Global Journal of Pure and Applied Mathematics.

ISSN 0973-1768 Volume 11, Number 6 (2015), pp. 4161-4168
© Research India Publications
http://www.ripublication.com/gjpam.htm

Some identities of degenerating Boole polynomials

Jongkyum Kwon

Department of Mathematics,
Kyungpook National University,
Taegu, 702-701, Republic of Korea.
E-mail: mathkjk26 @naver.com

Abstract

The Boole polynomial plays an important role in the area of number theory, algebra
and umbral calculus. In this paper, we investigate a new and interesting identites
of degenerate Boole polynomial which is derived the symmetry properties of the
p-adic fermionic intergrals on Z,,.
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1. Introduction

Let p be an odd prime number. Z,, Q, and C, will denote the ring of p-adic integers,
the field of p-adic numbers and the completion of algebraic closure of Q,. The p-adic

1
norm | - |, is normalized by |p|, = —. If ¢ € C, one normally assumes that |g]| < 1.

Let C(Zp) be the space of continuous function on Z,. For f € C(Z,), the fermionic
p-adic integral on Z,, is defined by Kim to be

pN-1
1-1(f) =/Z Fx)dp—1(x) =1\}EIIOO Z FE)(=D7, (see [11]). (1.1)
P x=0
Let f1(x) = f(x 4+ 1). Then, by (1.1), we get

L (f) + 1-1(f) = 2£(0), (see [3,7-12]). (1.2)
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Itis well known that the Euler polynomials of order k(€ N) are given by the generating
function to be

2 k t 00 n
Xt Gy )
<et+1) ¢ = E_OEH (). (see [1-4,14]). (1.3)

When £k = 1, E,(x) = E,(ll)(x) are called the ordinary Euler polynomials, and in
particular, if x = 0, E,, = E,(0) are called the Euler numbers.

The Changhee polynomials are defined by D. S. Kim et al which is given by the
generating function to be

t+2

L(l + 1)t = ’;)Chn(x)g, (see [6]). (1.4)

When x = 0, Ch,, = Ch,(0) are called the Changhee numbers.
The Stirling number of the first kind is defined by

@ =x(x—=1--@x—n+1) =Y S Dx, (n=0), (see[13]).
=0

and the Stirling numbers of the second kind is defined by
t n __
(€ —1)"=n)" 5, m, (see s, 7).
l=n
The Boole polynomials are defined by the generating function to be

= " 1 N
r;Bln(xM); = m(] +t) y (see [15,16])

When A =1, 2Bl,(x|1) = Ch,(x) are the Changhee polynomials.
Let us take f(x) = e'*. Then, by (1.2), we get

2 >
Tdu_(x) = =Y E,—. 1.5
/Ze poa () == =) B (1.5)

P n=0

From (1.5), we have

2 > "
G (y) = =N "E,(x)—. 1.6
/Z,,e no1(v) = e 2:(3) (0~ (1.6)

Thus, by comparing the coefficients on the both sides of (1.6), we get

f x4+ »'du_1(y) = E,(x), where n € NU {0}. (1.7)
ZP
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Now, we define the degenerate Boole numbers as follows:

1

1 > t"
— (1 +log(1 +g0)71)" =) Blyg(xlh)—.  (1.8)
1+ (1 + log(1 + gt)7)* =0 "

Note that lirrb Bl 4(x|A) = Bl,(x|A).
q—)

In this paper, we investigate identities of symmetry for the degenerate Boole poly-
nomials which are derived from the symmetric properties of the p-adic integral on Z,.

2. Identities of symmetry for degenerate Boole polynomials

1

In this section, we assume that t € C, with [t[, < p »~T and A € Z,. Let us take
1

f(x) = (1 +log(1l + gt)7)**. From (1.2), we have

2

/ (1 +1log(1 —I—qt)i)kxdli—l(x) = 1
Z, 1+ (1 +log(1 +g0)®)* 2.1)

n

> t
- E 2Bln,q()\)_'7
n!
n=0

where B, ,(0|A) = Bl, 4(A) are called the degenerate Boole numbers.
By (2.1), it is easy to show that
1 xX+A 2 1 X
(1 +1log(1 +gt))) " du—1(y) = — ((1 +log(1 +gt)7)".
Zp 14 (1 +log(1 4 g1)7)>*

(2.2)
By (1.6) and (2.2), we get

m

Z (x + A)ndp—1(y)S1(m, n)g" ™" = 2Bl, 4(x|1), where n € ZU{0}. (2.3)
n=0 Zp

1
and by replacing ¢ by —(eqz’ — 1) in (1.8), we get
q

isz () (e — 1y (1 +q0)°
n,qg (X —(e? " — —_—=
4 p A1+ (g 1
n=0
(2.4)
0 nen
q't
=Y 2Bl,(x]0) .
n!
n=0
By (2.3) and (2.4), we get
m
Blu(x|1) = > Bly 4 (x|2)g" " S2(m, n) (2.5)

n=0
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2Bl g (x12) = g" Y E()0"Si(m. ). (2.6)
n=0
where m € Z U {0}.

