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Abstract.

In this paper, we study the semidiscrete approximation for the following
U (%, t) =u,, (1) + 2 (X)L-u(x,t)) P, -1 <x<1,t>0,
initial-boundary value problem <u(-l,t)=0, u(l,t)=0, t>0,
u(x,0)=uy(x) 20, -l <x<I,
where p>1, A>0 and f(x) eC'([-1,1), symmetric and nondecreasing on the
interval (~1,0)0<f(x)<1 f(-)=0, f(I)=0 and I:%. We determine the

critical value of a semidiscrete form of above problem. We also show that the
semidiscrete quenching time in certain cases converges to the real one when
the mesh size tends to zero. Finally, we give some numerical experiments to
illustrate our analysis.

AMS subject classifications(2000): 35B40, 35B50, 35K05, 35K55, 65M06.

Key-Words: semidiscretizations, parabolic equation, semidiscrete quenching
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I. INTRODUCTION

We consider the following initial-boundary value problem

U, (%) =u,, (X, 1) + Af 0Q@—-u(x,t)) ", -l <x<I,t>0, Q)
u(-1,t)=0, u(l,t)=0, t>0, (2
u(x,0)=u,(x)=0, -l <x<l, 3)
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where p>1, 2>0 and f(x) eC*(-1,1)), symmetric and nondecreasing on the interval
(-1,0), 0<f(x) <1 f(-1)=0, f(1)=0,I =% and u,(x) is a function which is bounded and

symmetric. In addition, u,(x) is nondecreasing on the interval (~1,0) and
Uy (x) + Af ()L —Ug(x)) P >0 on (=1,

Definition 1.1 We say that the classical solution u of (1)-(3) quenches in a finite time
if there exists a finite time T, such that [u(.t)[, <1 for teo,T,) but lim _; Ju(.b], =1,

where [u(,t)], =max_ < lu(xt)l The time T, is called the quenching time of the

solution u.

The problem (1)-(3) models the dynamic deflection of an elastic membrane in a
simple electrostatic Micro-Electromechanical System (MEMS) device. The parameter
A characterizes the relative strengh of the electrostatic and mechanical forces in the
system and is given in terms of applied voltage. The function f(x) represent the
varying dielectric permittivity profile(properties of the membrane) and u, the
deflection of the membrane. Typically a Micro-Electromechanical System(MEMS)
device consists of an elastic membrane held at a constant voltage and suspended
above a rigid ground plate placed in series with a fixed voltage source. The voltage
difference causes a deflection of the membrane, which in turn generates an elastic
field in the region between the plate and the membrane. An important nonlinear
phenomenon in electrostatically deflected membranes in the so called "pull-in"
instability. For moderate voltages, the system is in the stable operation regime: the
membrane approaches a steady state and remains separate from the ground plate.
When the voltage is increased beyond a critical-value, there is no longer an
equilibrium configuration of the membrane. As a result, the membrane collapses onto
the ground plate. This phenomenon is also known as "touchdown™ or quenching. The
critical value of the voltage required for touchdown to occur is termed the pull-in
value. (see [24], [25] and the references therein). MEMS technology find applications
in the general domains such as automotive domain(airbag systems), consumer
domain(computer peripherals), industrial domain(earthquake detection and gas
shutoff), military(equipment for soldiers) and biotechnology(microsystems for high
throughput drug screening and selection).

The theoretical analysis of quenching solutions for parabolic equations has been
investigated by many authors (see [3], [6], [9], [11], [12],[13], [16], [17], [26] and the
references cited therein). Local in time existence and the uniqueness of a classical
solution have been proved. In particular, in [13], the authors have considered the
problem (1)-(3) on a bounded domain Q of ®" with p=2. They have shown that there
exists a positive number A* such that if A>A* then any solution of (1)-(3) quenches in
a finite time whereas if A<A* any solution of (1)-(3) exists globally. The number A* is
called the critical value of the problem (1)-(3). In this paper, we are interesting in the
numerical study of the critical value, using a semidiscrete form of the problem (1)-(3).
Firstly, we show that the above problem possesses a critical value A*. In the case
where the quenching occurs, we show that the semidiscrete quenching time converges
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to the real one when the mesh size goes to zero. One may find in [2], [20]-[22], some
results concerning the numerical approximations of quenching time.

