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ABSTRACT:

This paper is divided into 3 sections. In section 1, the terms, ‘completely
prime ternary I'-ideal’ and ‘prime ternary I'-ideal’ in a ternary I'-semigroup
are introduced. It is proved that in a ternary I'-semigroup (i) A is a prime
ternary I'-ideal of T, (ii) For a, b, c € T; <a>I'<b>I'<c> € A implies a € A or
beAorce€A, (i) Fora; b; c € T; TTT ral T I T TOI T I Tl T T € A
impliesa € Aorb € A or c € A are equivalent. It is proved that a ternary I'-
ideal A of a ternary I"-semigroup T is (1) completely prime iff T\P is either a
ternary I'-subsemigroup of T or empty (2) prime iff T\P is either an m-system
or empty. It is also proved that every completely prime ternary I'-ideal of a
ternary I'-semigroup is prime. In a globally idempotent ternary I"-semigroup,
it is proved that every maximal ideal is prime. It is also proved that a globally
idempotent ternary I'-semigroup having a maximal Ternary I'-ideal contains
semisimple elements.

In section 2, the terms, completely semiprime ternary I'-ideal and semiprime
ternary I'-ideal in a ternary I'-semigroup are introduced and characterized
them.

In section 3, to each ternary I'-ideal A of a ternary I'-semigroup T, we
associate four types of sets namely Ai;, Az As, A and we proved that
Ac A cAAc A cA. Inacommutative ternary I'-semigroup, it is proved
that A; = A, = A3 = As and in general ternary I'-semigroup, it is proved that
A = A, = A = A, by means of examples. The terms ‘T'-radical’ and ‘complete

[-radical’ of a ternary I'-ideal in a ternary I'-semigroup are also introduced
and some of their properties are obtained. lit is proved that if A is a semiprime
ternary I'-ideal of a ternary I'-semigroup T and M is a maximal m-system of T
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such that AnM =, then T\M is a minimal prime ternary I'-ideal of T
containing A.
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INTRODUCTION:

Algebraic structures play a prominent role in mathematics with wide ranging
applications in many disciplines such as theoretical physics, computer sciences,
control engineering, information sciences, coding theory, topological spaces, and the
like. The theory of ternary algebraic systems was introduced by LEHMER in 1932,
but earlier such structures was studied by KASNER who give the idea of n-ary
algebras. LEHMER investigated certain algebraic systems called triplexes which turn
out to be commutative ternary groups. Ternary semigroups are universal algebras with
one associative ternary operation. The notion of ternary semigroup was known to
BANACH who is credited with example of a ternary semigroup which can not reduce
to a semigroup. SIOSON introduced the ideal theory in ternary semigroups.
SANTIAGO developed the theory of ternary semigroups. He studied regular and
completely regular ternary semigroups. M. SHABIR and A. KHAN studied prime
ideals and prime one sided ideals in semigroup. SHABIR and BASHIR launched
prime ideals in ternary semigroups. A. Anjaneyulu [1] introduced the study of pseudo
symmetric ideals in semigroups D. Madhusudhana Rao and A. Anjaneyulu [2], [3]
studied about I'-semigroups. Further D. Madhusudhana Rao and A. Anjaneyulu and
Y. Sarla [10] extended the same results to ternary semigroups. Madhusudhana Rao
and Srinivasa Rao [5, [6], [7] studied about ternary semirings. In this paper mainly we
extended the same results to ternary I'-semigroups.

2. PRELIMINARIES

Definition 2. 1: Let T and I be two non-empty set. Then T is said to be a Ternary I'-
semigroup if there exist a mapping from TXI'XTxI'xT to T which maps
(%, &, %, %) —> XaX,BX, satisfying the condition
[ XaX, % yX,0% | =[ xa X,Bxy%, 0% |=[xaxB xyxo% |V X% € T, 1<i<5 and
a,py,0el’.

Note 2. 2: For the convenience we write x,aX, X, instead of XX, X,

Note 2. 3: Let T be a ternary I'-semigroup. If A, B and C are three subsets of T, we
shall denote the set ATBI'C = aabfc:ac AbeB,ceC,a,fel .
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Note 2. 4: Any I'-semigroup can be reduced to a ternary I'-semigroup.

Example: 2. 5: Let T = { 5n + 4: n is a positive integer} and ' = { 5n+ 1:nisa
positive integer}. Then T is a ternary I'-semigroup with the operation defined by
asbpt =a+a+b+ F+cwherea,b,c€S, @ F€T and + is the usual addition of
integers.

Definition 2. 6: An element a of a ternary I'-semigroup T is said to be an identity
provided acat = teafa = aatfa =tV teT, a, FET.

Notation 2. 7: Let T be a ternary I'-semigroup. If T has an identity, let T'=Tand if T
does not have an identity, let T* be the ternary semigroup T with an identity adjoined
usually denoted by the symbol 1.

Definition 2. 8: A nonempty subset A of a ternary I"-semigroup T is said to be ternary
I-idealof Tifb,c e T, @, F€T,a € Aimplies bacsa € A, baast e A, aabst €A.

