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Abstract

This paper studies the stability of impulsive functional differential system where the
time delay related to the state variables on the impulses are studied. By employing
the Razumikhin technique and Lyapunov functionals some criteria of exponential
stability is derived, which can be applied to impulsive functional differential equa-
tions.This result extends some existing results in the literature.
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1. Introduction

The theory of impulsive delay differential equations is applied in many practical problems
like in the field of engineering, communication network, medical, agricultural sciences,
chemistry and many more [2, 4, 6]. In last few decades the theory of stability analysis has
been extensively explored by the researchers. In these investigations many qualitative
properties have been developed in study of systems with the impulse effect [3, 7], also
the concept of time delay has attained major attention in recent years. In [1, 5] the
stability of impulsive differential equations with delay is considered and some results
are obtained. In these obtained results researchers mainly assume the relation between
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state variables on impulses to present state variables. But very little work is done in
which state variables at the time of impulses are related to the time delay. So in this
paper we get some results on exponential stability for impulsive functional differential
equations in which state variables at the time of impulses related to the time delay is
considered.

This paper is organized as follows. In section 2, we introduce basic notations and
definitions. In sections 3, we get the several criteria about the exponential stability of the
systems of impulsive functional differential equations. Concluding remarks are given in
section 4.

2. Preliminaries

Consider Impulsive functional differential equations

x
′ = f (t, xt ), t ∈ [tk−1, tk),

�x(tk) = Ik(x(t−k )) + Jk(x(t−k − τ)), t = tk, k ∈ N

xt0 = η

(1)

we assume the function

f : R+ × PC([−τ, 0], Rn) → Rn;
η ∈ PC([−τ, 0], Rn); Ik, Jk : R+ × PC([−τ, 0], Rn) → Rn;

[tk]∞k=1 satisfies 0 = t0 < t1 < · · · < tk < · · · , limk→∞tk = ∞.�x(tk) = x(tk) −
x(t−k ), where xt , xt− ∈ PC([−τ, 0], Rn). For the given constant τ > 0, we equip the
linear space PC([−τ, 0], Rn) with the norm ||.|| defined by ||.|| = sup−τ<s<0||ψ(s)||.
Denote x(t) = x(t, t0, η),the unique solution of equation (1), where xt0 = η, we further
suppose that f (t, 0) = 0, Ik(0) = 0 and Jk(0) = 0, t ∈ R+ and k ∈ N ,so that system
(1) admits the zero solution.

Definition 2.1. For a function V : R+ × Rn −→ R+,the upper right-hand derivative of
the function V with respect to system(1) is defined by

D+V (t, ϑ(0)) = lim
κ−→0+ sup

1

κ
[V (t + κ, ϑ(0) + κf (t, φ)) − V (t, ϑ(0))]

for (t, φ) ∈ R+ × PC([−τ, 0], Rn).

Definition 2.2. The function V : R+×Rn → R+ belongs to class v0 if it holds following
conditions:

(i) the function V is continuous on each of the sets [tk−1, tk) × Rn and for each
x, r ∈ Rn, t ∈ [tk−1, tk), k ∈ N , lim(t,r)→(t−k ,x)V (t, r) = V (t−k , x) exists.

(ii) V is locally Lipschitzian with respect to x ∈ Rn and ∀t ≥ t0, V (t, 0) ≡ 0.
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Definition 2.3. The function V : R+ × PC([−τ, 0], Rn) → R+ belongs to class v0(.)

if it holds following conditions:

(i) the function V is continuous on [tk−1, tk) × PC([−τ, 0], Rn and for all ψ, φ ∈
PC([−τ, 0], Rn) and k ∈ N , lim(t,ψ)→(t−k ,φ)V (t, ψ) = V (t−k , φ) exists.

(ii) V (t, ψ) is locally Lipschitzian in each compact set in PC([−τ, 0], Rn) and ∀t ≥
t0, V (t, 0) ≡ 0.

Definition 2.4. A functional V (t, ψ) : R+ × PC([−τ, 0], Rn) → R+ belongs to class
v0(.) if V (t, ψ) for any x ∈ PC([−τ, ∞), Rn)={x : [t0 − τ, ∞) → Rn is piecewise
continuous},V (t, xt ) is continuous for t ≥ t0.

