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Abstract. 

 

In this paper, we study the semidiscrete approximation for the following 

initial-boundary value problem 

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where p1, 0 and  ),,()( 1 llCxf   symmetric and nondecreasing on the 

interval   ,1)(0,0,  xfl  0)(,0)(  lflf  and 
2

1
l . We determine the 

critical value of a semidiscrete form of above problem. We also show that the 

semidiscrete quenching time in certain cases converges to the real one when 

the mesh size tends to zero. Finally, we give some numerical experiments to 

illustrate our analysis. 
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I. INTRODUCTION 

We consider the following initial-boundary value problem 

,0,,)),(1)((),(),(   tlxltxuxftxutxu p

xxt              (1) 

,0,0),(,0),(  ttlutlu            (2) 

,,0)()0,( 0 lxlxuxu              (3) 
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where p1, 0 and  ),,()( 1 llCxf   symmetric and nondecreasing on the interval 

 ,0,l  
2

1
,0)(,0)(,1)(0  llflfxf  and )(0 xu  is a function which is bounded and 

symmetric. In addition, )(0 xu  is nondecreasing on the interval  0,l  and 

 .,0))(1)(()( 00 llonxuxfxu p    

 

Definition 1.1 We say that the classical solution u  of (1)-(3) quenches in a finite time 

if there exists a finite time qT  such that 1)(., 


tu  for  qTt ,0  but 1)(.,lim 
 tu

qTt , 

where .),(max)(., txutu lxl 
  The time qT  is called the quenching time of the 

solution u . 

The problem (1)-(3) models the dynamic deflection of an elastic membrane in a 

simple electrostatic Micro-Electromechanical System (MEMS) device. The parameter 

 characterizes the relative strengh of the electrostatic and mechanical forces in the 

system and is given in terms of applied voltage. The function f(x) represent the 

varying dielectric permittivity profile(properties of the membrane) and u, the 

deflection of the membrane. Typically a Micro-Electromechanical System(MEMS) 

device consists of an elastic membrane held at a constant voltage and suspended 

above a rigid ground plate placed in series with a fixed voltage source. The voltage 

difference causes a deflection of the membrane, which in turn generates an elastic 

field in the region between the plate and the membrane. An important nonlinear 

phenomenon in electrostatically deflected membranes in the so called "pull-in" 

instability. For moderate voltages, the system is in the stable operation regime: the 

membrane approaches a steady state and remains separate from the ground plate. 

When the voltage is increased beyond a critical-value, there is no longer an 

equilibrium configuration of the membrane. As a result, the membrane collapses onto 

the ground plate. This phenomenon is also known as "touchdown" or quenching. The 

critical value of the voltage required for touchdown to occur is termed the pull-in 

value. (see [24], [25] and the references therein). MEMS technology find applications 

in the general domains such as automotive domain(airbag systems), consumer 

domain(computer peripherals), industrial domain(earthquake detection and gas 

shutoff), military(equipment for soldiers) and biotechnology(microsystems for high 

throughput drug screening and selection). 

The theoretical analysis of quenching solutions for parabolic equations has been 

investigated by many authors (see [3], [6], [9], [11], [12],[13], [16], [17], [26] and the 

references cited therein). Local in time existence and the uniqueness of a classical 

solution have been proved. In particular, in [13], the authors have considered the 

problem (1)-(3) on a bounded domain  of N  with p=2. They have shown that there 

exists a positive number * such that if >* then any solution of (1)-(3) quenches in 

a finite time whereas if <* any solution of (1)-(3) exists globally. The number * is 

called the critical value of the problem (1)-(3). In this paper, we are interesting in the 

numerical study of the critical value, using a semidiscrete form of the problem (1)-(3). 

Firstly, we show that the above problem possesses a critical value *. In the case 

where the quenching occurs, we show that the semidiscrete quenching time converges 
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to the real one when the mesh size goes to zero. One may find in [2], [20]-[22], some 

results concerning the numerical approximations of quenching time. 

The present paper is organized as follows. In the next section, we give some lemmas 

which will be used throughout the paper. In third section, we show the existence of 

the critical value. In the fourth section, we prove that in the case where quenching 

occurs, the semidiscrete quenching time converges to real one when the mesh size 

goes to zero. Finally, in the last section, we give some numerical results to illustrate 

our analysis. 