Note 2. 9: A nonempty subset A of a ternary I'-semigroup T is a ternary I'-ideal of T
if and only if it is left ternary I'-ideal, lateral ternary I'-ideal and right ternary I'-ideal
of T.

Example 2. 10: Let N be the set of all natural numbers and I' = 2N. Define the ternary
operation from NxI'x NxI'xN — Nas (a, #, b, £, ¢) = a. ab. 4t where ‘. ’ is usual
multiplication. Then N is a ternary I'-semigroup and A = 3N is an ternary I'-ideal of
the ternary I"'-semigroup N.

3. COMPLETELY PRIME TERNARY TI'-IDEAL AND PRIME TERNARY T-
IDEALS:
We are introduce the notion of a completely prime ideal of a ternary semigroup.

DEFINITION 3. 1: A Ternary I'-ideal A of a ternary I'-semigroup T is said to be a
completely prime T-ideal of T provided X, y, z € T and xI'yI'z €A implies either xe
Aory eAorz eA.

EXAMPLE 3. 2: In the commutative ternary I'-semigroup Z~ of all negative integers
and I = { 5k: k € Z" }, the ternary I'-ideal P = { 3k: k € Z~} is a completely prime
ternary I'-ideal. For x; y; z €Z™ and @, F € T, Xayfz € P & xaypz is divisible by 3
< x is divisible by 3 or y is divisible by 3 or z is divisible by 3 & x =3k, ory =3k,

orz=3k, for k;; k,; k;, €eZ"<=xePoryePorzeP.
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EXAMPLE 3. 3: In example 3. 1. 2., P is a completely prime ternary I'-ideal. But the
ternary I'-ideal Q = { 30k: k € Z~} is not a prime Ternary I'-ideal of Z~, since (-2)5(-
3)10(-5) =-1500 € Q but (-2) ¢ Q, (-3) ¢ Q and (-5) ¢ Q.

THEOREM 3. 4: A T-ideal A of a ternary I'-semigroup T is completely prime if
and only if Xy, X, ..... , Xn € T, n is odd natural number, x; Ix.I ..... I'xhn CASX
€ Aforsomei=1,23,.... n.

Proof: Suppose that A is a completely prime ternary I'-ideal of T.

Let x1, X, ..... , Xn € T where n is odd natural number and x; I'xol" ..... I'x, € A.

If n =1 then clearly x; € A.

Ifn=3thenxiI'X X3S A= X EA0rx; € Aorxs €A.

If n=5then XiT XoI' XsI'xa'xs € A = x: I xoI'Xxs S Aorxs € Aorxs € A

> X1 EAOXoEAOrXse Aorxs € Aorxs€A.

Therefore by induction of n is an odd natural number, then x; I'x,I" ..... IXp € A = X
e Aforsomei=1,23,....n.

The converse part is trivial.

We now introduce the c-system of ternary I'-semigroup.

DEFINITION 3. 5: Let T be a ternary I'-semigroup. A nonempty subset A of T is
said to be a c-system of T if for each a, b, ¢ € A there exists an element a, £ € T such
that acbst € A.

THEOREM 3. 6: Every ternary I'-subsemigroup of a ternary I'-semigroup is a c-
system.

Proof: Let S be a ternary I'-subsemigroup of Tand a,b,c € T, a, F€T.

Since S is a ternary I'-subsemigroup of T, acbst € S forall a, F€T.

Therefore S is a c-system.

We now prove a necessary and sufficient condition for a ternary I'-ideal to be a
completely prime ternary I'-ideal in a ternary I'-semigroup.

THEOREM 3. 7: A T-ideal A of a ternary I'-semigroup T is completely prime if
and only if T\A is either c-system of T or empty.

Proof: Suppose that A is a completely prime ternary I'-ideal | of T and T\A = & .
Leta,b,c e T\A. Thena ¢A, b ¢A, ¢ £ A. Suppose if possible there isno @, F€ T
such that acbst ¢ T\A. Then al'bl'c € A. Since A is completely prime, either a € A
orb e Aorc €A. Itisa contradiction. Therefore, there exist elements @, £ € T such
that acbst € T\A. Hence T\A is a c-system of T.

Conversely suppose that T\A is a c-system of T or T\A is empty.

If T\A is empty then A =T and hence A is completely prime.

Assume that T\A is a c-system of T. Leta, b, c e T and al'bI'c € A.

Suppose if possiblea ¢ A, b ¢ A, and c ¢ A.
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Thena e T\A, b e T\A and ¢ € T\A. Since T\A is a c-system, then there exist @, F€ T
such that aazbgt € T\A and hence aecbsgt ¢ A and hence albl'c € A. It is a
contradiction. Hence either ac A or be A or ce A. Therefore A is a completely prime
ternary I'-ideal of T.

We now introduce the notion of a prime ternary I'-ideal of a ternary I'-semigroup.