The present paper is organized as follows. In the next section, we give some lemmas
which will be used throughout the paper. In third section, we show the existence of
the critical value. In the fourth section, we prove that in the case where quenching
occurs, the semidiscrete quenching time converges to real one when the mesh size
goes to zero. Finally, in the last section, we give some numerical results to illustrate
our analysis.

Il. PROPERTIES OF THE SEMIDISCRETE SCHEME

In this section, we give some lemmas which will be used throughout the paper. Let us
begin with the construction of a semidiscrete scheme. Let | be a positive integer, and
consider the grid x;=-1+ih, 0<i<l, where h=2l/I. We approximate the solution u of (1)-
(3) by the solution Upn(t)=(Uo(t),Us(t),...,Ui(t))" of the following semidiscrete

equations

dL(Jj‘t(t):§2Ui(t)+/1bi(1—Ui(t))‘p,1§ i<1-1te(0T)) (4)
Uo®=0, U,(t)=0, te(0 1)) (5)
U;(0)=¢, >0, 0<i<lI, (6)

where b; is an approximation of f(x;), 0<i<l, by=0, b;=0, 0<b;<l, 1<i<1-1 and b,.i=b;,

1<i<1-1, &b >0, 1£iSEB}—1, Eu}is the integer part of the number IE

52Ui(t): Ui+l(t)_2L:]i2(t)+Ui—l(t) ,1§|§ | -1, Do =O’ o =O’ D1 =(0i,OS| < |,5+(0I >O,
0<i< E[I—}—l, 5t =0
2 h

Here, (0,T,') is the maximal time interval on which |uU, ()] <1where
”Uh(t)"w = maXgiq [U; (1))
When the time th is finite, then we say that the solution U(t) of (4)-(6) quenches in a

finite time, and the time th is called the quenching time of the solution Unx(t).
The following lemma is a semidiscrete form of the maximum principle.

Lemma 2.1 Let £, (t) eCO([O,T),‘R”l) and let Vh(t)eCl([O,T),‘R”l) be such that

d\;‘t(t)—52Vi(t)+§i(t)Vi(t)2O,1£iSI—1,te(O,T), (7)
V,(t)>0, V,(t)>0,te(0,T), (8)
V,(0)=0, 0<i<l. (9)

Then v,(t)>0, 0<i<1,te(0,T).
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Proof. Let T, <T and introduce the vector z,(t)=eV,(t) where p is such that
&®)—u>0for te[0,T,] 0<i<l.

Let m=min 0<i<I,0<t<T, Z;(1).

For ie{0,---,1}, the function z,(t) is continue on the compact [0,T,]. Then there exists
i €{0,---, 1} and t, e[0,T,]such that m=z; (t;).

If iy=0 or i,=1,then m>0.If ij e{L---, 1 -1}, we observe that
dz (t) Z;,(t)—Z; (tg—k)

pm 9 —lim K0 0 " 0 <0, (10)
522i0 (t,) = Z () - Zzﬁz(to) + Zlo—l(tO) (11)
Due to (7), a straightforward computation reveals that
%—522% (t) + (i, (to) — 1) Z; (tp) 2 0. (12)

It follows from (10)-(11) that (& (to)-)Z; (tr)=0 which implies that Zz; (t,)>0
because ¢; (t,)—x>0. We deduce that v, (t) >0for t<[0,T,] and the proof is complete.

Another form of the maximum principle for semidiscrete equations is the comparison
lemma below.

Lemma 2.2 Letg e CO(RxR,R). If V,, ©),W, () Cl([O,T],‘R'*l) are such that

d\;t(t) SV, (1) +g(V; (t),1) < dW(t) — SAW, () + gW; (t),1), 1<i<I-1 te(0,T), (13)
Vo(®) <Wo (1), Vi () <W, (1), te (o,T), (14)
V;(0) <W;(0), 0<i<lI, (15)

then V;(t) <W,(t), 0<i<lI, te(0,T).

Proof. Let z,(t)=W,(@t)-V,(@) and let t, be the first t>0 such that z;t)>0 for
te[0t,) 0<i<I, but Z; (t,)=0 for acertain i; {0, 1}.