Definition 2.5. The zero solution of the system (1) is said to be exponentially stable if
∃ some constants w > 0 and for every ε > 0,there exist λ = λ(ε) > 0 such that for any
initial value xt0 = η

||x(t, t0, η)|| < εe−w(t−t0), ∀t ≥ t0,

whenever ||η||τ < λ and t0 ∈ R+.

3. Main Results

Theorem 3.1. Suppose that the hypotheses (H1)-(H3) are satisfied, also there exist V1 ∈
v0, V2 ∈ v∗

0(.), q1, q2 > 0 where q1 ≤ q2 and the constants γ, σ, w, w1, w2, w3 > 0
such that

(i)
w1||x||q1 ≤ V (t, x) ≤ w2||x||q2, 0 ≤ V2(t, φ) ≤ w3||φ||q2

τ ,

for any t ∈ R+, x ∈ Rn, φ ∈ PC([−τ, 0], Rn).

(ii) for each k ∈ N and

x ∈ Rn, V1(tk, x(t−k ) + Ik(x(t−k )) + Jk(x(t−k − τ)))

≤ (1 + βk)(V1(t
−
k , x(t−k )) + V1(t

−
k + s, x(t−k + s)))

for s ∈ [−τ, 0], where βk ≥ 0, k ∈ N .

(iii) for
V (t, φ) = V1(t, φ(0)) + V2(t, φ),

V
′
(t, φ) ≤ wV (t, φ),

∀t ∈ [tk−1, tk), φ ∈ PC([−τ, 0], Rn), k ∈ N.

(iv) for any k ∈ N, τ ≤ tk − tk−1 ≤ σ and

βk + w3

w1
e
(
q2
q1

−1)σwk ≤ e−(γ+w)σ − 1.
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Then the zero solution of impulsive differential equation (1) is exponentially stable.

Proof. Consider x(t) = x(t, t0, η) be the solution of the impulsive differential system (1)
with ||φ||τ < λ.Let v1(t) = V1(t, x(t)) and v2(t) = V2(t, xt ), v(t) = v1(t) + v2(t).For
any given ε ∈ (0, 1], select λ = λ(ε) > 0 such that

w2λ
q1 + w3λ

q2 < w1ε
q1e−(γ+w)σ

Form the condition (iii), we have

v(t) ≤ v(tk−1)e
w(t−tk−1), t ∈ [tk−1, tk), k ∈ N. (2)

we shall prove that

v(t) < w1ε
q1e−(γ+w)σkew(t−t0)

||x|| < εe
− γ

q1
(t−t0), t ∈ [tk−1, tk), k ∈ N

(3)

For k = 1, from conditions (i)–(iv) and (2), we get

v(t) ≤ v(t0)e
w(t−t0)

≤ w2λ
q1 + w3λ

q2ew(t−t0)

< w1ε
q1e−(γ+w)σ ew(t−t0)

Thus

||x(t)||q1 ≤ 1

w1
v(t)

≤ εq1e−(γ+w)σ ew(t1−t0)

≤ εq1e−(γ+w)(t1−t0)ew(t1−t0)

≤ εq1e−γ (t−t0), t ∈ [t0, t1)

(4)

Therefore
||x(t)|| ≤ εe

− γ
q1

(t−t0), t ∈ [t0, t1).
Let us assume that the equation (3), holds for k = j, i.e.

v(t) < w1ε
q1e−(γ+w)σj ew(t−t0), and

||x(t)|| < εe
− γ

q1
(t−t0), t ∈ [tj−1, tj ), j ≥ 2

(5)

Now we shall prove that the result (3) holds for k = j + 1. For t ∈ [tj−1, tj ), from
condition (i) and equation (5), we have

||x(t)||q1 ≤ 1

w1
v1(t)

≤ 1

w1
v(t)

< εq1e−(γ+w)σj ew(tj−t0)
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Therefore
||x(t−j )||τ = sup−τ≤s<0||x(tj + s)||

< εe
− (γ+w)

q1
jσ

e
w
q1

(tj−t0)