DEFINITION 3. 8: A ternary I'-ideal A of a ternary I'-semigroup T is said to be a
prime I-ideal of T provided X, Y, Z are Ternary I'-ideals of T and XI'YTZ c A =
XcAorY cAorZ cA.

THEOREM 3. 9: In a ternary I-semigroup T, the following conditions are
equivalent:

(i) A'is a prime ternary I'-ideal of T.
(iFora,b,ceT;<a>r<b>r<c>c Aimpliesae Aorbe AorceA.

(iii) Fora; b; c € T; T'IT'rar T'r T'rbr T'IT'Ic IT'IT' € A impliesa € A or
beAorceA.

Proof: (i) = (ii): Suppose that A is a prime ternary I'-ideal of T. Then (i) = (ii) is
obvious.

(ii) = (iii): Let a, b, ¢ € T such that T'TT'rar T’ T'rbr T'IT' re rT' I C A,
Now <a>F<b>F<c>=(TTTTarT rT) (T T rbr T ) (T rrirertir) c
TTrarTTTbr TTT MelT'TT' c A=>a€cAorbeAorceA.

(i) = (i): Suppose that a, b, c € T; T'T'aT T T T cT'T' c A= a€cAorbeAorc
€eA.

Let X, Y, Z be the three ternary I'-ideal of T and XI'YT'Z € A.

Suppose if possible X £ A, Y £ A, ZZ A.

XEAYZLA ZZA, thereexistsa, b, csuchthatae Xanda¢é A,beYandb ¢ A
andceZandcg A.ae X,beY,ceZ=albl'ce XI'YTZC A.

Now T T T Talr T' T T TbI T' T T'Telr T T T € XIYITZ € A= a €Aorb €Aorc €A. It
is a contradiction. Therefore X € Aor Y € A or Z € A and hence A is a prime
ternary I'-ideal of T.

THEOREM 3. 10: A T-ideal A of a ternary I'-semigroup T is prime if and only if
X1, X2, eene. , Xn € T, nis odd natural number, X; I'X,rI..... I'X, € A= X; € A for
somei=1,23,.... n.

Proof: We can prove this by using mathematical induction as in 3. 1. 4.
The converse part is trivial.

THEOREM 3. 11: Every completely prime ternary I-ideal of a ternaryr-
semigroup T is a prime ternary I'-ideal of T.

Proof: Suppose that A is a completely prime ideal of a ternary I'-semigroup T.
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Leta,b,ceTand <a>I'<b>I'<c>c A Thenal'bl'c € A. Since A is a completely
prime, eithera e Aorb € A or c e A. Therefore A is a prime ternary I'-ideal of T.

THEOREM 3. 12: Let T be a commutative ternary I'-semigroup. A ternary TI-
ideal P of T is a prime ternary I'-ideal if and only if P is a completely prime
ternary I-ideal.

Proof: Suppose that A is a prime ternary I'-ideal of a ternary I'-semigroup T.
Letx,y,z € T and xI'y['z € A. Now xI'yIz € A, A is a Ternary I'-ideal = T'T TTT'T
TIr(xTyrZ)CTr TIrTr ™ < P. Since S is commutative, TTTIXIT! I'TT
YITTTZIT T T =TT T T r (xyrz)rr'r Trrr t ¢ p.

By theorem 3. 1. 9, eitherx e Aorye Aorz € A.

Hence A is a completely prime Ternary I"-ideal.

Conversely suppose that A is a completely prime ternary I'-ideal of T.

By theorem 3. 1. 11, P is a prime ternary I'-ideal of T.

We now introduce the notion of an m-system of a ternary I'-semigroup.

DEFINITION 3. 13: A nonempty subset A of a ternary I"-semigroup T is said to be
an m-system provided for any a, b, ¢ € A there existx,y € T and «, 8, 7, J € I such
that aaxsbpydt € A.

We now prove a necessary and sufficient condition for a ternary I'-ideal to be a prime
ternary I'-ideal in a ternary I'-semigroup.

THEOREM 3. 14: A ternary I'-ideal A of a ternary I'-semigroup T is a prime T-
ideal of T if and only if T\A is an m-system of T or empty.

Proof: Suppose that A is a prime Ternary I'-ideal of a ternary I'-semigroup T and T\A
+ @.Leta,b,ce T\A. Thenag¢ A,bg A, c ¢ A.

Suppose if possible there exist no x,y € T and a, f€ I such that aaxgbpyst € T\A.
Then al' TTI'TT'c € A. Since A is prime, eithera € Aorbe Aorc € A.

It is a contradiction. Therefore there exist x, y € T and some «, £, , J € I such that
aoxpbpydt € T\A. Hence T\A is an m-system.

Conversely suppose that T\A is either an m-system of T or T\A = @.

If T\A is empty then A =T and hence A is prime. Assume that T\A is an m-system of
T.

Leta,b,c € Tandal'TTbI'TI'c € A. Suppose if possiblea ¢ A,b & A, c & A.

Then a, b, ¢ € T\A. Since T\A is an m-system, there exists x,y € Tand @, 4, p, SET
such that aoxsbpydt € T\A. Thus aaxpbpyst ¢ A and hence al TTbI'TTc £ A.

