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Abstract

Let f : G — H be a function, where (G,.) is a group and (H,+) is an abelian group.
In this paper, the following Fourth Order Cauchy difference of
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is studied. Where f(C, (1_[ x;)) is defined as function of combination r at a time
i=1
from n objects. We give some special solutions of C* f = 0 on free groups.
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1. Introduction

It is well known from [1] that Jenson’s functional equation

fa+y+fx—-y)=2f) (1.1)
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with additional condition f(0) = 0, is equivalent to Cauchy’s equation

fx+y)=fx)+ f(y)

on the real line. Let (G, .) be a group, (H, +) is an abelian group. Let e € G and 0
€ H denote identity elements. The study of (1.1) was extended groups for f maps G
into H in [2], where the general solution for a free group H with two generators and
G = GL,(2),n > 3 (see[3]). Since the functional equations involve Cauchy difference,
which made it become much more interesting [4—7]. For a function f: G—H, its cauchy
difference C™ f, is defined by

cOr = 71 (1.2)
CYfx1,x) = fxix)— fx1) — f(x2) (1.3)

CmH f(x1, x2, . xmg2) = C™ F(x1, X2, X3 ..., Xput2)
—C™ f(x1, 3, .y Xma2) — C F(x2, X3, ..., Xmy2) (1.4)

The first order cauchy difference C (M # will be abbreviated as Cf. In [9],by using the
reduction formulas and relations, as given in [2,3], the general solution of third order
Cauchy difference equation was provided on free groups.

In this paper, we consider the following functional equation:
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5
+AC( [N =0 V¥xi,x,x3,x,x%5€G (1.5)
i=1

It follows from (1.4) that (1.5) is equivalent to the vanishing fourth order cauchy differ-
ence equation

C(4)f -0

The purpose of this paper is to determine the solutions of equation (1.5). The solution
of equation (1.5) will be denoted by

KerC(4)(G, H)={f:G — H|fsatisfies(1.5)} (1.6)
Remark 1.1.
1. KerC™(G, H) is an abelian group under the pointwise addition of functions;

2. Hom(G, H) C KerC®(G, H)
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2. Properties of Solutions

Lemma 2.1. Suppose that f € K erC%(G, H). Then

fle) = 0, (2.1)
Cf(x,y) = 0, whenx =eory=e (2.2)
C(Z)f(x,y,z) = 0, whenx =eory=corz=e (2.3)
C(3)f(x,y,z,u) = 0, whenx =eory=corz=coru=ce 2.4)
cOrf is a homomorphism with respect to each variable (2.5)

fG = nf@)+nCCf(x,x) +nC3C? f(x, x,x)
+nC4CP f(x, x, x, x) (2.6)

forall x, y,z,u € Gandn € Z.

Proof. Putting x; = e in (1.5) we get (2.1).

f(xax3xaxs) — f(xax3x4) — f(x2x3x5) — f(x2x4x5) — f(X3x4X5)
— f(xax3x4x5) + f(x2x3) + f(x2x4) + f(x2x5) + f(x3x4) + f(x3%5)
+f (xaxs5) + f(x2x3x4) + f(x2x3%5) + f(x2X4X5) + f(X3X4X5)
—f(x2) = f(x3) = f(x4) = f(x5) — f(x2x3) — f(x2xg) — f(x2x5)
— f(x3xg) — f(x3x5) — f(xaxs) + f(e) + f(x2) + f(x3)
+f(x4) + fx5) =0

therefore f(e)=0.
Then from (2.1) we obtain (2.2)-(2.4)

Cflx,e) = f(xe) = f(x) = fle)

= f(x) — f(x)
=0
Similarly we can obtain
Cf(e,y) =0,
CP fle,y,2) = fleyz) — fley) — flezx) — fF(y2) + f(&) + () + f(2)
= 0,

Similarly we can obtain
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CPf(x,e,2) =0,
COf(x.y.e) =0,
CYfle,y,z,u) =0,
CYf(x,e z,u) =0,
COf .,y e.u) =0,
COf(x,y,z.e)=0.

