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Let  be a group and let  be a -graded ring. In this article, we focus on the graded 

weakly semiprime ideals that are not graded semiprime and we introduce further 

results concerning such ideals. For example, if  is such ideal, we prove that 

 for some  and we prove that there exists  

and  such that . Also, we prove that there exists  

and  such that . Assuming that  is not a zero divisor of , we 

show that there exists  such that  for all  and we show 

that there exists  and  such that . Also, we show 

that there exists  such that . 

 

Graded weakly semiprime ideals, graded semiprime ideals, graded prime ideals, 

graded weakly prime ideals. 

 

 

1 Introduction and Preliminaries 

Let  be a group with identity . A ring  is said to be -graded ring if there exist 

additive subgroups  of  such that  and  for all . 

The elements of  are called homogeneous of degree  and  (the identity 

component of ) is a subring of  and . For ,  can be written uniquely 

as  where  is the component of  in . Also we write  

and . For more details, see [7]. 

Let  be a -graded ring and  be an ideal of . Then  is called -graded ideal if 

, i.e., if  and , then  for all . An ideal 

of a -graded ring need not be -graded. To see this, consider  and . 

Then  is -graded by  and . Now,  is an ideal of  with 

. If  is -graded, then , so  for some , i.e., 
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 for some . Thus  and , i.e.,  

and hence  a contradiction. So,  is not -graded. 

A proper graded ideal  of  is said to be graded prime if whenever  such 

that , then either  or . Also, a proper graded ideal  of  is said to be 

graded weakly prime if whenever  such that , then either  

or . Recently, various generalizations of graded prime (graded weakly prime) 

ideals are studied in [2,3,4,5,6]. 

In [1], we define a proper graded ideal  of  to be graded semiprime if whenever 

 such that , then  and we define a proper graded ideal  of  to 

be graded weakly semiprime if whenever  such that , then . 

Clearly, every graded semiprime ideal is a graded weakly semiprime ideal. However, 

the next example shows that the converse need not be true in general. 

 

Example 1.1 Consider  (the ring of all  matrices with entries from a 

field ) and . Then  is -graded by ,  and 

. Consider . Then  is a graded weakly semiprime ideal 

of . However,  is not graded semiprime since  such 

that  but . 

 

In this article, we focus on the graded weakly semiprime ideals that are not graded 

semiprime and we introduce further results concerning such ideals. For example, if  

is such ideal, we prove that  for some  and we prove that 

there exists  and  such that . Also, we prove that 

there exists  and  such that . Assuming that  is 

not a zero divisor of , we show that there exists  such that  

for all  and we show that there exists  and  such 

that . Also, we show that there exists  such that . 

Throughout this article, all rings are commutative with nonzero unity. 

 

 

2 Graded Weakly Semiprime Ideals that are not Graded Semiprime 

In this section, we introduce several results concerning the graded weakly semiprime 

ideals that are not graded semiprime. 

 

Definition 2.1 Let  be a graded ideal of a -graded ring . Then  is said to be 

an unbreakable zero element of  if  and Rg  I 
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Theorem 2.2 Let  be a graded ideal of a -graded ring  and  be an unbreakable 

zero element of . Then 

1.  . 

2.  there exists  such that  and . 

3.   is not graded semiprime ideal of . 

 

Proof. Since  is an unbreakable zero element of ,  and Rg  I 

1.  If , then  and then Rg  I a contradiction. So, 

. 

2.  SinceRg  I, there exists  such that  and then 

 and hence . 

3.  By part 2, there exists  such that  and  and then  

such that . If  is graded semiprime, then  a contradiction. So,  is 

not graded semiprime ideal of . 

 

Theorem 2.3 Let  be a graded weakly semiprime ideal of a -graded ring . If  is 

an unbreakable element of , then there exists  such that 

 for all . 

 

Proof. By Theorem 2.2 part 2, there exists  such that  and . Let 

. Then  (as ). Since , 

.If , then since  is graded weakly semiprime, 

 and since ,  a contradiction.So, .Similarly, 

. 

 

Theorem 2.4 Let  be a graded ideal of a -graded ring . If  is a graded weakly 

semiprime ideal of  that is not graded semiprime, then there exists  

such that Rg  I and hence there exists  such that and . 