If iy=00r i,=1, we have a contradiction because of (14). If i, €{,---,1-1}, we obtain
dz; (to) —lim Z;, (to) = Z;, (to —k) <0 and %7, (t;) = Z; (o) —2Z; (t0)+Z,0_1(t0)

dt k 0 h?

e dz; (t,)
which implies that ét ~5°Z; (to) + 9Wi, (to).to) — 9 (V;, (to). 1) <O.

This inequality contradicts (13) which ends the proof.
The next lemma shows that when i is between 1 and I-1, then U;(t) is positive where

U, (t) is the solution of the semidiscrete problem.

Lemma 2.3 Let uU,(t) be the solution of (4)-(6). Then, we have
U;(t)>0 for 1<i<1-1te(0,T)).
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Proof. Assume that there exists a time t, e(o,Tq“) such that U, (t,)=0 for a certain
ip e{L,---,1 -1} . We observe that

dugt(t—O) =limy_,q 2ol _lkJiO =0, (16)
5, (= Ll ) Ul an
which implies that

duﬁt(t°—) ~5°Uj, (to) - by, 1-U;, (1)) P <. (49

But this contradicts (4).

Lemma 2.4 Let U, (t) be the solution of (4)-(6). Then, we have

Wi .0 for1<ici-1 te(O,th). (19)
. du, (t) . L

Proof. Setting W, (t)=T, 1<i<l-1, it is not hard to see that

SO _ 5300+ 20,p1-U; () P W),

1<i<i-1 teo)) (20)

Wo () =0, W, (1) =0, te(0,T") (21)

W, (0)>0, 1<i<I-1. (22)

Let to be the first t >0 such that W, (t,)=0 for a certain i, e {L---,1 -1} . Without loss of

generality, we may suppose that ip is the smallest integer which ensures the equality.
We get

dW (to) Wi, (to) W, (to —k)

—a 7 im - 0 <o, (23)
52Wi0 (t,) = Wi a(to) - 2W'i;jz(to) +W, 4 (t) >0, (24)
which guarantees that

d\Nio (tO) —p-1;

7—52\/\40 (to) — Ab, pA-U; (t))) "W (t,) <O. (25)

dt
Therefore, we have a contradiction because of (20).
The following lemma reveals that the solution U, (t) of the semidiscrete problem is

symmetric and 5*U;(t) is positive when i is between 1 and EB}—L

Lemma 2.5 Let U, (t) be the solution of (4)-(6). Then, we have for te(O,th)

U, =U;),0<i< |,5+ui(t)>o,03i3EH—1. (26)
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Proof. Consider the vector v, (t) defined as follows Vv;(t)=U, () for o<i<1.

For 1=0, we have V,(t)=U,,(t)=U,(t)=0, and i=Il, we also have
V, () =U,_, (t) =U, () =0. For iefl,--,1-1}, it follows that
w:52U,_i(t)+/1b|_i(1—U|_i(t))’p, 1<i<1-1te(o1)

If we replace U, ;) by V() and use the fact that b,_(t)=b(t), we obtain
%—(ﬂvi(t)=/1bi(1—vi(t))*p, 1sis|—1,te(o,Tq“) which implies that v, () is a

solution of (4)-(6).
Define the vector W, (t) such that w,(t) =U,, (t) -V, (t).

It is not hard to see that there exists @ e(U;V;) such that
dwi(t)
dt

Wo(®)=0, W,®)=0, tel0T!) w©)=0 o<i<l.
From Lemma 2.1, it follows that W;(t)=0 for0<i<I, te(o,th) which implies that
Vi () =Up (1)

Now, define the vector Z, (t)such that z;(t) =U,;,(t)-U;(t) >0, OgisE[lﬂ—L and let ty

SAN; (1) + pAb; (L-6,(1) P W, =0, 1<i<1-1te(0T))

be the first t>0 such that z(t)>0for telot,) but Z; (t,)=0. Without loss of the
generality, we assume that io is the smallest integer such that z; (t,)=0.

If i, =0, then we have U, (t,) =U,(t,) =0, which is a contradiction because from Lemma
2.3, U, (ty) >0.