Furthermore, by the definition of C G f, we have

COf(x,yw,z,u) = flxywzu) — fxywz) — fxywu) — f(xzu) — f(ywzu)
+fyw) 4+ f(x2) 4+ fu) + fFywz) + fywu) + f(zu)
—f(x) = fOw) — f(2) — f(u)

and

COf(x,y,z,u)+CP flx, w, 2, u)
= fleyzw) — fxyz) — fxzu) — fxyu) — f(yzu) + fxy) + f(x2)
+feu) + f(y2) + fOu) + fzu) — f(x) — f(y) — f(@2) — f(u)
+f(xwzu) — f(xwz) — flrwu) — fxzu) — f(wzu) + fxw) + f(xz2)
+f(xu) + f(wz) + f(wu) + f(zu) — f(x) — f(w) — f(2) — f()

One can easily check that

COfx,yw,z,u) = C® f(x, y,z,u) = CO fx,w, z,u) = CY f(x, y, w,z,u) =0

COf(x,yw,z,u) — CO f(x, y,z,u) = C¥ f(x, w, z, u)
= fxywzu) — f(xywz) — fxywu) — f(xzu)
— fOwzu) + f(xyw) + f(xz) + f(xu) + fywz)
+ fOwu) + f(zu) — f(x) = fOw) — f(2) — f(u)
— fleyzw) + f(xyz) + frzu) + fxyu) + f(yzu)
— flxy) = f(x2) — flew) — f(yz) — fOu) — f(zu)
+ [+ )+ @+ fw) — flwzu) + f(xwz)
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+ flewu) + f(xzu) + f(wzu) — fxw) — f(xz) — f(xu)
— fwz) = fwu) — fzu) + f(x) + f(w) + f(2) + f(u)
= flxywzu) — fxywz) — fxywu) — fywzu) — f(xyzu)
— flxwzu) + fxyw) + fywz) + fwu) + fxyz) + fxyu)
+ f(yzu) + f(xwz) + fxwu) + f(xzu) + f(wzu) — fyw)
— fy) — f(yz) — flu) — fxw) — f(xz) — fxu) — f(wz)
— flwu) = flzw) + f) + f)+ fw) + )+ fw)
=CYf(x.y.w,z,u)

by(1.5)

Hence, the above relations imply the C &) f(x,.,z,u) is a homomorphism. Similarly,
the fact is also true for C® £(., y,z,u), C® f(x,y,.,u) and C® f(x, y, z,.). This

proves (2.5).

We now consider (2.6). Actually, it is trivial for n = 0,1,2,3 by (2.1) and by the definition
of Cf. Suppose that (2.6) holds for all natural numbers smaller than n>5, then

G

= f(x"3xxx)

= fO"7xx0) 4+ FO"Txx0) 4+ FT3xx) 4+ fxxx) — F(xX3x)

—f("7) = F(Tx) = fax) — fax) — fx) + f("T)
@)+ fO) 4+ f) +CPF" 3 x,x, %)
FEH+FEH + FETH 4+ D) — fGTTH = FETTY
—fE"D) = fOD) = fED+ O+ )+ Fx) + f()
+C(3)f(x”_3,x,x,x)

BT+ f(7) =3F("TA) =3 f (D) + F" ) +3f(x)
+C(3)f(x”_3,x,x,x)

3 [(n —Df@)+ 7 —=1DCCf(x,x) + (n — DC3CP f(x, x, x)
F(n = 1)CsCD f(x, x, x, x)]

+[3£ () +3C2Cf (x,x) +3C3C* f(x, x, x)]

-3 [(n —2)f(x) 4+ (n —2)C2CFf (x, x) 4+ (n —2)C3CP f(x, x, x)
+(n —2)CsCP f(x, x, x, x)]

—3[2f(x) +2C2Cf (x, x)]
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+[00 =30 + (1 = HCCF (. 0) + (1 = HCCD fw,x, 1)
(1 —3)CiCP f(x, x, x, x)}

+[370)+ 0 =3CO f(x, x5, 0)]

=nf(x) +nCrCf(x,x) +nC3C? f(x, x,x) +nCsC® f(x, x, x, x)

where the definition of C® f and (2.5) are used in the second equation. This gives (2.6)
fora all n > 0. On the other hand, for any fixed integer n > 0, by (1.4) and (2.1), we
have