Let wy, wy € N with w; =1 (mod 2),w; = 1 (mod 2).
Then, by(1.1), we see that

1 .
f (1+log(1 +g0) )" 2T 00y (y)
Z[’

pN-1
T Lowiw x+waj+wry y
= lim Y7 (14 log(1 +qnyn)" 2 e () @7
y=0
wy—1 pN—1 .
= i g )Wrw2x+wa j+wi+way) (_1yitway
Jim Z > +1log(l +g)1) (-1)
i=0 y=0
From (2.5), we have
wi—1 |
> (=1 f (1+log(1 + gr)ya)" 1> HU2ITW gy (y)
i=0 Zp
wi—1 wy—1 pN—l 1 (2-8)
= lim 3 37 3 (=D log(1 4 grys) "R
j=0 i=0 y=0
By the same method as (2.6), we get
wz—l . 1 .
S [ o1+ gty )
j=0 Zp 5
wr—1 wi—1 pV—1 | ( 9)
= Bim 33T (<D log(l gy s
j=0 i=0 y=0
Therefore, by (2.6) and (2.7), we obtain the following theorem.
Theorem 2.1. For w;, wy € N with w; = 1 (mod 2),w; = 1 (mod 2), we have
wi—1 . X .
>0 [t gy )
, Z
=0 p
R (2.10)

=Y 1 /Z (14 log(1 4 gy )"+ w2rgy_(y).
j=0 ’
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Corollary 2.2. Forn > 0, wy, wy € Nwith w; =1 (mod 2),w, = 1 (mod 2), we have
wi—1
> (=1 / (wiwax + waj + wiy)adp—1(y)
i=0 Zp
ot (2.11)

= E (—I)J / (wiwax +wij + way)pdpu—1(y).
: 7
]:0 p

Now, we observe that

1 .
/ (1 +log(1 + gt)a )12 +w+wayg | (y)
Z[’

2 .
- (1 + log(1 + o))" w2+
14+ (1 +log(1+ gt)a)w?

(2.12)

n

o0
. t
= Z2Bln,q(w1w2x + wl]lwz);
n=0 )

Thus, by (2.10), we get

wi—1

> (=1 / (14 log(1 + qr)7)Preasuai+wy g, ()
i=0 Zyp
e ) (2.13)

00
. t
= E (2 E (—1)’Bln,q(w1w2x+wu'|w2))a-
n=0 j=0

and

wi—1

> (=1 / (14 log(1 + g1y 1)1 H02i T2y (y)
- A
=0 ' (2.14)

oo wy—1

= Z( Z (_l)j /Zp(wlwzx +wij+ w2y)ndﬂ—l()7)i7!-

n=0 j=0
From (2.11) and (2.12), we have

wr—1

2 Y (1) Bly g (wiwax + w1 j|w2))
j=0
wor—1

= Y (=17 [ (wiwax 4+ wij + way)adp_1(y).
; Z
J=0 p

(2.15)



6 Jongkyum Kwon

and

wi—1

2> " (=1)) Bly g (wiwax 4wy jlw))
j=0
wi—1

=Y (—U/’f (wiwax + waj + wiy)adp—1(y).
; Z
J=0 4

(2.16)

Therefore, by Corollary 2.2, (2.13) and (2.14), we obtain the following theorem.

Theorem 2.3. Forn > 0, wi, wy € N with w; = 1 (mod 2),w, = 1 (mod 2), we have

wi—1

Y (=1) Bly g (wiwax + wyjlwy))
j=0

. (2.17)
= Y (=1)) Bly g(wiwax + wy j|wy))
j=0
Now, we observe that
wi—1 . . .
> =1y / (1 +1log(1 4 gr)a)"r>*+w2IFWdy 4 (y)
j=0 Zr
wi—1 00
. _ 11 o,
=D DY wiwax +waj + wiy)mdpi (y)— == (log(1 + 1)
=0 m=0"Lp m-q
wi—1 00 00 ( t)"
= Y"1 Y Bly(wiwax + wajlwg™ Y Si(n,m)-
=0 m=0 n=m n:
oo fwi—1 n ()"
= Y (=17 Y Bly(wiwax + wajlw)g" " Si(n,m) | —-.
n=0 \ j=0 m=0 n
(2.18)
By the same method of (2.18), we get
w2l . 1 .
> (=1 / (1 +log(1 +qr)a)" "> FWIFw2dp ()
j=0 Zr
o [ (2.19)
'~ . _ ()"
=Y D =D Y Blu(wiwax + wi jlwa)g" " Si(n, m) | —-.
n.

n=0 j=0 m=0

Therefore, by Theorem 2.1, (2.18)and (2.19), we obtain the following theorem.
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Theorem 2.4. Forn > 0, wi, wy € N with w; = 1 (mod 2),w; = 1 (mod 2), we have

wi—1

Z( 1)/ ZBZ (wiwax + w2 jlwi)g" " S1(n, m)
=0 m=0
wr—1

= Z( 1)/ Z Bl (wiwax 4wy jlwa)g" ™" S1(n, m).

m=0

(2.20)

Note that

Bl (wiwax + wajlwi)

=/ (wiwax +w2j + wiy)mdpu—1(y)
z

14

_ZSl(m l)f (wiwax 4+ waj + wiy)du_1(y)
— 2.21)

Ms

S1(m, l)w1/ (wax + —] +wldu_1(y)
=0

3

wy
=Y Si1(m, hw' Ej(wox + — -
1
=0

Hence by (2.21), we obtain the following theorem.

Theorem 2.5. Forn > 0, wi, wy € N with w; = 1 (mod 2),w, = 1 (mod 2), we have

wi—1 n
D=1y Z S10m, )S1(n, m)qg" " w} Ey(wx + —1)
/=0 . m=01=0 (2.22)
Z( 1)/ Z Zsl(m D)Si(n, m)g" " wh Ey(wix + —])
m=0 [=0
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