 

Proof. Since  is not graded semiprime, there exists  such that  but 

. Since ,  for some  and since , Rg  I and then 

, so .Now, .If , then since  is graded weakly 

semiprime,  a contradiction.So, . 

For a ring ,  denotes the ideal of nilpotent elements of . 

 

Theorem 2.5 Let  be a graded weakly semiprime ideal of a graded ring  that is not 

graded semiprime. Then  for some . 

 

Proof. Since  is graded weakly semiprime that is not graded semiprime, by Theorem 

2.4, there exists  such that Rg  I and hence there exists  such 
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that  and . Let . Then by the proof of Theorem 2.3,  

and then  and hence . So, . 

 

Theorem 2.6 Let  be a graded weakly semiprime ideal of a graded ring  that is not 

graded semiprime. If  or  is not a zero divisor of , then there exists 

 such that  for all . 

 

Proof. Since  is graded weakly semiprime that is not graded semiprime, by Theorem 

2.4, there exists  such that Rg  I and hence there exists  such 

that  and . Let . Then by the proof of Theorem 2.3, 

. If , then . 

Suppose  and  is not a zero divisor of . Then 

 and then . 

 

Theorem 2.7 Let  be a graded weakly semiprime ideal of a graded ring  that is not 

graded semiprime. If  is not a zero divisor of , then there exists  

such that . 

 

Proof. By Theorem 2.6, there exists  such that  for all . 

Let . Then  and then  and 

hence .Thus, . 

 

Theorem 2.8 Let  be a graded weakly semiprime ideal of a graded ring  that is not 

graded semiprime. If  is not a zero divisor of , then there exists  

and  such that . 

 

Proof. Since  is graded weakly semiprime that is not graded semiprime, by Theorem 

2.4, there exists  such that Rg  I and hence there exists  such 

that  and . Since , . Let . Then by the proof of Theorem 

2.3,  and by the proof of Theorem 2.6, .So, 

 and then .Hence, . 

 

Theorem 2.9 Let  be a graded weakly semiprime ideal of a graded ring  that is not 

graded semiprime. Then there exists  such that  for all . 

 

Proof. Since  is graded weakly semiprime that is not graded semiprime, by Theorem 

2.4, there exists  and  such that . Let . Then by 

the proof of Theorem 2.3,  and then 

 and hence 

. 
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Theorem 2.10 Let  be a graded weakly semiprime ideal of a graded ring  that is 

not graded semiprime. Then there exists  and  such that 

. 

 

Proof. Since  is graded weakly semiprime that is not graded semiprime, by Theorem 

2.4, there exists  and  such that  and . Since , 

. Let . Then by the proof of Theorem 2.3,  and 

then  and hence 

.Hence, . 

 

Theorem 2.11 Let  be a graded weakly semiprime ideal of a graded ring  that is 

not graded semiprime. Then there exists  and  such that 

. 

 

Proof. Since  is graded weakly semiprime that is not graded semiprime, by Theorem 

2.4, there exists  and  such that  and . Let . 

Then by the proof of Theorem 2.3,  and then 

 and hence 

 by the proof of Theorem 

2.10. Choose , then . If , then as , 

 a contradiction. So,  such that . 

 

Theorem 2.12 Let  and  be two -graded rings and . If  is a 

graded weakly semiprime ideal of  that is not graded semiprime, then  

where  and  are graded weakly semiprime ideals of  and  respectively and  

is not graded semiprime ideal of  or  is not graded semiprime ideal of . 

 

Proof. We know that  for some ideals  and  of  and  respectively 

and  is -graded by . Firstly, we prove that  is graded. Let 

. Then  and since  is graded,  and then 

 and since  is graded,  

for all  and then  for all . Hence,  is a graded ideal of . 

Similarly,  is a graded ideal of . Now, let  such that  and let 

 such that . Then  such 

that  and since  is graded weakly semiprime,  and then 

 and . Hence,  and  are graded weakly semiprime ideals of  and  

respectively. On the other hand, Since  is graded weakly semiprime that is not graded 

semiprime, by Theorem 2.4, there exists  and  such that 

 and  and then . Since , either  

or . So, either  such that  with  or  such that 

 with  and hence  is not graded semiprime ideal of  or  is not 

graded semiprime ideal of . 
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