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Abstract

In this paper, we consider g-analogues of Bernoulli, Euler and mixed-type polyno-
mials. From those polynomials, we derive some new identities.
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1. Introduction

Let p be a fixed odd prime number. Throughout this paper Z,, QO and C,, will denote
the ring of p-adic integers, the field of p-adic rational numbers and the completion
of algebraic closure of Q,. Let v, be the normalized exponential valuation of C,
with |p|, = p~»P) = 1/p. Let us assume that ¢ is an indeterminate in C p with
11—ql, < p~ /=D The g-number of x is defined as [x]g = (1 —¢g")/(1 —¢q). Note
that (}1_)ml [x]l; = x. Let UD(Z)) be the space of uniformly differentiable functions on

Z,. For f € UD(Z)), the bosonic p-adic g-integral on Z, is defined by Kim to be

1S
W = [ 50 = tim e > s (11
Thus, by (1.1), we get
- 1 /
al,(f1) — 1,(f) = (q — D f(0) + f—f (0), (1.2)
0gq

where fi(x) = f(x + D), [15, 16].
In [16], Kim also defined the fermionic p-adic g-integral on Z, as follows:

pN—1

q X X
o Zz(j) FEDg", (13)

: I+
o) = i

Thus, by (1.3), we get
ql_q(f1) +1-4(f) =121, 1 (0),

where f1(x) = f(x + 1).
Let
pN—1

. ) 1
o) = lim 149 = [ 5ot = tim, IV ST

and

pN-1

I_(f) = ;l—>ml I_4(f) =/Z Sdp—1(x) =Nli_r>nO<> Z fO (=D (1.5)
b4 x=0
From (1.4) and (1.5), we have

Io(f1) — Io(f) = £ (0), I_1(f1) + I_1(f) = 2£(0). (1.6)
By (1.6), we get

o0
t t"
f O Ndpg(y) =€ = ) Ban) (17)
n=0 )

Zp
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and

2 o0 l‘n
G () — LI oy e 1.8
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where B, (x) and E, (x) are respectively Bernoulli and Euler polynomials, (see [1, 2, 3,
4,5,6,12,7,8,9, 10, 11, 13, 14, 15, 16, 17, 18, 19, 20, 21, 24, 25, 22, 23]). When
x =0, B, = B,(0) are called Bernoulli numbers and E,, = E,,(0) are said to be Euler
numbers. As is known, the g-Daehee polynomials are given by

—1
q—1+1‘i)gq log(1+1) 00 n
14+ = D —. 1.9
( gt +q—1 (+0 E%””u%z (19

When x = 0, D, 4 = D, 4(0) are called the g-Daehee numbers, (see [7, 25]). It is
known that the g-Changhee polynomials are defined by

121, L& o
<qt+[2]q> (I+1) _nX:(:)Chn,q(x)n!, (see [17]).

When x =0, Ch, 4 = Ch,, 4(0) are called the g-Changhee numbers.

In the viewpoint of (1.7) and (1.8), we consider g-analogues of Bernoulli, Euler
and mixed-type polynomials. From those polynomials, we derive new and interesting
identities.

2. g-analogue of Bernoulli, Euler and mixed-type polynomials

For r € N, the higher-order g-Bernoulli polynomials are defined by the generating
function to be

_1 r
. q— 1+ Lt
/ . / eyt +y’)tdﬂq(y1) . 'dMq(yr) = <—t _qu e*! 2.1)
Zp ZP qe

1
o ) (L
— r —_—
_E:@ﬂu%r
=0

When x = 0, B,(lr 2] = B,Sr 21 (0) are called the higher-order g-Bernoulli numbers. For
r =1, By,(x) = B,% (x) are called the g-Bernoulli polynomials. When x = 0,

B, 4 = B,S}ZI (0) are said to be the g-Bernoulli numbers.
From (2.1), we can derive the following relation:

g—1, ifn=0
q—-1 .
. ifn=1 (2.2)

logg
0, ifn>1

(gBy +1)" — B, 4 =
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with the usual convention about replacing Bg by B, 4
By (2.1), we easily get

BY) (x) = Z (’;) B x" (2.3)

1=0
Now, we consider the higher-order g-Euler polynomials as follows:

N
n=0

Whenx =0, E, (’) =E, (’) (0) are called the higher-order ¢-Euler numbers. Forr = 1,

E,q(x) = E,(llzl (x) are called the g-Euler polynomials. When x = 0, E,, ; = Ej 4(0)
are said to be the g-Euler numbers.
From (2.4), we have

Q(Eq + 1)}1 + En,q = [2]q80,n

with the usual convention about replacing E Z by E
By (2.4), we easily get

n
n N
EN@ =Y (1>E,{ ;x" s (2.5)
=0

The higher-order g-Daehee polynomials are also defined by the generating function to
be

g—1+1 1qu log(l +1) "
( pra— (1 +1)" ZD (x)—. (2.6)

When x = 0, D\’ ; =D\ 21 (0) are called the higher-order g-Daehee numbers.
Finally, we consider the higher-order g-Changhee polynomials as follows:

2], )’1 " )
(—qt—l—[Z]q (1+1)* ZCh (x) 2.7

When x = 0, Ch(’ ) = Ch(’ ) ;(0) are said to be the higher-order g-Changhee numbers.
In this section, we assume that 7C), with |7], < p_l/ P=D Then we have

f a0 r)ﬂ*"”r”duq(xl) e dpg (xy) (2.8)
g—1+1 log(l +1)
— logq (1 +t)x
qt+q —1

— Z (r) (x)—
n=0
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Now, we observe that

g =1+ figy log(l +1) A= (1 L+ figg loe(l +0 X081+ (2.9)
qt +qg —1 gelog+n ]

- BO) (1)1 m
E m,q(x)—, (log(1 +1))
m!

