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Abstract

In this paper, we consider the degenerate twisted tangent numbers and polynomials
associated with the p-adic integral on Z,. We also obtain some explicit formulas
for degenerate twisted tangent numbers and polynomials.
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1. Introduction

L. Carlitz introduced the degenerate Bernoulli polynomials (see [1]). Feng Qi et al. [2]
introduced the partially degenerate Bernoull polynomials of the first kind in p-adic field.
T. Kim studied the Barnes’ type multiple degenerate Bernoulli and Euler polynomials (see
[3]), Recently, Ryoo introduced the degenerate tangent numbers and tangent polynomials
(see [7]). In this paper, we introduce degenerate twisted tangent numbers 7}, (1) and
tangent polynomials 7, . (x, ). Let p be a fixed odd prime number. Throughout this
paper we use the following notations. By Z, we denote the ring of p-adic rational
integers, Q,, denotes the field of rational numbers, N denotes the set of natural numbers,
C denotes the complex number field, C,, denotes the completion of algebraic closure of
Qp, N denotes the set of natural numbers and Z; = N U {0}, and C denotes the set of
complex numbers.

Let v, be the normalized exponential valuation of C, with |p|, = p~r? = p~1.
When one talks of g-extension, g is considered in many ways such as an indeterminate, a
complex number g € C, or p-adic number g € C,. If g € C one normally assumes that
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1
lgl < 1.Ifq € C,, we normally assume that|g—1|, < p~ 7T sothatg™ = exp(x logq)
for |x|, < 1. For

g € UD(Z,) = {glg : Z, — C, is uniformly differentiable function},
the fermionic p-adic invariant integral on Z, is defined by Kim as follows:

N_1

p
I-1(g) = f gWdp1(x) = lim » g)(=D*,  (see[3).  (LD)
x=0

P

If we take g1 (x) = g(x + 1) in (1.1), then we see that

1_1(g1) + 1-1(g) = 2g(0), (see [3]). (1.2)

We recall that the classical Stirling numbers of the first kind Sy (n, k) and S>(n, k) are
defined by the relations (see [8])

(W) =D Siln, k)x* and x" =) Sr(n, k) ()i
k=0 k=0

respectively. Here (x), = x(x—1) - - - (x —n+1) denotes the falling factorial polynomial
of order n. We also have

Z S1(n, m)tn (e = D% 3 Syt = QUL )

m!
n=m

The generalized falling factorial (x|)1), with increment X is defined by

n—1

@l =[x = 2k) (14)
k=0
for positive integer n, with the convention (x|A)9 = 1. We also need the binomial
theorem: for a variable x,
(14 1) = Z(m)n . (1.5)

Let T = Uy>1Cpv = lim C,n, where Cpn = {g“l{p = 1} is the cyclic group of

N—o00
order pV. For ¢ € T,, we denote by ¢; : Z,, — C,, the locally constant function x ——>

¢*. For¢ € Ty, and g € C, with |1 — g, < 1, if we take g(x) = ¢ (x)(1 + A)>*/* in
(1.2), then we easily see that

2
cA4+ A2+ 17

11 (e (x)(1 4 At)>*/* = / G () (1 4+ A1) dp_y(x) =
Z,
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Let us define the degenerate tangent numbers 7,,(A) and polynomials 7, (x, 1) as follows:

2 s "
A+r)2 1 };0771(“5» (1.6)
x/A __ - ﬁ

Ryoo [6] defined the twisted tangent polynomials 7, . (x) by means of the generating
function

fz buw (T dp ()= Tn,;<x)f;. (1.8)
P n=0 ’

and their values at x = 0O are called the twisted tangent numbers and denoted 7, ..

Recently, many mathematicians have studied in the area of the g-analogues of the
degenerate Bernoulli umbers and polynomials, Euler numbers and polynomials, tangent
numbers and polynomials (see [1, 2, 3, 4, 5, 6, 8]). Our aim in this paper is to define de-
generate twisted tangent polynomials T), . (x, A). We investigate some properties which
are related to twisted tangent numbers 7}, (1) and polynomials 7}, . (x, A).

2. Degenerate twisted tangent polynomials

In this section, we introduce degenerate twisted tangent numbers and polynomials, and
1

we obtain explicit formulas for them. For¢ € T, andt, A € Z, suchthat |At], < p P71,
if we take g(x) = ¢ (x)(1 + A£)>/* in (1.2), then we easily see that

6 (1) (1 + A0 dpu_y (x) = 2
2, - A+ 2+ 1

Let us define the degenerate twisted tangent numbers 7, ; (1) and polynomials 7, - (x, 1)
as follows:

(o.@]

/Z ¢ (N1 + 1) dp_y(y) = Zm(x)%, 2.1)

n=0

o0 tn
fZ p G (A + AP gy (y) = ngom(x, et (2.2)
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Note that (1 + )Lt)l/’\ tends to ¢’ as A — 0. By (2.2) and (1.7), we note that

S n

lim 7, ¢ ( A)t li 2
m 7, ,A)— = lim
— 40 SR T ) (1 +A0)2/* 41

i y
=3 T 0.
’ |
=0 n:

(1 + ar)*/*

n

Thus, we get
lim 7, (v, 2) = Top (6), (n 2 0),

where T, ; (x) are the twisted tangent polynomials (see [6]). We note thatif { — 1, then
Tn.c(x, 1) = To(x, A) are the degenerate tangent polynomials.

From (2.2) and (1.5), we have

tn
nl - c(l+ a2+ 1

o0 m S [
- (Z Tm,;()»);?> <Z(XI)»)1%> 2.3)
AV

m=0

(0,0) n n tn
=2 (> Tz,;mw)n_,) ”
n=0 <1=0 (l) n!