C(3)f(x”, X7 X" xM)
= f(P) — f&") = f&N) = F) = £ + fe)
+FEP) + FEP) + fle) + fle) + () — f(x™)
—fGT = &) = )
=4f(x™) —6f(x") — F) — fF(x7)
= fx™")
=4f(x*") —6f(x") — f(x¥) = CO f(x", x7" X", x")

=4 [2nf(x) +2nCrCf (x, x) +2nC3CP f(x, x, x) + 2nC4CP f(x, x, x, x)]
—6 [nf(x) 4+ nCyCf(x,x) + anC(z)f(x, x,x)+ nC4C(3)f(x, X, X, x)}
_ [3nf(x) 4 3nC>CF (x, x) +3nC3CP f(x, x, x) 4+ 3nC4CP F(x, x, x, x)]
+n4C(3)f(x,x,x,x)

= [—nf(x) + —nCrCf(x, x) + —nC3C? f(x, x,x) + —nC4sC® f(x, x, x, x)]

from (2.5) and the above claim for n > 0. This confirms (2.6) for n < 0. [ |

Remark 2.2. For any function f : G — H, the following statements are pairwise
equivalent:

(i) The function f € KerC(4)(G, H);

(ii) C(3)f(., v, Z, u) is a homomorphism;
(iii) C(3)f(x, ., Z, ) 1s a homomorphism;
(iv) C(3)f(x, ¥, ., u) is a homomorphism;

v) C(3)f(x, ¥, Z, .) is @ homomorphism;
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Before presenting Proposition 2.4, we first introduce the following useful lemma, which
was given in [8].

Lemma 2.3. (Lemma 2.4in[8]) The following identity is valid for any function f:G—H
and/ € N;

flxy..x) =) > C D f(xi, Xiys oy Xi)) (2.7)

m<l 1<ij<izr<...<ip<l
Proposition 2.4. Suppose that f € KerC™® (G, H). Then

n n n
Oy ox

= > [nif(xi) +niC2Cf (xi, xi) +niC3C?) f (xi, xi, xi)

1<i<li
+n;C4C® F(xi, xi, xi, xi)]
n; n;
+ Z Cf(x,-] laxizz) + Z nilniznléc(z)f(xil’xiz’xiS)

1<iy<ipx<l 1<ij<ip<iz<l

+ Z nilnizni3ni4c(3)f(xi1 » Xigs Xiz, xi4) (28)

1<iy<ip<iz<ig<I
forn; € Zandallx; € G,i =1,2,...Isuchthatx; #x;11,j=1,2,...,/ - 1.
Proof. Replacing x; in (2.7) by x;, we have

-1 nj ni
f(xflxgz...xl"’):z Z cm )f(xill,xhz,...,x

m<l 1<ij<ir<...<ip<l

The vanishing of C m=D ¢ form > 5 yields

FOPXE X = Y fe A+ Y Cf gt
1<i<l 1<ij<ip=<l
(2) iy Mip - Ny
+ Z ¢ f(xh Xy 0 iy )

1<iy<ip<iz<l

ni n; n;i n;
+ Z C(3)f(xi1‘,x 2ox. 3 x. )

) i3 *7ig
1<ii<ip<iz<ig<I

Therefore, by (2.6) and (2.5), we have

fOD) = nifx) +niCCf (i, x:)
+n;C3CP £ (xi, xi, xi) + 1 C4CD f(xi, xi, i, x7)
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ni
C(Z)f(x 12 s 133) == nilnizni3c(2)f(-xi1’ Xiss xi3)
Nig nj
C(3)f(x , ,22, X, ) = nininini, C f (xiy, Xiy, Xis, Xiy)
which is (2.8). This completes proof. [

Remark 2.5. In particular, if / = 1, then Proposition 2.4 holds.

3. Solution on a free group

In this section, we study the solutions on free group. We first solve (1.5) for the free
group G on a single letter a.