If i, :1""’EP}2' we have %% ®) _ . L) -2, (b-K) E['}_l (27)
2 d e T Ast=E g |t

Z; 1 (to) —2Z; (to) + Z; 1 (to)
h2

dz;

%—5225 (to) = Aby 11 (1= 41(t)) ™" + 2y, (L-U; (&))" <0,

But this contradicts (4).

. |
If iy = E[ﬂ—l, we have U; ,,(t) =UE{l2}+1(t°)=U|75['5}1(t°)'

and 5%Z; (t) = >0, Wwhich implies that

- If 1 is even then Ui°+2(t°)=UE{'}1(t°)=Ui°(t°)’ which  implies that
-
57, 1) = u, —L;;()l)(to) _ Ziohlz(to) -0,
- If 1 is odd then U ,,(t)=U [,_1} (t,)=U Pﬂ (to) =Uj .1(to), which leads to
I-E| — |1 E -1

2 2

Ui, —Ui,-)to)  Z; 1) S

2
o Zio (tO) = hz - h2

0.
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dz;, (t,)
dt

It is easy to see that =6°Z; (t)) - Ay 1 (1-U; 4 (t)) " + Ay (1-U; (t)) P <0,  which

contradicts (4). This ends the proof.
The following lemma is the discrete version of the Green's formula.

Lemma 26 Let U, V,e®'" be two wvectors such that
UO :O,Ul :O,VO :O,V| :OThen, we haVe

1-1 1-1
D huis%; =D hvisu;. (28)
i=1 i=1

1-1 1-1
Proof. A routine calculation yields ) hu;6%; = hvis?u, +V'U'—1_U'V";+V°U1_U°V1,
i=1 i=1
and using the assumptions of the lemma, we obtain the desired result. Now, let us
state a result on the operator &°.

Lemma 2.7 Let U, e '™ be such that |U,|_ <1and let p be a positive constant. Then,
we have 52(1-U;)™? > p-U,) P?s%U, fori<i<|-1.

Proof. Using Taylor's expansion, we get

c?z(l—Ui)"’=|o(1—Ui)’”’152Ui+%(UM—ui)z(l—;a)"”z+%(ui_l—ui)z(l-qi)*f’*2 if 1<i<I-1
where #;is an intermediate value between U;_;and U;and y; the one between U; and
Ui,1. The result follows taking into account the fact that |u,| <1.

To end this section, let us give another property of the operator 2.

Lemma 2.8 Let U,,V, eR'™. If 57(U,)s"(V;)=0and 5 (U;)s (V) =0,1<i<I—-1. (29)
Then §2(UV,)>U,82(V,)+V,52(U;), 1<i <1 -1, where 5+(ui):%and 5*(ui):%.

Proof. A straightforward computation yields h2s2UV,)=U;,V,, —20V, +U, Vi ,
=Ui1—UdVia Vi) +ViUi g —Up) +U (Vi - Vi) AUV =20V, + (Ui —Ui Vi - Vi) + VUi - U))

U, (Vi —V))+UV,, 1<i<1-1, which implies that s2Uy,) =6 (U,)5* (V) +5~(U)6 (V) +U,62(V))
+V,o?(U;),1<i<1-1. Using (29), we obtain the desired result.

I11. NUMERICAL CRITICAL VALUE
In this section, we determine the critical value of the problem (4)-(6). The theorem

below, shows that the solution U, () of (4)-(6) quenches in a finite time for A
sufficiently large.
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p _ .
Theorem 3.1 Suppose that 2> 4, —P— with 2, = 2225 Then the solution
by (p+1)"" h

U,t) of (4)-(6) quenches in a finite time T;'which is estimated as follows

Th< (p+1)°
q - p+l _ p’
b (p+1)P" — 2, p

Proof. Let (o,Tq“) be the maximal time interval on which |u,| <1. Our aim is to show
that T, is finite and satisfies the above inequality. From (4), we observe that

%z52Ui(t)+1b1(1—ui(t))-f’,1sis|—1,te(o,Tq“)
Let a wvector W, (t)such that %:52Wi(t)+lbl(l—Wi(t))_p,1SiSI—1,te(0,TVC)

W, (t) =0, W, (t) =0, te(o,Tv';) W,(0)=0, 1<i<I-1 where T, is the maximal existence
time of W, (t).

Introduce the function v(t) defined as follows v(t) :itan(% h) sin(iZzh)W; (t).