 

 

II. PROPERTIES OF THE SEMIDISCRETE SCHEME 

In this section, we give some lemmas which will be used throughout the paper. Let us 

begin with the construction of a semidiscrete scheme. Let I be a positive integer, and 

consider the grid xi=-l+ih, 0iI, where h=2l/I. We approximate the solution u of (1)-

(3) by the solution Uh(t)=(U0(t),U1(t),...,UI(t))
T
 of the following semidiscrete 

equations 

 ,,0,11,))(1()(
)( 2 h

q

p

iii
i TtIitUbtU

dt

tdU
              (4) 

 ,,0,0)(,0)(0
h

qI TttUtU             (5) 

,0,0)0( IiU ii              (6) 

where bi is an approximation of f(xi), 0iI, b0=0, bI=0, 0<bi1, 1iI-1 and bI-i=bi, 

1iI-1, , 0 
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2

1 









I
Ei  










2

I
E is the integer part of the number 

2
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  Ii
h

tUtUtU
tU iii

i  ,0,0,,0,00  
 iiiII Ii   

.,1
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0 1

h

I
Ei ii

i


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






   

Here, (0,
h

qT ) is the maximal time interval on which 1)( 


tUh where 

.)(max)( 0 tUtU iIih 
  

When the time 
h

qT  is finite, then we say that the solution Uh(t) of (4)-(6) quenches in a 

finite time, and the time 
h

qT  is called the quenching time of the solution Uh(t). 

The following lemma is a semidiscrete form of the maximum principle. 

 

Lemma 2.1 Let   10 ,,0)(  I
h TCt  and let   11 ,,0)(  I

h TCtV  be such that 

 ,,0,11,0)()()(
)( 2 TtIitVttV

dt

tdV
iii

i                                             (7) 

 ,,,0)(,0)(0 TOttVtV I                                                           (8) 

.0,0)0( IiVi                                                           (9) 

Then 0)( tVi , Ii 0 ,  Tt ,0 . 
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Proof. Let TT 0  and introduce the vector )()( tVetZ h
t

h
  where  is such that 

  .0,,00 )( 0 IiTtforti   

Let ).(min
00,0 tZm iTtIi   

For  Ii ,,0  , the function )(tZi  is continue on the compact  0,0 T . Then there exists 

 Ii ,,00   and  00 ,0 Tt  such that )( 00
tZm i . 

If 00 i  or Ii 0 , then 0m . If  1,,10  Ii  , we observe that 

,0
)()(

lim
)( 00

0

0 000 

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k

ktZtZ

dt

tdZ ii

k

i           (10) 

.0
)()(2)(

)(
2

01001

0
2 000

0







h

tZtZtZ
tZ

iii

i            (11) 

Due to (7), a straightforward computation reveals that 

0)())(()(
)(

000
20

000

0  tZttZ
dt

tdZ
iii

i
 .          (12) 

It follows from (10)-(11) that 0)())(( 00 00
 tZt ii   which implies that 0)( 00

tZi  

because 0)( 00
 ti . We deduce that 0)( tVh for  0,0 Tt  and the proof is complete. 

Another form of the maximum principle for semidiscrete equations is the comparison 

lemma below. 

 

Lemma 2.2 Let   ,0Cg . If   11 ,,0)(),(  I
hh TCtWtV  are such that 


dt

tdW
ttVgtV

dt

tdV i
ii

i )(
)),(()(

)( 2  ,,0,11),),(()(2 TtIittWgtW ii             (13) 

 ,,0),()(),()( 00 TttWtVtWtV II            (14) 

,0),0()0( IiWV ii            (15) 

then )()( tWtV ii  , Ii 0 ,  Tt ,0 . 

 

Proof. Let )()()( tVtWtZ hhh   and let t0 be the first 0t  such that 0)( tZi  for 

  ,0,,0 0 Iitt  but 0)( 00
tZi  for a certain  Ii ,,00  . 

If 00 i or Ii 0 , we have a contradiction because of (14). If  1,,10  Ii  , we obtain 

,0
)()(
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)( 00

0

0 000 


 
k

ktZtZ

dt

tdZ ii

k

i  and ,0
)()(2)(

)(
2

01001

0
2 000

0







h

tZtZtZ
tZ

iii

i  

which implies that .0)),(()),(()(
)(

00000
20

000

0  ttVgttWgtZ
dt

tdZ
iii

i
  

This inequality contradicts (13) which ends the proof. 

