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Let G be a group and let R be a G-graded ring. In this article, we focus on the graded
weakly semiprime ideals that are not graded semiprime and we introduce further
results concerning such ideals. For example, if I is such ideal, we prove that
I, € Nil(R) for some g € supp (R, G) and we prove that there exists g € supp (R, G)
and a € R, — I, such that 4al, = 0. Also, we prove that there exists g € supp(R,G)
and ¥ € R, — I, such that y*> = 0. Assuming that 2 is not a zero divisor of R, we
show that there exists g € supp (R, G) such that x* =0 for all x € I, and we show
that there exists g € supp(R,G) and a € R, — I, such that al, = 0. Also, we show
that there exists g € supp (R, G) such that I = 0.

Graded weakly semiprime ideals, graded semiprime ideals, graded prime ideals,
graded weakly prime ideals.

1 Introduction and Preliminaries

Let G be a group with identity e. A ring R is said to be G-graded ring if there exist
additive subgroups R, of R such that R =&, ¢ R, and R;R, S R, forall g.h €G.
The elements of R, are called homogeneous of degree g and R, (the identity
component of R) is a subring of R and 1 € R,_. For x € R, x can be written uniquely
as X,ec X, Where x, is the component of x in R,. Also we write h(R) = U, R,
and supp(R,G) = {g EG:R, + D]-. For more details, see [7].

Let R be a G-graded ring and I be an ideal of R. Then I is called G-graded ideal if
=@, (INR,), ie,ifxEland x =X, ; x,, then x, € I forall g € G. An ideal
of a G-graded ring need not be G-graded. To see this, consider R = Z[i] and G = Z,.
Then R is G-graded by Ry, = Z and R, = iZ. Now, I = {1 +1i} is an ideal of R with
1+iel. If I is G-graded, then 1 €1, so 1=a(l+1{) for some a ER, ie.,
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1= (x+iyv)(1+1i) forsome x,y€EZ. Thusl=x—yvand 0=x+y ie,2x=1
and hence x = 5 a contradiction. So, I is not G-graded.

A proper graded ideal I of R is said to be graded prime if whenever a, & € h{R) such
that ab € I, then either @ €1 or b € I. Also, a proper graded ideal I of R is said to be
graded weakly prime if whenever a, b € h(R) such that 0 # ab £ I, then either a € I
or b € I. Recently, various generalizations of graded prime (graded weakly prime)
ideals are studied in [2,3,4,5,6].

In [1], we define a proper graded ideal I of R to be graded semiprime if whenever
a € h(R) such that a* € I, then a €I and we define a proper graded ideal I of R to
be graded weakly semiprime if whenever a € h(R) such that 0 = a* €I, thena €1,
Clearly, every graded semiprime ideal is a graded weakly semiprime ideal. However,
the next example shows that the converse need not be true in general.

Example 1.1 Consider R = M,(K) (the ring of all 2 x 2 matrices with entries from a
K 0 0 K
field K) and G = Z,4. Then R is G-graded by R, = (EI K ) R, = (K 0 ) and

0 0
R, = R; = 0. Consider I = [(ﬂ 0 ){ Then I is a graded weakly semiprime ideal

0 1
of R. However, I is not graded semiprime since 4 = (D 0 )E R, € h(R) such

0 0
that42=|0 0 |€lbutd &1,

In this article, we focus on the graded weakly semiprime ideals that are not graded
semiprime and we introduce further results concerning such ideals. For example, if I
is such ideal, we prove that I, < Nil(R) for some g € supp (R, G) and we prove that
there exists g € supp(R,G) and a € R, — I, such that 4al, = 0. Also, we prove that
there exists g € supp(R,G) and ¥ € R, — I, such that ¥* = 0. Assuming that 2 is
not a zero divisor of R, we show that there exists g € supp (R, G) such that x* =0
for all x €1, and we show that there exists g € supp(R,G) and a € R, — I, such
that al, = 0. Also, we show that there exists g € supp (R, G) such that I] = 0.
Throughout this article, all rings are commutative with nonzero unity.

2 Graded Weakly Semiprime Ideals that are not Graded Semiprime
In this section, we introduce several results concerning the graded weakly semiprime
ideals that are not graded semiprime.