Take the derivative of v with respect toI:1t and use (4) to obtain
V() = itan(% h)sinizh)(S2W, (t) + Ab, (L-W, (t)) .

We obls:elzrve that &2 sin(izh) = -4, sin(izh). From the above equality and Lemma 2.6, we

1-1
arrive at v'(t) = —A,v(t) + iQZtan(g h)sin(izh)(L-W; (£)) .
i=1

1-1

By a routine calculation, we find that Ztan(%h)sin(izzh) equals one. Due to the
i=1

Jensen's Inequality, we get v'(t) > —A,v(t) + b, (1—v(t))P.

It is not hard to see that v()@d-v(t))? is bounded from above by

SUDOSsgs(l—S)p=(pf1‘;p+l. We deduce that V'(t)z(ﬂbl_(pl:;:_))ful)(l_v(t))p' which
implies that (1—v(t))Pdv> (Ab, - (pl:f)zﬂ)dt-

(p+1)P
Ay (p+1)P* =2, pP
principle implies that w;(t) <U;(t),0<i<1,t<(0,T,) where T, = min V'J,Tq“}Therefore, we
(p+1)°
A (p+1)Pt -4, pP

Integrating this inequality over (o,TVC), we find T < . The maximum

have T)>T! and T < Hence, T, is finite and the proof is

complete.
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1

Theorem 3.2 Let U, (t) be the solution of (4)-(6). Then, we have T > Ap+D)

Proof. Let ip be such that U, (t)=|U,(t)], and b‘°(t):bE['rl' We observe that
2

e du; (t
5%, (0 = Dion) ZUA"Z(tHU")‘l(t) _which implies that _O'lot()

say (1-U; (1)°dU; (1) <Adt

<A(L-U; (t) P, that is to

. . . 1
Integrating this inequality over (0,T)" , we get > .
grating this inequality over (0.7, we get 19>~

Remark 3.1 Theorems 3.1 and 3.2 show that for A large enough, then the
semidiscrete solution quenches in a finite time th which is bounded from above and

below. To obtain the lower bound of the semidiscrete quenching time T, we

consider the following differential equation {Z () =40 7()",t>0.p>1,

0) =0.
The function z(t) quenches in a finite time T, =m. Introduce the vector V,(t)
such that V;(t) = #(1),0<i<1,t(0,T,) Setting z,(t) =V, (t) -U, ). It is not hard to see that
dZ (t)

there  exists @ e(U;,V,)such  that —6°Z,(t) + Apb (1- @ (1)) P'Z,(t) > 0,

1<i<1-1te(0T) Z,(t)=0, Z,(t)=0, te(O,Tl), Z,(0)>0, 0<i<I. where

T, =min Z,th} From Lemma 2.1, it follows that v, (t)>U,@t) for o<i<l, te(0T,)
Therefore, we have T, <T; and T, > !
/1(p+l)

The following result shows that the solution of the semidiscrete problem exists
globally for A sufficiently small.

_ 8p°
bl(p+ )Pt

we have OSUi(t)S—(l—ih),t>0,0£i£ l.
p+1

Theorem 3.3 If 1< then the solution U, (t) of (4)-(6) exists globally and

Proof. Introduce the vector y, defined by y; =s;h(1 ih), 0<i<I.

: d 8 _ 1 b(p+)PH
We have y_ .}(t)=ﬁ. It is not hard to see that “Xi g%y, =5 > 1 AT,

i = >
p
> dt p+l1 p+1 P

/ml(l—WEH)_p > by (L-w;) P, 1<i< -1
2
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dZ (t)

Setting  Z,(t) =y, -U,(t), we find that —52Z,(t) - Aph (1-& (1)) "Z,(t) >0,

1<i<i-1tel0T) z,m=0, z,0)=0, te(o,Tq) Z.(0)>0, 0<i<I, where & t)
is an intermediate value between U, (t)and ;.
From Lemma 2.1, we deduce that z,(t)>0for te(O,th) that is to say

sin .
05U, <), 0<i< 1teloTh)

This implies that th =+oo and the proof is complete.

Theorem 3.4 Assume that there exists two positive numbers A; and A, such that A; <
A2. Then we have U* <U/= for te(o,Tq“*) where U/ is the solution of (4)-(6) for

A=4,i=12.