The next lemma shows that when i is between 1 and I-1, then )(tU i is positive where 

)(tUh is the solution of the semidiscrete problem. 

 

Lemma 2.3 Let )(tUh  be the solution of (4)-(6). Then, we have 

 h
qi TtIifortU ,0,110)(  . 
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Proof. Assume that there exists a time  h
qTt ,00   such that 0)( 00

tUi  for a certain 

 1,,10  Ii  . We observe that 

,0
)()(

lim
)( 00

0

0 000 


 
k

ktUtU

dt

tdU ii

k

i           (16) 

,0
)()(2)(

)(
2

01001

0
2 000

0







h

tUtUtU
tU
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which implies that 

.0))(1()(
)(

00
20

000

0   p
iii

i
tUbtU

dt

tdU
           (18) 

But this contradicts (4). 

 

Lemma 2.4 Let )(tUh  be the solution of (4)-(6). Then, we have 

 h
q

i TtIifor
dt

tdU
,0,110

)(
 .          (19) 

 

Proof. Setting 
dt

tdU
tW i

i

)(
)(  , 11  Ii , it is not hard to see that 

),())(1()(
)( 12 tWtUpbtW

dt

tdW
i

p
iii

i    

 ,,0,11 h
qTtIi            (20) 

 ,,0,0)(,0)(0
h

qI TttWtW            (21) 

.11,0)0(  IiWi           (22) 

Let t0 be the first 0t  such that 0)( 00
tWi  for a certain  1,,10  Ii  . Without loss of 

generality, we may suppose that i0 is the smallest integer which ensures the equality. 

We get 

,0
)()(

lim
)( 00

0

0 000 


 
k

ktWtW

dt

tdW ii

k

i           (23) 

,0
)()(2)(

)(
2

01001

0
2 000

0







h

tWtWtW
tW

iii

i            (24) 

which guarantees that 

.0)())(1()(
)(

0
1

00
20

0000

0   tWtUpbtW
dt

tdW
i

p
iii

i
           (25) 

Therefore, we have a contradiction because of (20). 

The following lemma reveals that the solution )(tUh  of the semidiscrete problem is 

symmetric and )(tU i
  is positive when i  is between 1 and 1

2








 I
E . 

 

Lemma 2.5 Let )(tUh  be the solution of (4)-(6). Then, we have for  h
qTt ,0  

.1
2

0,0)(,0),()( 







 



I
EitUIitUtU iiiI            (26) 
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Proof. Consider the vector )(tVh  defined as follows )()( tUtV iIi   for Ii 0 . 

For i=0, we have ,0)()()( 00   tUtUtV II  and i=I, we also have 

.0)()()( 0   tUtUtV III  For  1,,1  Ii  , it follows that 

,))(1()(
)( 2 p

iIiIiI
iI tUbtU

dt

tdU 


     .,0,11 h
qTtIi   

If we replace )(tU iI  by )(tVi  and use the fact that ),()( tbtb iiI   we obtain 

,))(1()(
)( 2 p

iii
i tVbtV

dt

tdV     ,,0,11 h
qTtIi   which implies that )(tVh  is a 

solution of (4)-(6). 

Define the vector )(tWh  such that ).()()( tVtUtW hhh   

It is not hard to see that there exists  iii VU ,  such that 

,0))(1()(
)( 12  

i
p

iii
i WtbptW

dt

tdW
  ,,0,11 h

qTtIi   

 ,,0,0)(,0)(0
h

qI TttWtW   .0,0)0( IiWi   

From Lemma 2.1, it follows that  ,,0,00)( h
qi TtIifortW   which implies that 

).()( tUtV hh   

Now, define the vector )(tZh such that ,1
2

0,0)()()( 1 







 

I
EitUtUtZ iii  and let t0 

be the first 0t  such that 0)( tZi for  0,0 tt  but 0)( 00
tZi . Without loss of the 

generality, we assume that i0 is the smallest integer such that 0)( 00
tZi . 

If ,00 i  then we have 0)()( 0001  tUtU , which is a contradiction because from Lemma 

2.3, .0)( 01 tU
 

If ,2
2

,...,10 









I
Ei  we have ,1

2
1,0

)()(
lim

)(
0

00

0

0 000 










 

I
Ei

k

ktZtZ

dt

tdZ ii

k

i         (27) 

and ,0
)()(2)(

)(
2

01001

0
2 000

0







h

tZtZtZ
tZ

iii

i  which implies that 

,0))(1())(1()(
)(

00110
20

00000

0  


p
ii

p
iii

i
tUbtUbtZ

dt

tdZ
  

But this contradicts (4). 