Theorem 3.1. Let G be the free group on one letter a. Then f € KerC (G, H) iff it
is given by
f@) = nf(a)+nCCf(a,a)+nC3C? f(a.a,a)
+nC4sC® f(a,a,a,a) VneZ (3.1
Proof. Necessity. It can be obtained from (2.6) in Lemma 2.1.
Sufficiency. Taking (3.1) as the definition of f on G=< a >. By Remark 2.5, we

only need to verify that C 3) f 1s ahomomorphism with respect to each variable and thus
f belongs to KerC(4)(G, H). Let

x=a",y=d",z=ad",u=al
be any four elements of G. Then it follows from (1.4) and (3.1) that
C(3)f(x, v, Z,U) = C(3)f(am, at,a?,a?)
— f(am—l—n—i-p—l—q) _ f(am—l—n—i-p) _ f(am-i-n—l—q) _ f(am—l—p—i-q)
—f@" TPt + f@") + f(@"P) + f@" )
+f(@"*P) + f(@"*) + @’ — f(@@") — f(a@") — f(a”) — f(a9)
= N1 f(a) + N\C2Cf (a,a) + N\C3C® f(a,a,a) + N\CsC® f(a, a,a,a)
—N>f(a) — N2C2Cf (a,a) — NoC3CP f(a,a,a) — N2CsCP f(a,a, a,a)
—N3 f(a) — N3C2Cf(a, a) — N3C3C? f(a,a,a) — N3C4C® f(a, a,a, a)
—Nif(a) — NaCoCf(a,a) — NsC3C®P f(a,a,a) — NsCsC® f(a, a,a,a)
—Ns f(a) — NsC>Cf (a,a) — NsC3C® f(a,a,a) — NsC4C® f(a, a,a,a)
+Ng f (@) + NeC2Cf (a,a) + NeC3C® f(a, a,a) + NeCsC® f(a,a, a,a)
+N7f(a) + N7C2Cf(a, a) + N7C3CP f(a, a, a) + N7CsC® f(a, a, a, a)
+Ng f(a) + NgC2Cf(a, a) + NgC3C® f(a, a,a) + NgCsC® f(a,a, a, a)
+No f(a) + NoC2Cf(a, a) + NoC3CP f(a, a,a) + NoCsC® f(a,a, a, a)
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+Niof (@) + N1gC2Cf (@, a) + N1oC3C? f(a, a, a) + N1oCaC® f(a, a, a, a)

+N11f(a) + Ni1C2Cf (a,a) + NiiC3C? f(a,a,a) + NuCsC¥ f(a,a,a, a)

—mf(a) —mC>Cf(a,a) —mC3C? f(a,a,a) —mCsC® f(a,a,a,a)

—nf(a) —nCrCf(a,a) —nC3C? f(a,a,a) —nCsC® f(a,a,a,a)

—pf(a) — pCoCf(a,a) — pC3C? f(a,a,a) — pC4sC® f(a.a,a,a)

—qf (@) —qCyCf(a,a) —qC3C? f(a,a,a) — gCsC f(a.a,a, a)
Where Ny =m+n+p+q, No=m+n+p,N3y=m+n+q, Ny =m+p+q, Ns =

n+p+q, No = m+n, N7 = m+p, Ngs = m+q, Ng = n+p, Nio = n+q, N11 = p+q.
By a tedious calculation, we have

COf@m, a",a’,al) =mnpgC? f(a,a,a,a)

which leads to the result that C® f 1s a homomorphism with respect to each
variable. |

At the end of this section, for the free group on an alphabet (o7) with |</| > 2, we
discuss some special solution of (1.5).
An element x € & can be written in the form

x=aj'ay’...a", wherea; € o ,n; € Z (3.2)

For each fixed a € o/ and fixed pair of distinct a, b € <7, define the functions Wy, W,
W3:

Wixia) =Y n (3.3)
ai=a

Waxia,b)y= Y mnj (3.4)
i<j,ai=a,a;j=b

Wixia,b)y= Y mnj (3.5)

i>j,a;=a,a;=b

along with (3.2). Referring to [2,3], the above functions are well defined. Furthermore,
they satisfy the following relations:

Wilxy; a) = Wi(x; a) + Wi(y; a) (3.6)
Wa(x;a,b) = Wi(x; b, a) (3.7

Proposition 3.2. For any fixed a € ./ and fixed pair of distinct a,b in <7, the following
assertions hold:

(i) W1(.; a) belongs to KerC® (A, Z);