Definition 2.1 Let I be a graded ideal of a G-graded ring R. Then g € G is said to be
an unbreakable zero element of I if R = = 0 and RZ I
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Theorem 2.2 Let I be a graded ideal of a G-graded ring R and g be an unbreakable
zero element of I. Then

1. g € supp(R,G).

2. there exists a € R, suchthata® =0 and a & 1I.

3. I is not graded semiprime ideal of R.

Proof. Since g is an unbreakable zero element of I, R = = 0 and RZ I

1. If g €supp(R,G), then R, =0 and then R | a contradiction. So,
g € supp(R, G).

2. SinceR,€ 1, there exists a€R, such that a&Il and then
a®* ER,R, SR = 0and hence a® = 0.

3. By part 2, there exists a € R, such that a> = 0 and @ €I and then a € h(R)

such that a* € 1. If I is graded semiprime, then a € I a contradiction. So, I is
not graded semiprime ideal of R.

Theorem 2.3 Let I be a graded weakly semiprime ideal of a G-graded ring R. If g is
an unbreakable element of I, then there exists a€R, such that
[a-l—x]2=[a—x:'j::DforaIIxEIg:fﬁ R,.

Proof. By Theorem 2.2 part 2, there exists @ € R, such that a*> =0 and a €. Let
x €I, Then (a +x)* = a’ + 2ax + x> = 2ax +x* €1 (as x € I). Since a,x E R,
a+x €R, S h(R).If (a+x)*+0, then since I is graded weakly semiprime,
a+x €l and since x€1, a€l a contradiction.So, (a+ x)* = 0.Similarly,
(a —x)* = 0.

Theorem 2.4 Let I be a graded ideal of a G-graded ring R. If I is a graded weakly
semiprime ideal of R that is not graded semiprime, then there exists g € supp (R, G)
such that ReZ I and hence there exists a € R, such that a® = 0and a & 1.

Proof. Since I is not graded semiprime, there exists a € h(R) such that a* €I but
a €1. Since a € h(R), a €R, for some g € G and since a €1, R&Z | and then
R, #0, so g € supp(R,G).Now, a” € LIf a® # 0, then since I is graded weakly
semiprime, a € I a contradiction.So, a* = 0.

For aring R, Nil(R) denotes the ideal of nilpotent elements of R.

Theorem 2.5 Let I be a graded weakly semiprime ideal of a graded ring R that is not
graded semiprime. Then I, € Nil(R) for some g € supp (R, G).

Proof. Since I is graded weakly semiprime that is not graded semiprime, by Theorem
2.4, there exists g € supp (R, G) such that RgZ I and hence there exists @ € R, such
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that a® = 0 and @ € I. Let x € I,. Then by the proof of Theorem 2.3, (a +x)* =0
and then a,a + x € Nil(R) and hence x € Nil(R). So, I € Nil(R).

Theorem 2.6 Let I be a graded weakly semiprime ideal of a graded ring R that is not
graded semiprime. If char(R) = 2 or 2 is not a zero divisor of R, then there exists
g € supp(R,G) such thatx* =0 forall x € I,

Proof. Since I is graded weakly semiprime that is not graded semiprime, by Theorem
2.4, there exists g € supp (R, G) such that R,Z | and hence there exists a € R, such
that a®> =0 and a&I. Let x€1I,. Then by the proof of Theorem 2.3,
(a+x)*=(a—x)*=0. If char(R)=2, then x*=a”>+x?>=(a+x)*=0.
Suppose char{R)# 2 and 2 is not a zero divisor of R. Then
0= (a+x)*+ (a—x)* = 2x* and then x* = 0.

Theorem 2.7 Let I be a graded weakly semiprime ideal of a graded ring R that is not
graded semiprime. If 2 is not a zero divisor of R, then there exists g € supp(R,G)
such that I = 0.

Proof. By Theorem 2.6, there exists g € supp(R,G) such that x* =0 for all x € .
Let x,v €I,. Then x +y €1, and then 0 = (x +¥)* = x* + 2xy + y* = 2xy and
hence xy = 0.Thus, I7 = 0.

Theorem 2.8 Let I be a graded weakly semiprime ideal of a graded ring R that is not
graded semiprime. If 2 is not a zero divisor of R, then there exists g € supp(R,G)
and a € R, — I, such that al, = 0.