It is a contradiction. Therefore eithera€ Aorbe Aorc e A.

Hence A is a prime ternary I'-ideal of T.

THEOREM 3. 15: If T is a globally idempotent ternary I'-semigroup then every
maximal I'-ideal of T is a prime ternary I'-ideal of T.
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Proof: Let M be a maximal Ternary I'-ideal of T. Let A, B, C be three ternary I'-
ideals of T such that ATBI'C < M. Suppose if possible A €M, B M, CZ M.

Now AZ M = MUA isaTernary I'-ideal of Tand M c MUA cT.

Since M is amaximal, M UA=T.

SimilarlyBZM = MUB=T,CZ€M= M UC=T.

Now T =TITIT = (MUA)I(MUB)[(MUC)

= [(MI'M)U(MI'B)U(ATM)U(AI'B)]T(MUC)

= (MTCMI'M)U(MIT'MI'C)U(MIBIM)U(MI'BI'C)U
(ATMI'M)U(ATMI'C)U(ATBIM)U(AIBI'C) cM =T cM. Thus M =T.

It is a contradiction. Therefore either A <M or B <M or C <M. Hence M is a
prime.

THEOREM 3. 16: If T is a globally idempotent ternary I'-semigroup having
maximal ternary I'-ideals then T contains semisimple elements.

Proof: Suppose that T is a globally idempotent ternary I'-semigroup having maximal
ternary I'-ideals. Let M be a maximal Ternary I'-ideal of T. Then by theorem 3. 1.
15., Mis prime. Now ifae TWthen<a>¢Z Mand<a>I'<a>I<a>¢ M.
ThenT=MuU<a>=MuU<a>[<a><a>.

Thereforea e <a>I'<a>I<a>and hence<a>=<a>I<a><a>.

Thus a is a semisimple element. Therefore T contains semisimple elements.

4. COMPLETELY SEMIPRIME TERNARY T-IDEALS AND SEMIPRIME
TERNARY T-IDEALS:

We now introduce the notion of a completely semiprime ternary I'-ideal of a ternary
['-semigroup.

DEFINITION 4. 1: An ideal A of a ternary semigroup T is said to be a completely
semiprime ideal provided x €T, (xI)"'x € A for some odd natural number n >1
implies x € A.

EXAMPLE 4. 2: In commutative ternary I'-semigroup Z ~ of all negative integers and
I'={3k: k € Z'}, the ideal Q = {6k: k € Z'} is a semiprime ideal. For x € Z" (x2)’x €
Q < (x@)’x is divisible by 6 < x is divisible by 6 & x = 6k, fork; € Z-<= x € Q.

THEOREM 4. 3: A T-ideal A of a ternary I-semigroup T is completely
semiprime if and only if x € T, (XI)*x € A implies x € A.

Proof: Suppose that A is a completely semiprime ternary I'-ideal of T.

Then clearly x € T, (x[)’x = xI'xT'x € A = x € A.

Conversely suppose that x € T, (XI')’x € A = x € A.

We prove that x €T, (xI')"*x € A, for some odd natural number n > 1= x € A—(1),
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by induction on n. Clearly (1) is true for n = 3. Assume that (1) is true for n = k. i. e.,
(xI)“’x € A = x € A for some odd natural number k > 3.

Suppose that (xI)**'x € A. Then (xI)**'x € A = (xI)*"*x. (xI)***x. (x[)*°x € A

= (x)*x € A= [(XD) TP (XD %] € A= (X)X S A =x EA.

Therefore = (xI)*'xC A = x € A.

By induction, (x[)"*x € A, for some odd natural number n > 1= x € A.

Therefore A is completely semiprime.

THEOREM 4. 4: If A is a completely semiprime ternary I'-ideal of a ternary I'-
semigroup T, then x, y, z € T, xI'yI'z € A implies that xI'yI'TITrz € A,
XITITIryrz € A and xI'TIyI'Trz € A.

Proof: Let A be a completely semiprime ternary I'-ideal of a ternary I'-semigroup T.
Letx,y,z€ T, xI'yI'z € A. Now xI'yI'z € A

= (zIXTYD)(zIXTY) = (z[XCY)C(Z0XTY)C(z0XTy) = z[(XTYTZ)[(XCyTz)[xTy € A.
(zIXTYT)(zIXTy) € A, A is completely semiprime implies zI[xI'y € A.

Let S, t € T. Consider (XTYI'STtTzI)2(xTyT'sItr'z)
(XCyI'sTtrz)I(XCyIsTtrz) T (XTYCsTtlz) = xTyCsTtE(z0XTY)CsTC(zDXTy) sy € A.
(XTYT'STtrzl)?(xTyI'sItl'z) € A, A is completely semiprime implies x'yI'sT'tlz € A.
Therefore x,y,z € T, xI'yTz € A = xI'yI'sT'tl'z € Aforall s, t e T = xI'yI'TI'TI'z <
A.