If ,1
2

0 









I
Ei  we have ).()()( 0

1
2

0
1

2

020
tUtUtU I

EI
I

E
i

















   

- If I is even then ),()()( 00
1

2

02 00
tUtUtU iI

E
i 








  which implies that 

.0
)())((

)(
2

01

2

01

0
2 000

0







h

tZ

h

tUU
tZ

iii

i  

- If I is odd then ),()()()( 010
1

2

10
1

2

102 00
tUtUtUtU iI

E
I

EI
i 








 







 


   which leads to 

.0
)())((

)(
2

01

2

01

0
2 000

0







h

tZ

h

tUU
tZ

iii

i  
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It is easy to see that ,0))(1())(1()(
)(

00110
20

00000

0  


p
ii

p
iii

i
tUbtUbtZ

dt

tdZ
  which 

contradicts (4). This ends the proof. 

The following lemma is the discrete version of the Green's formula. 

 

Lemma 2.6 Let hU , 1 I
hV  be two vectors such that 

.0,0,0,0 00  II VVUU Then, we have 

.

1

1

2
1

1

2 










I

i

ii

I

i

ii UhVVhU            (28) 

 

Proof. A routine calculation yields ,101011
1

1

2
1

1

2

h

VUUVVUUV
UhVVhU IIII

I

i

ii

I

i

ii


 









   

and using the assumptions of the lemma, we obtain the desired result. Now, let us 

state a result on the operator .2  

 

Lemma 2.7 Let 1 I
hU  be such that 1

hU and let p be a positive constant. Then, 

we have .11)1()1( 212   IiforUUpU i
p

i
p

i   

 

Proof. Using Taylor's expansion, we get 

22
12

212 )1()(
2

)1(
)1()1( 


 


 p

iiii
p

i
p

i UU
h

pp
UUpU  ,11)1()(

2

)1( 22
12




 
 IiifUU

h

pp p
iii   

where i is an intermediate value between 1iU and iU and i  the one between iU  and 

1iU . The result follows taking into account the fact that .1
hU  

To end this section, let us give another property of the operator .2  

 

Lemma 2.8 Let hU , 1 I
hV . If )29(.11,0)()(0)()(   IiVUandVU iiii   

Then ,11),()()( 222  IiUVVUVU iiiiii   where .)()( 11

h
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i
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



    

 

Proof. A straightforward computation yields 1111
22 2)(   iiiiiiii VUVUVUVUh   

)()())(( 1111 iiiiiiiiii VVUUUVVVUU   )())((2 111 iiiiiiiiiii UUVVVUUVUVU    

,11,)( 1   IiVUVVU iiiii  which implies that )()()()()()( 22
iiiiiiii VUVUVUVU     

.11),(2  IiUV ii  Using (29), we obtain the desired result. 

 

 

III. NUMERICAL CRITICAL VALUE 

In this section, we determine the critical value of the problem (4)-(6). The theorem 

below, shows that the solution )(tUh  of (4)-(6) quenches in a finite time for  

sufficiently large. 

 



4126  Diabate Nabongo et al 

Theorem 3.1 Suppose that 
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h
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p
  with .
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2h

h
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



  Then the solution 

)(tUh  of (4)-(6) quenches in a finite time h
qT which is estimated as follows 
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Proof. Let  h
qT,0  be the maximal time interval on which 1

hU . Our aim is to show 

that h
qT  is finite and satisfies the above inequality. From (4), we observe that 
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Take the derivative of v  with respect to t and use (4) to obtain 
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We observe that ).sin()sin(2 hihi h    From the above equality and Lemma 2.6, we 
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By a routine calculation, we find that 
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 equals one. Due to the 

Jensen's Inequality, we get .))(1()()( 1
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It is not hard to see that ptvtv ))(1)((   is bounded from above by 

110
)1(

)1(sup





p

p
p

s
p

p
ss . We deduce that ,))(1)(

)1(
()(

11
p

p

p
h tv

p

p
btv 








  which 

implies that .)
)1(

())(1(
11 dt

p

p
bdvtv

p

p
hp





  