Proof. Introduce the vector z,(t)=U/2@t)-U%(t). A direct calculation yields

dzdt(t) ~5%2,(t) = 2, (1-U{2) P~ A, 1-U7) P, 1<i<1-1te0 T} which implies that
dzdt() 52,)> pa -1 P12, (0,1<i<1 -1t 07"} where &%is an intermediate value

between U/ and U/2.

Obviously, we have z,(t)=0,Z,(t)=0,Z;(0)=0,0<i<I.

We deduce that z,(t)>0,1<i<I-1te(0T)")

Let 4" ={supa>0suchthatthe problem (4)-(6) has global solution }

80" < Iy —> i

From Theorem end, we see that 1" exists and ————< —_—.
b(p+1)P* b(p+D)P"

Theorem 3.5 Assume that the solution u,(t) of (4)-(6) exists globally and is bounded.
Then u,(t) goesto w, ast approaches infinity where w, is a stationary solution of (4)-

(6).

Proof. Introduce the vector v, (t) such that v;(t) = ZG,J ;(ty where G, is the discrete
j=1

lih(l—jh) if 0<i<j<lI,
Green function defined by G; =
Ejh(l—ih) ifo<j<i<l.

dy; (t)

A straightforward computation reveals that ZG”(&ZU (t)+2b;(1-U;(1)"P),

which implies that
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dv(t)

by (t)+,1ZG,J @-U;m) ", (30)

=1
From Lemma, U;(t) is strictly increasing therefore v, (t) is also strictly increasing. On

the other hand, the last term in the right hand side (30) is bounded. Hence, we may

dy, (t)

conclude that goes to zero as t approaches infinity.

1-1
Setting lim,,.,U;(t) =W;(t), we derive the following equality W, =1 Gyb;1-W;),
j=1
which implies that 63w, + A, 1-W,) P =0, 1<i<1-1 W,=0, W, =0, and the proof is
complete.

IV. CONVERGENCE OF SEMIDISCRETE QUENCHING TIMES

In this section, we show that under some assumptions, the solution U, (t) of (4)-(6)
guenches in a finite time and its quenching time converges to the real one when the
mesh size goes to zero.

The following theorem reveals that U, (t) quenches when A is sufficiently large.

2
Theorem 4.1 Suppose that 4 > bl(ir 5 Then the solution U, (t) of (4)-(6) quenches
in a finite time T,  which satisfies the following estimate
et 1)
(7% + by (1+ p)) 2 (Ay@1+p)

Proof. Since (o,Tq“) is the maximal time interval on which |U,(t)[, <+e. Our aim is to

show that T.'is finite and satisfies the above inequality. Introduce the function

du,

J,,(t) defined as follows Ji=—t'—ci(1—ui)"°, 0<i<I, where c(t) = Abe *"sin(izh) with

2 2cos(7zh)
A direct calculation yields
Bs7,= 8 (50 - Bau) e o0y st a-U) )

We observe that c,(t)is symmetric and s7c; is positive for 0<i < EB}—L

It follows from Lemma 2.8 and Lemma 2.7 that
8%(ci(1-U;) ") = —pg (1-U;) P15, +(1-U;) P

Use this inequality to obtain de - 52, >i(OIU 2Ui)—ci(1—Ui)‘p(%—52Ui).
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. . dJ; Cpo .
Taking into account (4), we arrive at d—t'—52Ji > Apb;(1-U;) P, 1<i<1 -1

Obviously, J,(t)=0, J,(t)=0and J,(0)>0.
du,

Applying Lemma 2.1, we get J;(t)>0, which implies that "

>c(l-U))P, 0<i<l.

2
Let a:l(m—l} We get 2> LD Since 4 goes to #? as h tends to zero,
2 2 b (1+ p)

then 4 <@+a)z*> for h sufficiently small.  We  deduce that

du
El—

—J >Dh | ﬂe—(l-%—a);z-zt a-U E[l})—p, te (O,th)

dt E[ } >

2

(1_8—(1+a)7r2th) < 1
A+a)z® b+ p)’

B A+ a)7? si 1> A+ a)r? ' 1- A+ a)7? S
Aby(1+ p) by (1+ p) Aby(1+ p)

Integrating the above inequality over (o,th), we arrive at 1

—+a)7?Th

which implies that e “>1

Hence Th<— 1 [ @+ |
17+ a)r? Aby (1+ p)

This implies that Tqh is finite and we have the desired result.