Now xI'yI'z € A = (y['zI'xT')?(yI'zl'x) = (yIz[X)[(yTzlX)C(yTzlx)

= yIzZI'(x[yI'z)I(xI'yI'z)I'x € A.

(yIzI'xI)?(yI'zlx) € A, A is completely semiprime implies = yI'z['x € A.

Let S, t € T. Consider (XTsTtIyTzl)A(XTsTtryTz)
(XCsTtryrz)L(XCsCryrz)T(XIsTtryrz) = xIsTtr(yzlX)CsTtr(yTzlX)CsItryl'z € A.
(XTSTTYTzl)*(xIsTtIyl'z) € A, A is completely semiprime implies xI'sTtIyI'z € A,
Therefore x,y,z € T, xI'sI'tl'yI'z <€ Aforall s, t e T = xI'TI'TI'yI'z € A.

If s, t €T, then (XI'sTyItT'zl)?(XIsTYTtIz) = (XSTYTtIz) [ (XISTYTtrz)T (XT'sTy Tt z)
= XI'sTYItT[zIXT(sTYr)C(zIXCs)Iy]Itrz < A.

(XTSTYTItIzl)A(xTsTYTtrz) < A, A is completely semiprime = xI'sT'YT't'z c A.
Therefore x,y,z € T, xI'sl'yI'tlz c Aforall s,t e T = xI'TI['yI'Tl'z € A.

COROLLARY 4. 5: If a I'-ideal A of a ternary I'-semigroup T is completely
semiprimethenx,y,Zz€ T, x[y[zE A= <Xx>T<y>I<z>CA.

THEOREM 4. 6: Every completely prime ternary I-ideal of a ternary I-
semigroup T is a completely semiprime ternary I'-ideal of T.

Proof: Let A be a completely prime ternary I'-ideal of a ternary I'-semigroup T.
Suppose that x e T and (xI')*x < A. Since A is a completely prime ideal of T, x € A.
Therefore T is a completely semiprime ternary I'-ideal.
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THEOREM 4. 7: Let A be a prime ternary I'-ideal of a ternary I'-semigroup T. If
A is completely semiprime ternary I'-ideal of T then A is completely prime.

Proof: Let x,y, z € T and xI'yI'z € A. Since A is completely semiprime, by corollary
4.5, XYz A=<x>I<y>I<z>c A=x€eAoryeAorze Aandhence A is
completely prime.

THEOREM 4. 8: The nonempty intersection of any family of a completely prime
ternary I'-ideal of a ternary I'-semigroup T is a completely semiprime ternary I'-
ideal of T.

Proof: Straight forward.
We now introduce the notion of a d-system of a ternary I'-semigroup.

DEFINITION 4. 9: Let T be a ternary I'-semigroup. A non-empty subset A of T is
said to be a d-system of Tifa € A = (aI')""a < A for all odd natural number n.

We now prove a necessary and sufficient condition for a ternary I'-ideal to be a
completely semiprime ternary I'-ideal in a ternary I'-semigroup.

THEOREM 4. 10: A ternary I-ideal A of a ternary I'-semigroup T is completely
semiprime if and only if T\A is a d-system of T or empty.

Proof: Similar to 3. 7.
We now introduce the notion of a semiprime ternary I'-ideal of a ternary I'-semigroup.

DEFINITION 4. 11: A ternary I'-ideal A of a ternary I'-semigroup T is said to be
semiprime ternary I'-ideal provided X is a ternary I'-ideal of T and (XI)"*Xc A for
some odd natural number n implies X € A.

THEOREM 4. 12: A ternary I'-ideal A of a ternary I'-semigroup T is semiprime
if and only if X is a I'-ideal of T, (XI')*’X € A implies X € A,

Proof: Suppose that A is a semiprime ternary I-ideal. Then clearly (XI')’X € A
= X € A. We can verify the converse part by using induction.

THEOREM 4. 13: Every prime ternary I'-ideal of a ternary I'-semigroup T is
semiprime.

Proof: Suppose that A is a prime ternary I"-ideal of a ternary I'-semigroup T. Let X be
a ternary I'-ideal of T such that (XI')’X € A. Since A is prime, X S A. Hence A is
semiprime.

THEOREM 4. 14: If A is a ternary T-ideal of a ternary I'-semigroup T then the
following are equivalent.
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1. A is a semiprime ternary I'-ideal.
2. ForaeT;(<a>I)’<a>cAimpliesa€A.
3. Forae T; T T'rarTrT'rarT'rrirart'rr* c A implies a € A.

Proof: (i) = (ii): Suppose that A is a semiprime ternary I'-ideal of T.

Then (i) = (ii) is obvious.

(i) = (iii): Leta € T such that T'TTTal T I T ra rT T rarT'rt* c A.

Now (< a>l*<a>=<a><a>[<a>

= (TrTrarTrt)r(TrrirartrHyrirrirart'r)

C TITTalT I T rarTTT TalTTT S A= a €A,

(i) = (i): Suppose thata € T; T T T Tal T'T T Tal T'TT' Tal T'TT' C A= a € A.
Let X be the a ternary I'-ideal of T and (XI')’X € A.

