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Abstract
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1. Introduction

Euler polynomials posses many interesting properties and arising in many areas of math-
ematics and physics. Many mathematicians have studied Euler numbers and Euler poly-
nomials (see [1, 3, 5, 7, 8, 9, 10]). We introduce the second kind generalized twisted
(h, g)-Euler numbers and polynomials. Throughout this paper we use the following
notations. By Z, we denote the ring of p-adic rational integers, Q denotes the field of
rational numbers, Q p» denotes the field of p-adic rational numbers, C denotes the com-
plex number field, and C,, denotes the completion of algebraic closure of Q,. Let v,
be the normalized exponential valuation of C,, with |p|, = p~»P) = p~! When one
talks of g-extension, ¢ is considered in many ways such as an indeterminate, a complex
number g € C, or p-adic number g € C,. If ¢ € C one normally assumes that |g| < 1.

1
If ¢ € C,, we normally assume that |¢ — 1|, < p~ »=T so that g* = exp(x loggq) for
|x|, < 1. For

g€ UD(Z,) = {glg : Z, — C, is uniformly differentiable function},
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the fermionic p-adic invariant integral on Z, is defined by

pN-1
I_1(g) = fxg(X)du—1(x) = /pg(X)du—1(x) = ngnoo ; g(x)(—=1)", see[2].
(1.1)
If we take g,(x) = g(x + n) in (1.1), then we see that
n—1
Ii(gn) = (=1)"I_1(@) +2 ) _(=1)"""g). (12)
=0

First, we introduce the second kind Euler numbers and Euler polynomials (see [4]). Ryoo
[4] investigated the zeros of the second kind Euler polynomials E, (x). The second kind
Euler numbers E,, are defined by the generating function:

Vl

Ft) = —— Z <D, (1.3)
+1 T 2

where we use the technique method notation by replacing E” by E, (n > 0) symbolically.
We consider the second kind Euler polynomials E, (x) as follows:

F(x, 1) = ( T 1) ZE (x)—. (1.4)

n
Note that E,,(x) = Z <Z> Ekx”_k. In the special case x = 0, we define E,(0) = E
k=0

In [7], we observed the zeros of the second kind g-Euler polynomials E, ,(x). The
second kind g-Euler numbers E,, , are defined by the generating function:

Fy(n) = e2’—|—1 Z na (1.5)

We consider the second kind g-Euler polynomials E, ,(x) as follows:

2
Fy(x, 1) = ( e2le-|- 1) Z E, q(x)_, (1.6)

We assume that b € Z. Let T, = Un>1Cpn = hm C,v, where C v {w|pr =1}

N—o0

is the cyclic group of order p". For w € T,, we denote by ¢, : Z, — C, the locally
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constant function x —> w*. In [8], we defined the second kind twisted (%, g)-Euler
numbers E) and polynomials E " (x).

n.g,w n,q,w
) S "
Fy o w s 1.7
wlt) = wqh62’ +1 X:: Yn! (1.7)
F(h) (x,1) = 2— ZE(h) (x)ﬁ (1.8)
wqe? + 1 W ) '

The purpose of this paper is to construct the second kind generalized twisted (4, g)-

Euler polynomials £ ,(lh))( ¢.w(*) attached to x and derive a new [-series which interpolates

the second kind generalized twisted (4, ¢)-Euler polynomials E,gh))( g.wX)-

2. The second kind generalized twisted (%, g)-Euler numbers
and polynomials

In this section, our goal is to give generating functions of the second kind generalized
(h, g)-Euler numbers and polynomials. These numbers will be used to prove the analytic
continuation of the [-series. Let ¢ be a complex number with |¢| < 1 and w be the p¥-th
root of unity. Let x be Dirichlet’s character with conductor d € N with d = 1 (mod 2).
Then the second kind generalized (%, ¢)-Euler numbers associated with associated with

X» E,gh))( q,w> are defined by the following generating function
ha ,2a+1)t
h) Z X(a)( Dfw?q"e EM
quw(t)_ _Z n,x.q,w | 2.1

wdghd g2di 3 1

We now consider the second kind generalized (%, g)-Euler polynomials associated with

E,(lh))( 7, w(X), are also defined by

a a ha ,2a+1)t o n
F(h) (x,t) = ( Z X(CZ)( D%w e )ext 2 :E(h) (.X)t— (2.2)
n!

X-q.w wdqhdezdz+1 A S Ea
n=

When y = XO, above (2.1) and (2.2) will become the corresponding definitions of the
second kind twisted (%, g)-Euler numbers E,(lh; » and polynomials E,(lh; w(see [6, 8]).
Since

Z X(a)( 1)awaqhae(2a+l)t .
wighde2di | ¢
d—1 2a+l+x d
2edze( )dt
_ _1\a,,a ,ha
= ;X(a)( 1) wq ( wdqhdezdt +1

d—1

> m a a 2a+1+4+x—d "
=Z(d Y @D WG E,, 4 wd( p ))%

m=0 a=0
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we have the following theorem.