Remark 4.1 Integrating the above inequality over (O,Tq“) and using the fact that

(1+a)7z20 _ + ;
UnO U@, we get Th_y <ty @HOTETRAGIT it
* d A+ a)r? b, (1+ p)

1 b1

In the following theorem, under adequate hypotheses, we show the convergence of the
semidiscrete quenching time to the theoretical one when the mesh size goes to zero.

We denote by u, (t) = (u(xo,t), u(x ) f = (F (ko) i), By, = (by,..0, )"
In order to prove this result, firstly, we need the following theorem.

Theorem 4.2 Assume that (1)-(3) has a solution uecC*'(-1,1]x[0,T-7]) such that
supfor_JluC- 1), =7 <1 with z(0,T) Suppose that the initial datum at (6) and the
varying dielectric permittivity profile at (4) satisfy respectively

|@, —u,(0)], =o(@) and |b, — f,|. =o(@) ash —0 (31)
Then, for h sufficiently small, the problem (4)-(6) has a unique solution
uy eCHo,T 2"+ such that

max gqer_o|Un ©) —up )], = Oy —un )] +|bn — ful, + h?)as h—0.
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Proof. Let K>0, L>0 and M>0 such that

oo, Yy-pi Zy-p 32
—e s K,ﬂprhHw(l—E) <M, AQ-2)P <L (32)

The problem (4)-(6) has for each h, a unique solution u,eC'(o,T/"|%'*Y). Let
t(h)smin{r—r,Tq“} be the greatest value of t>0. There exists a positive real B (with
v<p<1) such that

JUn ) —up @), < s ;7 for t(0,t(h)). (33)

From (31), we deduce that t(h)>0 for h sufficiently small. By the triangle inequality,
we obtain U, ®)], <[uC.b], +Un®-u, @], forte(0t(h)). which implies that

un)],, < 7/+% = % <1 forte(0,t(h)). (34)

Let e, (t) =U, (t)—u,(t) be the error of discretization. Using Taylor's expansion, we
have for t (0,t(h)),

2
de(;t() ALtk r1]2 U (%5, 1) + 2D, (1= 6,) "6 (1) + A0, — F(x )(L-u(x;,1) P, 1<i<1 -1, where ¢;is
an intermediate value between U, (t)and u(x;,t). Using (32) and (34), we arrive at
ded(t) 5%, (t) < Mgy ®)]+ L]jo, — o+ Kh?, 1<i <1 -1, (35)

Let z,(t)the vector defined by
7 ) =™ (g, —uy )], + Ly — ], +Kh?), 0<i<1.

A direct calculation vyields dz(t)

~5%2;(t) > M|z (©)| + Lo, — fo]_+Kh?, 1<i<I-1,
te(0,t(h), zo() >eo(t), z () >, (1), te(O,t(h)), z;(0) >e;(0), 0<i<I.

It follows from Lemma 2.2 that z(t)>et) for te(0t(h))0<i<I. By the same
reasoning, we also prove that z(t)>-g(t) for te(0,t(h)),0<i<I1, which implies that
z;(t) > e (t)] for te(0,t(h)), 0<i<I.

We deduce that U, t)-u,®)], <™ (o, —u, )], + Ly - fo], + K%, te(0t(h)).

In order to show that t(h) = min {r —r,Tq“}, we argue by contradiction. Suppose that

t(h) <min{T =7, 7"} From (33), we obtain

P10, @) -0, @), <€ i, —u, O, + L, — 1, +Kn?)  (36)

We remark that when h tends to zero, ﬁ;/ <0, which is impossible. Consequently

t(h) = min {r —r,Tq“}. Let us show that t(h)=T-z. Suppose that t(h)=T; <T —z. Arguing

as above, we obtain a contradiction, which leads us to the desired result.
Now, we prove the main result of this section, the convergence of the quenching time.