Suppose if possible X € A.

X & A there exists asuch thata € X anda ¢ A. a € X = (al)’a S (XI*X € A.
Now TTTTarTITTalTITTarT T € (XI)’X € A = a €A. It is a
contradiction.

Therefore X € A and hence A is a semiprime ternary I'-ideal of T.

THEOREM 4. 15: Every completely semiprime ternary I-ideal of a ternary I'-
semigroup T is a semiprime ternary I'-ideal of T.

Proof: Suppose that A is a completely semiprime ternary I'-ideal of a ternary I'-
semigroup T. Leta e T and (<a>I')"'< a >c A for some odd natural number n.

Now alalar..... Ta(n odd terms) € < (al') "'a> ¢ (<a>IN"'<a> c A= (al) "a
C A=>a€A=<a>c A Therefore A is a semiprime ternary I'-ideal of T.

THEOREM 4. 16: Let T be a commutative ternary I'-semigroup. A ternary I'-
ideal A of T is completely semiprime if and only if it is semiprime.

Proof: Similar to 3. 12.

THEOREM 4. 17: The nonempty intersection of any family of prime ternary I'-
ideals of a ternary I'-semigroup T is a semiprime ternary I'-ideal of T.

Proof: Straight forward.
We now introduce the notion of an n-system of a ternary I'-semigroup.

DEFINITION 4. 18: A nonempty subset A of a ternary I'-semigroup T is said to be
an n-system provided for any ae A there exist x, y € T and a, S, ;, J € T such that
aaxpayyda € A.

THEOREM 4. 19: Every m-system in a ternary I'-semigroup T is an n-system.
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Proof: Let A be m-system of a ternary I'-semigroup T. Let a €A. Since A is m-
system, a €A, there exist x, y € T and «, S5, », J € I such that aexgayyda € A.
Therefore A is an n-system of T.

We now prove a necessary and sufficient condition for a ternary I'-ideal to be a
semiprime ideal in a ternary I'-semigroup.

THEOREM 4. 20: A ternary T-ideal Q of a ternary I-semigroup T is a
semiprime ternary I'-ideal if and only if T\Q is an n-system of T (or) empty.

Proof: Similar to 3. 1. 14.

THEOREM 4. 21: If N is an n-system in a ternary I'-semigroup T and a €N,
then there exist an m-system M in T such thata e M and M < N.

Proof: We construct a subset M of N as follows. Define a;= a.

Since a;€ N and N is an n-system, ajoxfaiyya; € N, forsome x, Y€ T, @, B, y, JE€T.
Thus (aiI'TT'a;I'TTa;) NN # @. Let a, € (a; ' TT'a;['TT'a;)NN.

Since a; € N 'and N is an n-system, (a,I'TI'a,I'TT'az) N # @ and so on.

In general, if a; has been defined with a; € N, choose aj+1 as an element of
(aI'TTaiI'TTa)))NN. Let M = { ay, ay, ...... - THE TP R }NowaeMand M c N.
We now show that M is an m-system.

Let a;, aj, ax € M (for i <j < k). Then a1 € al' TTal Tlax € al' TTal' Tl &
al Tl TlTay = a+1 = aiaxpajpyda, X, YE T, @, B, y, SET.

But ax+1 € M, S0 a1 = aiaxfajpydax € M, forx,y € T @, B, p, SET.

Therefore M is an m-system.

5. PRIME I'-RADICAL AND COMPLETELY PRIME I'-RADICAL.:
We use the following notation.

NOTATION 5. 1: If A'is an ideal of a ternary I'-semigroup T, then we associate the
following four types of sets.
A, = The intersection of all completely prime ternary I'-ideals of T containing A.

A, ={xeT: (xI')"*x € A for some odd natural numbers n}
A, = The intersection of all prime ternary I'-ideals of T containing A.
A, ={xeT:(<x>T)"" < x> c A for some odd natural number n}

THEOREM 5. 2: If A is a ternary I'-ideal of a ternary I'-semigroup T, then A c
AcAcACA.

Proof: i) A < A,: Letx e A. Then (< x >I')’< x> c A and hence x € A, .
Therefore A ¢ A,
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i) A, c A Letx € As. Then (< x >")"! < x > c A for some odd natural number n.
Let P be any prime ternary I'-ideal of T containing A.

Then (< x>T)"! < x > € A for some odd natural number n = (< x>TI)"* <x > < P.
Since P is prime, < x > € P and hence x € P.

Since this is true for all prime ternary I'-ideals P containing A, x € As. Therefore A, €
As.

i) A,c A,: Letx € A,. Suppose if possible x ¢ A,.

Then (xI)"™*x ¢ A for all odd natural number n.

Consider Q = U(xI')"x for all odd natural number n, and x e T.

