DEF (@) -DEf i) .

5k |¢. et dlﬂ._;_ dpde' = [[7 [T == oo dede’. (255)
F—¢ z

Taking;:=;i' +(+a)—46—-

.. o1 L
1 (2vmt2={jta)+s g2 0T a)—5—0 | o 2
Z ZJ J Cg[l—|,{|-:|--- 2-(j+a) Gl'a | @)=3 |f3| di

0zjrazmés l:

(2.56)

Concerning the second term of RHS in (2.44), noting that
’m—[)—n;j—a—l—[m (J+a)+d—1]+ = let’s take
pf—m —%=;x" —{m—(j+a)+d—1}, and

el o
). ZJ I TR b S S A A

O=j+msm+26=1 Red= *4_""__

_ H 112 -_w—i—(_."—n*_'-—ﬁ—‘l}—é
—E':'E_."—Q-EE."!—:EG_=1 R‘E-/'.:,u'.'l—-:!?'!—f—l:_,"—cr_'-—f:—i}C-g El_ |.-4.| :] - ”

DI da.

= ra

20T
(2.57)

Let denote m+2—(j+a)+d—1 by y', then using the fact that

Jaenmp (L + 117 )'c__lr‘l dA is equivalent to

ke

L A D.ﬂT‘— Dn?“
ZJ |D_,‘.F1|'T'"~“_“‘_‘-'_1d?—J P2 dch "[Doh(rt ) ZDROE
o o o _||:'_

we show (2.41) is equivalent to

= e [ b s T D;'f":j i—:’_-—:f (L "':I —-ninp i'—~._:f e
x Z || - - | )
Now we get

LI v, e = CLIF L (2.58)

uam+=(R%)’

with some positive constant C.
Similar conclusion holds for the half space problem at ;.
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Non Homogeneous Problem
Next, we consider the non-homogeneous problem after Mellin and Fourier transform
in the half space. we define w as the solutioin of the following problem:

\_-'1

o

-&|lw=F,(1+2)

| (=2 + 4% -

from which we get

S'Inﬂ

F.ii+2)

__ Reen (2.59)

[ ol

*8 L FT _I.-.:_..I
v| Tmg ez AT

=0

By (2.50), the following estimate holds:

TEF(L+ AP (6 + 8Y 8] = Ta( 1+ 277 (& + &) [Fy(a +

23
(2.60)

Integrating (2.51) over the line Red = u—m — 1,
W sz = cHHE LT e
Next we consider the problem ¥ - w' = [,
To consider the above problem, we set w' = P&,
Then, the problem to be considered can be denoted as follows:
V-w' =ad=1,, (2.61)
®|y=p = 0. (2.62)
Using Cardelon-Zygmund theorem and L, estimates for elliptic equations [8], we get
"'|n'| = | D g W |' iR hCTln’l_.{l‘D tP'-E""l-::R:"' (2.63)
Multiplying 2%~ t""1*0 o each term of (2.54), we get the estimate:
I w' ”r-r”z""':.ﬁl” *i-lj ”r-r"z""':.ﬁ

0
Now, reminding that I, = R — R",where R' = | [ L, vde|,

0
we get the following estimate:
I w' g sz ZN R lgmeziny Tl llgmezeny Tl w llgmez (2.64)

Now, denoting * = p+ ¥V -w', v =u + w+ w' we can see (2 21)-(2.26) hold for v
and p replaced by g in the half space.

Solution around the Angle
Now we consider the following problem in the transformed domain:
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We construct coverings of 15 and using the method of regulalizer, and note that
I llggm 2y = C(e + Cog) | 0 llggmeziny, (2.71)

holds for an orbitrary positive number , where ¢, is the maximum value of ¢ in each
coverings. we can construct the solution to (3.44)-(3.47) that satisfies

1B 1y pmea LI Fy M+ Bl s <11 F5 1l sl T o o2 TP Ny g
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from which the assertion of theorem2 follows directly.

Solvability of Original Problem
Now, we can verify the solvability of the original problem (2.10)-(2.15). We estimate
terms

1 ™ v 1 1

r_:[lid—.".;ucosw.;u." N I:d—!'cos'vt"_"] L [1)], _: { : ) [L [1)] o LD[P]]’

reld—rpros¥y )
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- 2z € Ye N0 <<
{d_,_emwo — -.;wa}.aq_a . Reminding supp (v) € {|(r, ¢. gl < v <e} itis

P22
a
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easily seen that [I‘llzmn; norm of these terms are estimated from above by

el v llgmen,.
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