By using continuity of v2(t) at each tj and the condition (ii), we have

v1(tj ) ≤ (1 + βj )(v1(t
−
j ) + v1(t

−
j + s))

< (1 + βj )w1ε
q1e−(γ+w)jσ ew(tj−t0)

and
v2(tj ) = v2(t

−
j ) ≤ w3||xt−j

||q2
τ

< w3ε
q2e

− q2
q1

(γ+w)jσ
e

q2
q1

w(tj−t0)

Therefore by using q1 ≤ q2, we get

v(tj ) = v1(tj ) + v2(tj )

< (1 + βj )w1ε
q1e−(γ+w)jσ ew(tj−t0) + w3ε

q2e
− q2

q1
(γ+w)jσ

e
q2
q1

w(tj−t0)

≤ w1ε
q1e−(γ+w)jσ ((1 + βj )e

w(tj−t0) + w3

w1
e

q2
q1

w(tj−t0)

≤ w1ε
q1e−(γ+w)jσ ew(tj−t0)(1 + βj + w3

w1
e
(
q2
q1

−1)wjσ)

(6)

By using condition (iv), we get

v(tj ) = w1ε
q1e−(γ+w)jσ ew(tj−t0)e−(γ+w)σ

≤ w1ε
q1e−(γ+w)(j+1)σ ew(tj−t0)

By using equation (2) and (6), for t ∈ [tj , tj+1), we have

v(t) ≤ v(tj )e
w(t−tj )

< w1ε
q1e−(γ+w)(j+1)σ ew(t−t0)

Thus
||x(t)||q1 < εq1e−(γ+w)(j+1)σ ew(t−t0)

≤ εq1e−(γ+w)(j+1)σ ew(tj+1−t0)

≤ εq1e−(γ+w)(j+1)σ ew(j+1)σ

≤ εq1e−(j+1)γ σ

≤ εq1e−γ (tj+1−tj+tj+···+t1−t0)

≤ εq1e−γ (tj+1−t0)

≤ εq1e−γ (t−t0), t ∈ [tj , tj+1)



6 Kanwalpreet Kaur and S. K. Srivastava

which implies that result (3) holds for k = j + 1. Thus by induction we conclude that
result (3) holds ∀k ∈ N . Hence,

||x(t)|| < εe
− γ

q1
(t−t0), t ≥ t0,

The proof is complete. Thus the zero solution of impulsive differential equation (1) is
exponentially stable. �

Corollary 3.2. Suppose that the hypotheses (H1)-(H3) are satisfied, also there exist
V1 ∈ v0, V2 ∈ v∗

0(.) and the constants γ, σ, q, w, w1, w2, w3 > 0 such that

(i)
w1||x||q ≤ V (t, x) ≤ w2||x||q, 0 ≤ V2(t, φ) ≤ w3||φ||qτ ,

for any t ∈ R+, x ∈ Rn, φ ∈ PC([−τ, 0], Rn).

(ii) for each k ∈ N and x ∈ Rn,

V1(tk, x(t−k ) + Ik(x(t−k )) + Jk(x(t−k − τ)))

≤ (1 + βk)(V1(t
−
k , x(t−k )) + V1(t

−
k + s, x(t−k + s)))

for s ∈ [−τ, 0], where βk ≥ 0, k ∈ N .

(iii) for V (t, φ) = V1(t, φ(0)) + V2(t, φ), V
′
(t, φ) ≤ wV (t, φ),

∀t ∈ [tk−1, tk), φ ∈ PC([−τ, 0], Rn), k ∈ N .

(iv) for any k ∈ N, τ ≤ tk − tk−1 ≤ σ and βk + w3

w1
≤ e−(γ+w)σ − 1.

Then the zero solution of impulsive differential equation (1) is exponentially stable.

Proof. Consider q1 = q2 = q in theorem 3.1. �

4. Conclusion

In this paper, we extended the concept of exponential stability criteria to the systems of
impulsive functional differential equations. With the use of Lyapunov function along
with Razumikhin technique, we have obtained some results for exponential stability of
the system in which state variables on impulses are related to time delay.
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