Integrating this inequality over  h
wT,0 , we find .
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 Hence, h

qT  is finite and the proof is 

complete. 
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Theorem 3.2 Let )(tUh  be the solution of (4)-(6). Then, we have .
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Proof. Let i0 be such that 


 )()(
0

tUtU hi and .1)(

2

0









 I
E

i btb  We observe that 

,0
)()(2)(

)(
2

112 000

0







h

tUtUtU
tU

iii

i  which implies that ,))(1(
)(

0

0 p
i

i
tU

dt

tdU
  that is to 

say .)())(1(
00

dttdUtU i
p

i   

Integrating this inequality over  h
qT,0 , we get .
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Remark 3.1 Theorems 3.1 and 3.2 show that for  large enough, then the 

semidiscrete solution quenches in a finite time h

qT  which is bounded from above and 

below. To obtain the lower bound of the semidiscrete quenching time h

qT , we 

consider the following differential equation 
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The function )(t  quenches in a finite time .
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The following result shows that the solution of the semidiscrete problem exists 

globally for  sufficiently small. 

 

Theorem 3.3 If 
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Setting )()( tUtZ hhh  , we find that ,0)())(1()(
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This implies that h

qT  and the proof is complete. 

 

Theorem 3.4 Assume that there exists two positive numbers 1 and 2 such that 1  

2. Then we have 21 

hh UU   for  *,0 h
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Proof. Introduce the vector ).()()( 12 tUtUtZ hhh
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  A direct calculation yields 
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Theorem 3.5 Assume that the solution )(tUh of (4)-(6) exists globally and is bounded. 

Then )(tUh  goes to hW  as t approaches infinity where hW is a stationary solution of (4)-

(6). 

 

Proof. Introduce the vector )(tvh such that 
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From Lemma, )(tU j  is strictly increasing therefore )(tvi is also strictly increasing. On 

the other hand, the last term in the right hand side (30) is bounded. Hence, we may 

conclude that 
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tdvi )(
 goes to zero as t approaches infinity. 
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complete. 

 

 

IV. CONVERGENCE OF SEMIDISCRETE QUENCHING TIMES 

In this section, we show that under some assumptions, the solution )(tUh of (4)-(6) 

quenches in a finite time and its quenching time converges to the real one when the 

mesh size goes to zero. 

The following theorem reveals that )(tUh quenches when  is sufficiently large. 

 

Theorem 4.1 Suppose that 
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Proof. Since  h
qT,0  is the maximal time interval on which .)( 


tUh  Our aim is to 

show that h
qT is finite and satisfies the above inequality. Introduce the function 

)(tJh defined as follows ,0,)1( IiUc
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Taking into account (4), we arrive at 11,)1( 12   IiJUpbJ
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Integrating the above inequality over  h
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This implies that h

qT is finite and we have the desired result. 

 

Remark 4.1 Integrating the above inequality over  ,,0 h
qT  and using the fact that 
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In the following theorem, under adequate hypotheses, we show the convergence of the 

semidiscrete quenching time to the theoretical one when the mesh size goes to zero. 

We denote by   ,),(),..,,()( 0
T

Ih txutxutu    ,)(),..,( 0
T

Ih xjxff     .,..,0

T

Ih bbb   

In order to prove this result, firstly, we need the following theorem. 

 

Theorem 4.2 Assume that (1)-(3) has a solution    ),0,(1,4  TllCu  such that 

  1)(.,sup ,0 
  tuTt  with  .,0 T  Suppose that the initial datum at (6) and the 

varying dielectric permittivity profile at (4) satisfy respectively 
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hasofbandou hhhh           (31) 

Then, for h sufficiently small, the problem (4)-(6) has a unique solution 
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Proof. Let K>0, L>0 and M>0 such that 
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The problem (4)-(6) has for each h, a unique solution   ),,0( 11  Ih
qh TCu . Let 
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qTTht ,min)(   be the greatest value of t>0. There exists a positive real  (with 