10 K. Thangavelu and M. Pradeep
(i) Wa(.; a) belongs to KerC¥ (o, Z);
(iii) W3(.; a) belongs to KerC®(, 7);

Proof. Claim (i) follows from the fact that x — W (x; @) is a morphism from (/) to Z
by (3.6).
Now we consider assertion(ii). Let x,y,z,w,u in the free group be written as
x=aj'ay ...a,
151,52 Sp
y=>b,by...by,
1
7= ctllc;2 . Cqs
w = di"ldglz cd),

ny n2

ng
u=gy g &

Let

i<j,d,-:a,dj_b

N = E nin;
i<j,gi=a,gj=b

R, = E riS;
aj=a,bj=b

R[ = E r,tj
aj=a,c;j=b



Wr(xyzwu; a, b)

Wa(xyzw; a, b)
Wa(xyzu; a, b)
Wo(xywu; a, b)
Wor(xzwu; a, b)
Wa(yzwu; a, b)
Wa(xyz; a, b)
Wr(xyw; a, b)
Wa(xyu; a, b)
Whr(xzw; a, b)
Wa(xzu; a, b)
Wr(xwu; a, b)
Wr(yzw; a, b)

Solution of the fourth order Cauchy difference equation

R, = Z rin;
aj=a,gj=b

S, = Z Sitj
bi=a,cj=b

Sm = Z s,-mj
bi=a,dj=b

Sn = Z Sin;
bi=a,gj=b

T, = Z tm;
C,':Ll,dj:b

T, = Z tin;
ci=a,gj=b

Mn = Z min;
di=a,gj=b

R+S+T+M+N+R,+R + Ry + Ry

+8; + S+ Sy + Ty + T + M,
R+S+T+M~+Ry+R +Rp+S +Su+ Ty
R+S+T+N+R+R +R,+S+S,+T,
R+S+M+N+Rs;+ Ry + Ry + Sy + S, + M,
R+T+M+N+R +Ry+R,+ T+ T, + M,
S+T+MA+N~+S +Su+Sy+ T+ T+ M,
R+S+T+R,+R +S;
R+S+M+Ry+ Ry + Sy
R+S+N+R;+R,+ S,
R+T+M+R,+Ry+Tp,

R+T+N+R +R,+T,
R+M+ N+ Ry, + R, + M,

S+T+M~+S+ Sn+Tu

11
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Wa(yzu; a, b)
Wa(ywu; a, b)
Wh(zwu; a, b)
Wa(xy;a,b)
Wr(xz; a, b)
Wr(xw; a, b)
Wo(xu; a, b)
Wa(yz; a, b)
Wa(yw; a, b)
Wayu; a, b)
Wa(zw; a, b)
Wa(zu; a, b)
Wa(wu; a, b)
Wa(x; a, b)
Wa(y; a, b)
Wa(z; a, b)
Wa(w; a, b)
Wa(u; a, b)

Hence, we have

K. Thangavelu and M. Pradeep

S+TH+N+S+S,+T,
S+MA+N+S,+S,+M,
T+M+N~+T,+T,+M,
R+ S+ R

R+T+R,

R+M+R,

R+ N+ R,

S+T+ S,

S+ M+ S,

S+N+S,

T+M+T,

T+N+T,

M+ N+ M,

R

S
T
M
N

Wa(xyzwu; a, b) — Wa(xyzw; a, b) — Wa(xyzu; a, b) — Wa(xywu; a, b)
—Wh(xzwu; a, b) — Wa(yzwu; a, b) + Wa(xyz; a, b) + Wa(xyw; a, b)
+Wa(xyu; a, b) + Wa(xzw; a, b) + Wa(xzu; a, b) + Wa(xwu; a, b)
+Wa(yzw; a, b) + Wa(yzu; a, b) + Wa(ywu; a, b) + Wa(zwu; a, b)
—Wa(xy;a,b) — Wa(xz; a, b) — Wa(xw; a, b) — Wa(xu; a, b)

—Wa(yz; a, b) — Walyw; a, b) — Wa(yu; a, b) — Wa(zw; a, b)
—Wa(zu; a, b) — Wa(wu; a, b) + Walx; a, b) + Waly; a, b) + Wa(z; a, b)
+Wa(w; a, b) + Wa(u; a, b) =0

This concludes assertion (ii). Claims (iii) follows from (3.7) directly. |
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