Proof. Since I is graded weakly semiprime that is not graded semiprime, by Theorem
2.4, there exists g € supp (R, G) such that RgZ I and hence there exists a € R, such
thata®* =0and a €1. Since a €1, a € I. Let x € I,. Then by the proof of Theorem
23, (a+x)*=0 and by the proof of Theorem 2.6, =x*=0.S0,
0= (a+x)*> =a® + 2ax + x* = 2ax and then ax = 0.Hence, al, = 0.

Theorem 2.9 Let I be a graded weakly semiprime ideal of a graded ring R that is not
graded semiprime. Then there exists g € supp (R, G) such that x* = 0 for all x € L.

Proof. Since I is graded weakly semiprime that is not graded semiprime, by Theorem
2.4, there exists g € supp(R,G) and a € R, such that a® = 0. Let x € I,. Then by
the proof of Theorem 23, (a+x)*=(a—=x)*=0 and then
0=(a+x)*+ (a—x)? =2x° and hence
0= x[a—i—x]: = x[rx2 + 2ax —|—x:] = Z2ax®+x? = x3,
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Theorem 2.10 Let I be a graded weakly semiprime ideal of a graded ring R that is
not graded semiprime. Then there exists g € supp(R,G) and a € R, — I, such that
4al, =0

; :

Proof. Since I is graded weakly semiprime that is not graded semiprime, by Theorem
2.4, there exists g € supp(R,G) and a € R, such thata® =0 and a €1. Since a €1,
a €1,. Let x € I,. Then by the proof of Theorem 2.3, (a + x)* = (a— x)* =0 and
then 0=(atx)*+(a—x)* =2x" and hence
0=2(a+x)*=2(a® + 2ax + x*) = 4ax + 2x* = 4ax.Hence, 4al, = 0.

Theorem 2.11 Let I be a graded weakly semiprime ideal of a graded ring R that is
not graded semiprime. Then there exists g € supp(R,G) and ¥ € R, — I, such that
y*=0,

Proof. Since I is graded weakly semiprime that is not graded semiprime, by Theorem
2.4, there exists g € supp(R,G) and a € R, such that a’=0anda &I. Letx € .
Then by the proof of Theorem 23, (a+=x)*=(a—=x)*=0 and then
0=(a+x)*+(a—x)" =2x" and hence
(a +2x)* = a® + 4ax + 4x? = 4ax + 2(2x*) = 4ax = 0 by the proof of Theorem
2.10. Choose ¥y =a+2x, then y*=0. If y=a+2x €1, then as 2x €[,

a € I, < Iacontradiction. So, ¥ = a + 2x € R, — I, such that y* = 0.

Theorem 2.12 Let R; and R, be two G-graded rings and R =R, X R,. If I is a
graded weakly semiprime ideal of R that is not graded semiprime, then I =1, X I,
where I; and I, are graded weakly semiprime ideals of R, and R, respectively and I,
is not graded semiprime ideal of R4 or I is not graded semiprime ideal of R,.

Proof. We know that I = I; x I, for some ideals I; and I, of Ry and R, respectively
and R is G-graded by R, = (Ry), X (R,),. Firstly, we prove that I; is graded. Let
x€l. Then x€R; and since R; is graded, x=2X,.x, and then
X,ec (65, 0) = (2,26 %,,0) = (x,0) € I, X I, = I and since ! is graded, (x,,0) €1
for all g €6 and then x, € I; for all g €G. Hence, I, is a graded ideal of R;.
Similarly, I, is a graded ideal of R,. Now, let & € h(R;) such that 0 = a* € I, and let
b € h(R,) such that 0 # b* €1,. Then (a,b) € h(R,) X h(R,) = h(R, X R,) such
that 0 # (a, b)* €1 and since I is graded weakly semiprime, (a,b) €1 and then
a €1I; and b € I,. Hence, I, and I, are graded weakly semiprime ideals of &, and R,
respectively. On the other hand, Since I is graded weakly semiprime that is not graded
semiprime, by Theorem 2.4, there exists g € supp(R,G) and (a, b) € R, such that
(a, b)* = (0,0) and (a, b) € I and then a* = b* = 0. Since (a, b) € I, either a € I
or b € I,. So, either a € h(R,) such that a* € I, with a €I, or b € h(R,) such that
b* €1, with b € I, and hence I, is not graded semiprime ideal of R; or I, is not
graded semiprime ideal of R,.
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