(1 + ar)*/*

M2

7:!,{()(7 )")

n=0

Therefore, by (2.2) and (2.3), we obtain the following theorem.
Theorem 2.1. Forn > 0, we have
n
Tog(x. 1) = g (’Z)Tz,;u)(xM)n_z.

By (2.1) and (2.2), we obtain the following Witt’s formula.

Theorem 2.2. Forn € Z, we have

/Z P () 2x| M pdp—1(x) = Tnc (1),

/Z Gr (M) (x +2y[M)ndp—1(y) = Tu,c(x, X).
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From (2.1), we can derive the following recurrence relation:

0.¢] ln
2=+ + 1)) Tog(D)—

n=0

=c(1+ 1) T, (x)— + Z ;(m—

n=0
| o0

= (Z:(zmz’ Z ;<x>—>+2 ;(A)—
[=0

S M

= (Z (rl’)q(mm;_l,g(xw m)—,
[=0

n=0

2.4)

n

t
By comparing of the coefficients — on the both sides of (2.4), we have the following
n!
theorem.

Theorem 2.3. Forn € Z,, we have

noga %, ifn =0,
¢y ( Z)Tn_z,;wzm +Ta0) =1 ¢
=0 0 ifn £ 0.
By (2.2), we have
ZCT;(x+2 x)—+Z e (X, A)—
= x (14 a0+ (1 + ar)*/*
c(14 A2 41 c(1+ )% +1 (2.5)

= 2(1 4+ rr)*/*
o0 ln

= 22(:)(x|)»)na.
n=

n

t
By comparing of the coefficients — on the both sides of (2.5), we have the following
n!
theorem.

Theorem 2.4. Forn € Z, we have

CTne (X +2,0) + Toe(x, &) = 2(x|A),.
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By (1.1), we have

D (& T g @1, 2) + T e () —

m=0

] A 4 A2 gy (x) + (=1)" /Z cX (1420 dp_y (x)
4 4

n—1 (2.6)
=0

=2
00 n—1 £m
=> <2 Z(—l)”—l—lgl(zm)m) —
m=0 =0

t
By comparing of the coefficients — on the both sides of (2.6), we have the following
n!
theorem.

Theorem 2.5. For m € Z,, we have

n—1
" Tone @, 0) + T 0) =2 (=" @11,
1=0
By (2.2), we get

> " 2 .

z_:o 1( —X, )a:§_1(1_)\t)—2/x+1(1_)¥f) /A
2

— ( M)ZZ/A — (- At/ 2.7)

= Z( D" T (x +2, A)—
n=0
t”l
By comparing of the coefficients — on the both sides of (2.7), we have the following

n!
theorem.

Theorem 2.6. Forn € Z,, we have
Tme—1 (=%, =2) = (=1)"¢ T ¢ (x +2,2),

In particular,
Toe-1(=2) = (=D)"¢ T ¢ (2, 2),
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For d € N with d = 1(mod 2), we have

o0 I’l
> Tl 2 (1 + At)*/*
e T A+ 1
2 d—1
= /A 1\l 21/
= aa g DA es)
=0
o0 —
204+x A
— dn 1 l l :
(v (525))
tm
By comparing coefficients of — in the above equation, we obtain the following theorem:
m!

Theorem 2.7. Ford € N with d = 1(mod 2) and n € Z., we have

21 A
Ton (3, 7) = d"Z( D'e'T, ( ”,d).

In particular,

a1 20 A
_gn 1\l =~
Tmec(A) =d E ( 1)§7Z,gd<d,d)-

1=0
From (2.2), we have
i (x+y, A tn 2 (1 4+ ar)>+0/*
— Tn.e M T A 1

_ /2 /A
T (a2 4 (2074

= <i (5 ) ) (Z(ymnln.) =

n=0

n

=2 (Z ('Z)m(x, A)(ymn_l) =
n=0 \[/=0

Therefore, by (2.9), we obtain the following theorem.

Theorem 2.8. Forn € Z, we have

Tnc(x+y, ) = Z (7)77,;()6, MM n—t

=0
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eM— 1

From Theorem 2.8, we note that 7, ; (x) is a Sheffer sequence. By replacing ¢ by
in (2.2), we obtain

2
(ze’“ T+ 1) e

> M —1\" 1
Zﬁ,g(%“( . ) )

n=0
o0 o0 tm
=Y Tuc (e, AT Y Salm, A" — (2.10)
n=0 m=n m:
0 m l‘m
= Z (Z T (x, A)Am_”Sz(m,n)> —.
m=0 \n=0 m:

Thus, by (2.10) and (1.9), we have the following theorem.

Theorem 2.9. Forn € Z, we have

Tonc(x) =D A" " To o (x, 1) S2(m, n).
n=0

1/1

By replacing ¢ by log(1 4+ Af) /" in (1.9), we have

= 1 2
1me L X/
Z;Tn,g(x) (log(1 +20)/%)" — SR
"= N (2.11)
tm
=D Tnclx, 1) —.
m=0
and -
D Thc () (log(1 + an)'/*)” %
= ) (2.12)
=Y <Z T COX" S (m, n)) t—‘
m=0 \n=0 m:

Thus, by (2.11) and (2.12), we have the following theorem.

Theorem 2.10. Forn € Z,, we have

m

Toc( ) =D A" T (x)S1(m, n).
n=0

Letting ¢ — 1 in Theorem 2.10 gives the theorem

m

Ta(e, 1) = > X" " T (x)S1(m., ).

n=0
which was proved by Ryoo [7, Theorem 2.8].
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