3
Il
)

o0
tn
Byl () 3 Sim,m)—

{Z B (08 (mm)} -
= n!

where S| (n, m) is the Stirling number of the first kind.
Therefore, by (2.8) and (2.9), we obtain the following theorem.

S

3
Il
S

IIP”18

Theorem 2.1. For n > 0, we have

(V)
// (’“* +xr+x>dﬂq(x1)---d,uq(xr)— ()
zZ, z, n n.

=— Z B\ (x)S1(n, m).

From (1.3), we can also derive

) r
f / (1 +I)X1+-~~+xr+xdu_q(X1)"‘dﬂ—q(xr) = (L) 1+
Zp Zp

t+ 2]y

(2.10)

(0,0)

n=0

Note that
2l, [2]4 " rloe(l

——) A+ =) ¢ 2.11
(qt+[2]q> 1+ (q log(1+0 1 1) € (2.11)

(log(1 +1))"
n!

S (s
Y EL@)Sim,n) t —.
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3
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o
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Thus, by (2.10) and (2.11), we obtain the following theorem.

Theorem 2.2. For m > 0, we have
m
Ch) (x) =Y EY) (x)S1(m,n).
Let us define the following polynomials:

T (x) = / /E,5f2,<x+y1+---+yr>duq(y1)---duq(yr). (2.12)

Then, the generating function of Tn(’rgl“)(x) is given by

tl’l
ZT(H)(X) / / ZE(S)(X-I-yl+"'+)’r);d:uq(y1)'”d’uq(yr)
e Zp n=0 .

(2.13)

21, \' N
=(qe,j1) f / I d g (y1) -+ dpag (yr)
_( [214 ) q_1+10g61 rext
-~ \get +1 ge' — 1
9 pr "
—Z{Z( )Efq)B,i g >};

Therefore, by (2.12) and (2.13), we obtain the following theorem.

Theorem 2.3. Forn > 0, we have
r, _ (s) p(r)
Tn(,qs)(x) = Z (Z)ElSanr 1.4
1=0
By replacing ¢ by log(1 + ¢), we get

ZT(W <1og<1'+r>>":( [2], ) g =1+ ity log(l +1) (141"
n! qt + 2], qgt+q —1

(2.14)

— (Z cm‘%) (Z D (x)—)
=0

> n "
— (r) s)
=> 1> (m>Dmr7q(x)Chn_mﬁq}a.

n=0 Um=0
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We observe that

ZT(rs)( )M — Z T2 (x) ZSl(n m)— (2.15)

m=0 =m

n

- ) l
= 22:0 {Z T(’;‘Z)(x)Sl(n,m)};

Therefore, by (2.14) and (2.15), we obtain the following theorem.

Theorem 2.4. For n > 0, we have

n

n
n
YT Si(nm)y =) (m) DY (X)Chym.q
m=0

m=0

(s)

Corollary 2.5. For n > 0, we have

Z {Z ( )EZ(Sq)B’;’)lq(x)}Sl(n, my=Y_ (Z) DY (X)Ch,, ..

m=0 [=0 m=0
From (1.5), we can derive
o t_1\n — 1+ g=1,\"
1 q
> D,S’)q<x>—(e Eo (o) (2.16)
= n! gel — 1
(0.¢] t”
_ (r) _
=) Bl
n=0
Note that
0 1 00 00 m
(r) t — (r)
> Dy (0 — (e = 1" = > DY) ) Sa(m, m— (2.17)
n=0 n=0 m=n
tm
= Z ZDflf;(x)Sz(m,n) —.
= m!

Thus, by (2.16) and (2.17), we obtain the following theorem.

Theorem 2.6. For m > 0, we have
m
B\ (x) = DY) (x)Sa(m, n),
n=

where S>(m, n) is the Stirling number of the second kind.
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From (2.7), we have
m
EY) (x) =Y ChY) (x)Sa(m, n).
n=0

Let us consider the higher-order g-Daehee-Changhee mixed-type polynomials as
follows:

DCP(x) = f f DY+ yi -+ y)du—g(y) - dp—g(ys),  (2.18)
Z[’ ZP

where n > 0.
From (2.18), we can derive the generating function of DC,(: ’qs) (x) as follows:

00 n — 1+ ZLiog(1 +0)\ s
oy (471 iogg 108( ( [2]4 .
2P0 = ( e ) 0 @19

" /n t"
) ()
2 E (m)Dm’q(x)Chn_mg}—n!.

m=0

Therefore, by (2.19), we obtain the following theorem.
Theorem 2.7. Forn > 0, we have

" n
DCI(x) =) (m> DY) (x)Chy”, .

m=0

By replacing t by e’ — 1 in (2.19), we get

00 _ g—1 r
SIS (M) o0, men, N ED (17 ) (121 Y
m) ™4 g n! ge' — 1 ge' +1

m=0
(2.20)

o0 n n l’n
_ () =(s)
=3 () B e o
We observe that
o0 n t n
n - e —1)
> {Z <m) DL ()ChY, } T 2.21)
" /n > /!
(r) (s)
3 (m> Dm,q(x)Chn_m,q} ZZ Sall,m)y;
=n

l n /
n - 5) t
<m> DY) ()ChY,,  S2(l, ) } Tt
=0m=0



q-Bernoulli, q-Euler and mixed-type polynomials 9

Therefore, by (2.20) and (2.21), we obtain the following theorem.

Theorem 2.8. For/ > 0, we have

l l n
l r N n r N
3 (m) BYED =YY" (m)D,glfq(x)Ch,ﬁlm,qsz(l, n).
m=0

n=0m=0
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