Let a, b, c €Q. Then a € (xI)"x, b € (x[)**x, ¢ € (xI)"x for some odd natural
numbers r, s, t. Therefore albl'c = (xI)™x[(xI)*XI'(xI)"*x = (xI)™"**"*x € Q and
hence Q is a ternary I'-subsemigroup of T and Q is a c-system of T and x € Q.

By theorem 3. 7, P = T\Q is a completely prime Ternary I'-ideal of Tand x & P.

By theorem 3. 11, P is a prime Ternary I'-ideal of T and x ¢ P. Therefore x ¢ A,.

It is a contradiction. Therefore x € A, and hence A, c A,.

iv) A, c A:Letx e A,. Nowx € A, = (xI)"x € A for some odd natural number n.

Let P be any completely prime ternary I'-ideal of T containing A.
Then (xI)"'x € A <P = (XI)"'x € P = xeP. Therefore xe A . Therefore A, c A .

Hence Ac AAcAcAcCcA.

THEOREM 5. 3: If Ais a I'-ideal of a commutative ternary I'-semigroup T, then
A=A=A=A

NOTE 5. 4: In an arbitrary ternary I'-semigroup A # A, # A, # A,.

EXAMPLE 5. 5: Let T be the free ternary I'-semigroup generated by two alphabets
a, b, c. It is clear that A = Tral'al'al'T is a Ternary I'-ideal in T. Since (al')’a <
Trararal'T = A, We have a € A,. Evidently (al'bI'cl)" al'bI'c ¢ TrarararT for all
odd natural number n and thus aI'bI'c € A,. Thus A; is not a ternary I'-ideal | in T.
Therefore A1 # A, and A, # Aa.

We now introduce prime I'-radical and complete prime I'-radical of a ternary I'-ideal
in a ternary I'-semigroup.

DEFINITION 5. 6: If A is a ternary I'-ideal of a ternary I'-semigroup T, then the
intersection of all prime ternary I'-ideals of T containing A is called prime I'-radical

or simply I'-radical of A and it is denoted by JAorrad A.

DEFINITION 5. 7: If A is a ternary I'-ideal of a ternary I'-semigroup T, then the
intersection of all completely prime ternary I'-ideals of T containing A is called
completely prime T'-radical or simply complete I'-radical of A and it is denoted by c.
rad A.
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NOTE 5. 8: If A is a ternary I'-ideal of a ternary I'-semigroup T, then rad A = A,, c.
rad A= A, andrad A S c. rad A.

COROLLARY 5. 9: If ac +/A, then there exist a odd positive integer n such that
(aIn"'a cA.

Proof: By theorem 5. 2, A3 € A, and hence a € VA = Az C A,.
Therefore (al)"‘a < A for some odd positive integer n.

COROLLARY 5. 10: If A is a ternary I-ideal of a commutative ternary T-
semigroup T, then rad A =c. rad A.

proof: By theorem 5. 3, rad A =c. rad A.

COROLLARY 5. 11: If Ais a ternary I'-ideal of a ternary I'-semigroup T then c.
rad A is a completely semiprime ternary I'-ideal of T.

proof: By theorem 5. 6, c. rad A is a completely semiprime ternary I'-ideal of T.

THEOREM 5. 12: If A, B and C are any three ternary I'-ideals of a ternary I'-
semigroup T, then

) AcB= JAcB
i) ifAnNBNnC=@then +/AIBIC =.ANBNC =vAN/BNJC

i) VA= JA.

proof: i) Suppose that Ac B. If P is a prime ternary I'-ideal containing B then P is a

prime Ternary I'-ideal containing A. Therefore JAcB.

ii) Let P be a prime ternary I'-ideal containing AI'BI'C. Then ATBI'C € P
= AcCPorBcPorCcP = ANBNC cP.

Therefore P is a prime Ternary I'-ideal containing A (1B C.
Therefore rad( ANB(C) < rad(AIrBI'C).

Now let P be a prime Ternary I'-ideal containing A(1B(C.

Then ANBNC <SP = AI'BIC <€ A[\BN\C €P= AIBICcP.
Hence P is a prime Ternary I'-ideal containing AI'BT'C.

Therefore rad (ATBI'C) < rad( A(1BNC).

Therefore rad(AIrBI'C) = rad( ANNBNC).

Since ANBNC = @, it is clear that AN B N C is a ternary I'-ideal in T.

Letx € ANBNC.

Then there exists an odd natural number n € N such that (xI)"*x € ANBNC.
Therefore (xI)"*x € A, (xI)"*x € B and (xI')"*x < C.
It follows that x € /A, x € /B and x € +/C . Therefore x e VANVBN/C .
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Consequently, x € JANVYBNJC implies that there exists odd natural numbers n, m,
p € N such that (x[)™x € A, (xI)™*x € B and (xI')"*x € C.

Clearly, (xI)"*xT(xI)™*xI'(x[)P*x = (x[)"™*x S An B N C.

Thus x € +ANBNC. Therefore if A n B n C # @ then
JANBNC =J/ANYBNAC .

i) JA = The intersection of all prime ternary I'-ideals of T containing A.