<<1) such that 

2
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From (31), we deduce that t(h)>0 for h sufficiently small. By the triangle inequality, 

we obtain  ,)(,0)()()(.,)( httfortutUtutU hhh 
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 which implies that 
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Let )()()( tutUte hhh   be the error of discretization. Using Taylor's expansion, we 

have for  )(,0 htt , 
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i  ,  where i is 

an intermediate value between )(tUi and ),( txu i . Using (32) and (34), we arrive at 
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Let )(tzh the vector defined by 
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A direct calculation yields 22 )()(
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tdz
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It follows from Lemma 2.2 that fortzi )(>e(t) i    .0,)(,0 Iihtt   By the same 

reasoning, we also prove that fortz ii )(-e>(t)   ,0,)(,0 Iihtt   which implies that 
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In order to show that  ,,min)( h
qTTht   we argue by contradiction. Suppose that 

 .,min)( h
qTTht   From (33), we obtain  
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We remark that when h tends to zero, ,0
2




 which is impossible. Consequently 

 h
qTTht ,min)(  . Let us show that .)( Tht  Suppose that .)(  TTht h

q  Arguing 

as above, we obtain a contradiction, which leads us to the desired result. 

Now, we prove the main result of this section, the convergence of the quenching time. 

 

Theorem 4.3 Suppose that the problem (1)-(3) has a solution u which quenches in a 

finite time qT  such that    ),0,(1,4
qTllCu   and the initial datum at (6) and the 
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varying dielectric permittivity profile at (4) satisfy the hypothesis (31). Under the 

assumptions of Theorem 4.1, the problem (4)-(6) has a solution hU  which quenches 

in a finite time h
qT  and .lim 0 q

h
qh TT   
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This complete the proof. 

 

 

V. NUMERICAL RESULTS 

In this section, we present some numerical approximations to the quenching time and 
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In the following tables, we present some numerical results for different conditions on 

the permittivity profile f(x). 

 

First case : 0<f(x)<1 where I=16. 

Table 1: Exponent of reaction term, numerical critical value or numerical values for 

pull-in voltage, applied voltage, numerical quenching time obtain with explicit 

scheme for any applied voltage and numerical quenching time obtain with implicit 

scheme for any applied voltage 

 

p *    eT  iT  

2 26.532458 27 1.179225 1.193489 

3 18.888830 19 1.494632 1.512930 

4 14.671388 15 1.305363 1.322107 

5 11.995650 12 1.785737 1.808116 

 

 

Second case : f(x) = 1 where I = 16. 

Table 2: Exponent of reaction term, numerical critical value or numerical values for 

pull-in voltage, applied voltage, numerical quenching time obtain with explicit 

scheme for any applied voltage and numerical quenching time obtain with implicit 

scheme for any applied voltage 

 

p *    eT  iT  

2 1.457471 2 0.327082 0.332036 

3 1.375940 2 0.179801 0.182862 

4 0.805923 1 0.481578 0.488721 

5 0.658941 1 0.296549 0.301208 

 

In the following, we also give some plots to illustrate our analysis. 

 

 
 

Figure 1: Evolution of the discrete solution for 2,27  p  and 1)(0  xf  (Explicit 

scheme). 
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Figure 2: Evolution of the discrete solution for 2,27  p  and 1)(0  xf  (Implicit 

scheme). 

 
 

Figure 3: Profil of the approximation of ),( Txu  where, T is the quenching time for 

2,27  p  and 1)(0  xf  (Explicit scheme). 

 
 

Figure 4: Profil of the approximation of ),( Txu  where, T is the quenching time for 

2,27  p  and 1)(0  xf  (Implicit scheme). 
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Figure 5: Plot of numerical critical value versus exponent .p  

 

 
 

Figure 6: Plot of numerical critical value versus the permittivity profile ).(xf  

 

 

REFERENCES 

 

[1] L. Abia., J. C. Lopez-Marcos and J. Martinez, On the blow-up time 

convergence of semidiscretizations of reaction-diffusion equations, Appl. 

Numer. Math., 26 (1998), pp.399-414. 

[2] T. K. Boni, Extinction for discretizations of some semilinear parabolic 

equations, C.R.A.S, Serie I, 333 (2001), 795-800. 

[3] T. K. Boni, On quenching of solutions for some semilinear parabolic equations 

of second order, Bull. Belg. Math. Soc., 7 (2000), 73-95. 



4136  Diabate Nabongo et al 

[4] H. Brezis, T. Cazenave, Y. Martel and A. Ramiandrisoa, Blow up for 

)(uguut  revisited, Adv. Diff. Eqns., (1996), 73-90. 