Theorem 2.1. Let x be Dirichlet’s character with conductor d € N withd = 1 (mod 2).
Then we have

d—1

2a+14+x—d
D EM ) =d" > x(@ (=D *w'q"E,, 4a ( y ) :
a=0
! 2a+1—4d
@ E o =d" > x@(=D"w'q"E, 4 0 (T) ,
a=0
" n
(h) _ () —1
(3) En,x,q,w(x) - Z (l)El,X,q,wxn :
=0

For n € N with n = O(mod 2), we have

d—1 d—1
—2 Y020 x (@) (=D wghe et whd ghnd 2ndt | 23970 x (@) (—=Diwighaeati
wdghde2d! + 1 1 wlghdg2di 1 |

00 nd—1 m
=> (2 > x@(=)*wq" 2a + 1)’”) ;7

m=0 a=0

m

. . . . .
By comparing coefficients of — in the above equation, we have the following theorem:
m!

Theorem 2.2. Let x be Dirichlet’s character with conductor d € N with d = 1
(mod 2), n a positive even integer, and m € N. Then we have

nd—1
23 x@ D g Qa+1y" = —w"g"ED | nd)+EP,
a=0

Next, we introduce the second kind /-series and two variable [-series.

Definition 2.3. For s € C, define two variable [-series as

00 m m  hm
(=D" x(m)w™q

1M (s, =2 .
g.w (8> X1%) n;) Qm+1+x)8
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By using (2.2), we easily see that

2 Zz;(l) X (a)(_l)awaqhae(Za-i-l)t

F)E}’l‘)f’w(x’ B = wdghdg2di 1 !
-1 o
=2 Z K(@)(= 1) gha et i+ Z(_l)lwldqlhdeza’lt
a=0 =0
d—1 oo
=2 Z Z (@) (— 1)@l yyatdl ghlatdD) Qa1 +xtdly
a=0 [=0

(o¢]
— 2 Z X (m)(_l)mwmqhme(2m+l+x)t’

m=0

Then we have

oo
(%)k Flywtenl =23 xmD"w"g"@n+1+0%  @23)
t=0 n=0
and
d k [ oo " " o
(E) (’12:(:) En,x,q,w(x)a) ‘t:O =E; g, fork e N. (2.4)

By (2.3), (2.4), we have the following theorem.
Theorem 2.4. For any positive integer k, we have
Ef) g0 @ =150 (=k, X0

Definition 2.5. For s € C, define [-series as

x m m ,hm
(=D"x(m)w™q
1M =2 .
a1 10 n;) Q2m + 1)s

By simple calculation, we have the following theorem.

Theorem 2.6. For any positive integer k, we have

h ()
l;’&)(_k | X) - Ek,x’qﬂy'

3. Witt-type formulae on Z, in p-adic number field

Our primary aim in this section is to obtain the Witt-type formulae of the second

kind generalized twisted (/, g)-Euler numbers E,(lh))( ¢,w and polynomials E,Sh))( g.wX)
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attached to x. We assume that ¢ € C, with |g — 1|, < 1. Let x be the primi-
tive Dirichlet character with conductor d € N with d = 1(mod 2) and w € T,. Let

g(0) = x (M uw (y)g" e T By (1.1), we derive

I (x(y)¢w(y)qhye(2y+l+x)’> = /Xx(y)¢w(y)qhye(zy“”)’du_l(y)

222;(1) X(a)(_l)awaqhae(Za—l—l)t
- wdghdg2di 3

S t"
=2 Eiqu®)
n=0 :

Xt

(3.1)

By using Taylor series of ¢’ 7177 in the above equation (3.1), we obtain
o0 " o n
> ([ XMbw (g™ 2y +1+ x)”du_l(y)) pri > Ef(l},l))(,q,w(x);'
n=0 X ' n=0 ’

. . ", . .
By comparing coefficients of — in the above equation, we have the Witt formula for the

n!
second kind generalized twisted (4, g)- Euler polynomials attached to x as follows:

Theorem 3.1. For positive integers n, w € T), and h € Z, we have

E) quw®) =/Xx(y)¢w(y)qhy(2y+1+x)"du_1(y)- (3.2)

Observe that for x = 0, the equation (3.2) reduces to (3.3).

Corollary 3.2. For positive integers n, w € T, and h € Z, we have

E) g = /Xx(y)cbw(y)qhy(Zy + D'dp—1(y). (3.3)

By (3.1) and (1.2), we have the following theorem:

Theorem 3.3. For positive integers n, w € T, and h € Z, we have

nd—1
wndqhndE,(,ﬁ)X,q,w(znd) _ (_1)nE15jl,)x,q,w -2 Z (_l)n—l—lx(l)wlth(ZZ +1ym,
=0
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