Now \/\/K = The intersection of all prime ternary I'-ideals of T containing JA.
= The intersection of all prime ternary I'-ideals of T containing A = JA

Therefore \/\/K = \/K )

THEOREM 5. 13: If A, B and C are any three ternary I'-ideals of a ternary I'-
semigroup T, then

Q) ACSB=c.rad Acc.radB.

(i)  c.rad (ATBI'C) =c.rad (ANBNC) =c. rad (A) N c. rad (B) N c. rad(c).

(i) c.rad(c.rad A)=c.rad A.

Proof: Similar to 3. 12.

THEOREM 5. 14: If A'is a ternary I'-ideal of a ternary I'-semigroup T then JA
is a semiprime ternary I'-ideal of T.

proof: By theorem 4. 17, JA isa semiprime ternary I'-ideal of T.

THEOREM 5. 15: A T-ideal Q of ternary I'-semigroup T is a semiprime ternary
I-ideal of T if and only if \/Q = Q.

Proof: Suppose that Q is a semiprime ternary I'-ideal. Clearly Q < Q.

Suppose if possible VQ & Q.

LetaeVQ and a ¢ Q. Now a € Q = a € T\Q and Q is semiprime. By theorem 4. 20,
T\Q is an n-system. By theorem 3. 2. 21, there exists an m-system M such that a € M
C T\Q. Q < TWM and now T\M is a prime ternary I'-ideal of T, a ¢ T\M. It is a
contradiction. Therefore YQ € Q. Hence VQ = Q.

Conversely suppose that Q is a ternary I'-ideal of T such that VQ = Q.

By corollary 5. 14, VQ is a semiprime ternary I'-ideal of T. Therefore Q is semiprime.

COROLLARY 5. 16: A ternary I'-ideal Q of a ternary I'-semigroup T is a
semiprime ternary I'-ideal if and only if Q is the intersection of all prime ternary
I'-ideal of T contains Q.

Proof: By theorem 5. 15., Q is semiprime iff Q is the intersection of all prime ternary
I'-ideals of T contains Q.
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COROLLARY 5. 17: If A'is a ternary T-ideal of a ternary I'-semigroup T, then
VA is the smallest semiprime I-ideal of T containing A.

Proof: We have that VA is the intersection of all prime ternary I'-ideals containing A
inT.

Since intersection of prime ternary I-ideals is semiprime, we have VA is semiprime.
Further, let Q be any semiprime ternary I'-ideal containing A, i. e. A € Q. So VA €
VQ.

Since Q is semiprime, By theorem 5. 15, YQ = Q. Therefore VA S Q.

Hence VA is the smallest semiprime ternary I'-ideal of T containing A.

THEOREM 5. 18: If P is a prime ternary I-ideal of a ternary I'-semigroup T,
then V((PT)"'P) = P for all odd natural numbers n.

Proof: We use induction on n, to prove V((PT)"*P) = P. First we prove that VP = P.
Since P is a prime Ternary I'-ideal, PS VP € P = VP = P.

Assume that V((PT)**P) = P for odd natural number k such that 1 < k < n.

Now V((PT)***P) = V((PT)“*PIPIP) = V((PT)“*PNPNP) = V((PT)"*P)NVPNVP =VP
NVP NP =P NP NP =P. Therefore V((PT)“"'P) = P.

By induction v((PT)"*P) = P for all odd natural number n.

THEOREM 5. 19: In a ternary I'-semigroup T with identity there is a unique
maximal ternary T-ideal M such that V((MI)"*M = M for all odd natural
numbers n.

Proof: Since T contains identity, T is a globally idempotent ternary I'-semigroup.
Since M is a maximal ternary I'-ideal of T, by theorem 3. 15 M is prime.
By theorem 5. 18, v/((MI')"™*M = M for all odd natural numbers n.

Theorem 5. 20: If Ais a ternary I'-ideal of a ternary I'-semigroup T then \/K:{x

€ T: every m-system of T containing X meets A } i. e, JA =
{xeT:-M(X)NA=T}.

Proof: Suppose that x e JA . LetMbe an m-system containing x.
Then T\M is a prime ternary I'-ideal of Tand x ¢ TW. If M 1 A= & then A
T\M.

Since T\M is a prime ternary I'-ideal containing A, JA = T\M and hence x € T\M.
It is a contradiction. Therefore M(x)( VA = &. Hence xe xeT:M(X)NA=J .

Conversely suppose that x e xeT:M(X)NA=J .

Suppose if possible x ¢ ~/A . Then there exists a prime ternary I-ideal P containing A
such that x ¢ P. Now T\P is an m-system and x € T\P.

AcP=>TPNA=T=xg xeT:-MX)NA=D .
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It is a contradiction. Therefore x € /A. Thus VA = xeT:M XNA=D .

CONCLUSION:

In this paper we study about the prime ternary I'-ideals, completely prime ternary I'-
ideals, semiprime ternary I'-ideals and completely semiprime ternary I'-ideals, prime
'-radicals and generalize all these results in general ternary I'-semigroups.
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