[5] C. Cortazar, M. Elgueta and J. Rossi, The blow up problem for a semilinear 

parabolic equation with a potential, math.AP, 335(1) (2007), 418-427. 

[6] P. Esposito and N. Ghoussoub, Uniqueness of solutions for an elliptic equation 

modelling MEMS, Methods Appl. Anal., 15 (2008), 341-354. 

[7] P. Esposito, N. Ghoussoub and Y. Guo, Mathematical analysis of partial 

differential equations modelling electrostatic MEMS, Courant lecture Notes in 

Mathematics, 20.Courant Institute of Mathematical Sciences, New-

York,American Mathematical Society, Providences R1, (2010), xiv+318pp. 

[8] P. Esposito, N. Ghoussoub and Y. Guo, Compacteness along the branch of 

semi-stable and unstable solutions for an elliptic problem with a singular 

nonlinearity, Comm. Pure Appl. Math., 60 (2007), 1731-1768. 

[9] G. Flores, G. Mercado,J. A. Pelesko and N. Smyth, Analysis of the dynamics 

and touchdown in a model of electrostatic MEMS, SIAM. J. Appl. Math, 

67(2) (2006/07), 434-446. 

[10] A. Friedman, Partial differential equation of parabolic type, Prentice-all, 

Englewood Cliffs, NJ, (1964). 

[11] N. Ghoussoub and Y. Guo, On the partial differential equations of electrostatic 

MEMS devices: stationary case, SIAM J. Math. Anal., 38 (2007), 1423-1449. 

[12] N. Ghoussoub and Y. Guo, On the partial differential equations of electrostatic 

MEMS devices II: dynamic case, NoDEA Nonlinear Diffs. Eqns. Appl. in 

press 2007. 

[13] N. Ghoussoub and Y. Guo, Estimates for the quenching time of a parabolic 

equation modeling electrostatic MEMS, Methods Appl. Anal, 15(3) (2008), 

361-376. 

[14] Y. Giga and R. v. Kohn, Caracterizing blow-up using similarity variables, 

Indiana Univ. Math. J., 36 (1987), 1-40. 

[15] Y. Giga and R. v. Kohn, Asymptotically self-similar blow-up of semilinear 

heat equations, Comm. Pure and Appl. Math., 38 (1985), 297-319. 

[16] Y. Guo, On the partial differential equations of electrostatic MEMS devices 

III: refined touchdown behavior, J. Diff. Eqns. in press 2007. 

[17] Y. Guo, Z. Pan and M. J. Ward, Touchdown and pull-in voltage behavior of a 

MEMS devices with varying dielectric properties, SIAM. J. Appl. Math, 66 

(2005), 309-338. 

[18] A. Lacey, Mathematical analysis of thermal runaway for spatially 

inhomogeneous reactions, SIAM. J. Appl. Math, 43 (1983), 1350-1366. 

[19] H. A. Levine, Quenching, nonquenching and beyond quenching for solution of 

some semilinear parabolic equations, Annali Math. Pura Appl., 155 (1990), 

243-260. 

[20] D. Nabongo and T. K. Boni, Numerical quenching for semilinear parabolic 

equations, Math. Model. and Anal., 13(4) (2008), 521-538. 

[21] D. Nabongo and T. K. Boni, Numerical quenching solutions of localized 

semilinear parabolic equation, Bolet. de Mate., Nueva Serie, 14(2) (2007), 92-

109. 



Numerical Critical Value for a Parabolic Equation 4137 

[22] D. Nabongo and K. N’Guessan, Numerical quenching solutions of parabolic 

equation modeling Electrostatic MEMS, Gen. Math. Notes, Vol. 29, No.1, july 

2015, pp.49-60. 

[23] T. Nakagawa, Blowing up on the finite difference solution to 2uuu xxt  , 

Appl. Math. Optim., 2 (1976), 337-350. 

[24] J. A. Pelesko and D. H. Bernstein, Modeling MEMS and NEMS, Chapman 

Hall and CRC Press, (2002). 

[25] J. A. Pelesko, Mathematical modeling of electrostatic MEMS with tailored 

dielectric properties, SIAM. J. Appl. Math, 62 (2002), 888-909. 

[26] R. Zhang and N. Li, Mathematical analysis of nonlinear differential equation 

arising in MEMS, Bull. Korean Math. Soc., 49 (2012), No.4, pp.705-714. 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 



4138  Diabate Nabongo et al 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 