Theorem 4.3 Suppose that the problem (1)-(3) has a solution u which quenches in a
finite time T, such that uec*'(-1,I]x[o,7,)) and the initial datum at (6) and the
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varying dielectric permittivity profile at (4) satisfy the hypothesis (31). Under the
assumptions of Theorem 4.1, the problem (4)-(6) has a solution U, which quenches

in a finite time 7" and lim,,_, T =T,.

T, . :
Proof. Let 0<g<?q. There exists p=p-r (withO<y<pfB<1) such that

1 L+ a)r2e® 7 T 1 Pt £ for 1-pl 37
A+a)z? | by (L+ p) 2 rel-pd) o

with a=%(w—1).8ince lim . [uC.b), =1 there exist T, <T, and T —T1|<% such
T
that 1> Ju(.,t)|, 21—§ for t<(T,,T,) From Theorem 4.2, the problem (4)-(6) has for h

sufficiently small, the wunique solution U, (t)such that ||Uh(t)—uh(t)||w<§f0r

T,+T, : . : .
te[o,T,]whereT, = 1; q, Using  the  triangle  inequality, = we  get

UL, =], o -u o], >1-2-2 o tlTlwhich implies that

U @), =1-p for te[0,T,]
From Theorem 4.1, U, (t) quenches at time T;". Using inequality (37) and the Remark

. 2. W) 7Ty g p+l
4.1, we arrive at -t L ra)a e R M) |
(

1+a)n’ by (L+p)

N | ™

; 1 b1+ p) h h £ &
Wltha=E(T—1). It follows that‘Tq —Tq‘s‘Tq —Tl‘+|T1—Tq|£§+§:g.

This complete the proof.

V. NUMERICAL RESULTS
In this section, we present some numerical approximations to the quenching time and

2
the critical value of problem (1)-(3) in the case where u,(x)=0 and f(x):16(x2—%j .

Firstly, we consider the following explicit scheme

u™d —u® _ Ui —20{” +u)
At h?

u® =0, o<i<I, and secondly, we use the following implicit scheme

Ui(n+1) _Ui(n) _ Ui(fl*-l) _2Ui(n+1) +Ui(fl+l)
At,, h?

+ Ak -UM)P, 1<i<l-1, ui™ =0, UM =0,

+ A @-UM)P 1<i<I-1, U™ =0, UM g,

u® =0, 0<i<l, where n>0,b :16(xi2—%)2,Atn =P -|ufm

h2 n-1
Atﬁ=min{7,Atn} and T, =) At;.
j=0

p+1
OO) !
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In the following tables, we present some numerical results for different conditions on
the permittivity profile f(x).

First case : 0<f(x)<1 where 1=16.

Table 1: Exponent of reaction term, numerical critical value or numerical values for
pull-in voltage, applied voltage, numerical quenching time obtain with explicit
scheme for any applied voltage and numerical quenching time obtain with implicit
scheme for any applied voltage

p A A TS T,

2 26.532458 27 1.179225 1.193489
3 18.888830 19 1.494632 1.512930
4 14.671388 15 1.305363 1.322107
5 11.995650 12 1.785737 1.808116

Second case : f(x) = 1 where | = 16.

Table 2: Exponent of reaction term, numerical critical value or numerical values for
pull-in voltage, applied voltage, numerical quenching time obtain with explicit
scheme for any applied voltage and numerical quenching time obtain with implicit
scheme for any applied voltage

p A A TS T,

2 1.457471 2 0.327082 0.332036
3 1.375940 2 0.179801 0.182862
4 0.805923 1 0.481578 0.488721
5 0.658941 1 0.296549 0.301208

In the following, we also give some plots to illustrate our analysis.

000

Figure 1: Evolution of the discrete solution for 1=27, p=2 and 0< f(x) <1 (Explicit
scheme).
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Figure 2: Evolution of the discrete solution for 1=27,p=2 and 0< f(x)<1 (Implicit
scheme).
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Figure 3: Profil of the approximation of u(x,T) where, T is the quenching time for
A=27,p=2 and 0< f(x) <1 (Explicit scheme).
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Figure 4: Profil of the approximation of u(x,T) where, T is the quenching time for
A=27,p=2 and 0< f(x)<1 (Implicit scheme).
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Figure 5: Plot of numerical critical value versus exponent p.
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Figure 6: Plot of numerical critical value versus the permittivity profile f(x).
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