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Abstract

Very recently, Hussain et al. [1] introduced certain new class of proximal con-
traction mappings and established the best proximity point theorems in G-metric
spaces. In this article, acknowledging the aforesaid concept, some best proximity
point theorems are proved under generalized proximal cyclic ¢-contraction condi-
tion which is new in the frame work of G-metric spaces and can not be reduced
to the metric setting in view of the remarks given in Karpinar et al. [2], thus our
results fit with the nature of G-metric spaces. Moreover as some applications of
best proximity point theorems, certain new fixed point results are established in the
setting of G-metric spaces. Suitable examples are also presented which substantiate
the genuineness of our investigations in this note.
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1. Introduction and Preliminaries

It is apparent that the fixed point theory is one of the fundamental theories in nonlinear
analysis which has various applications in different branches of mathematics. In 1922,
Banach contraction mapping principle [3] emerged and is the most acknowledged and
vital result in fixed point theory. It states that each contraction in a complete metric space
has a unique fixed point. This principle not only guarantees the existence and uniqueness
of the fixed point but also demonstrates how to evaluate this point. By virtue of this fact,
there is a great number of generalizations of Banach contraction mapping principle in
the literature. ([4]-[7] and the references cited therein).

In 2003 Kirk et al. [8] turned the area of investigation of fixed point by introducing
the notion of cyclic contraction mapping and proved some fixed point theorems for the
operators in the class of cyclic contraction along with the cyclic version of the Banach
contraction principle [3].

In 2005, Eldred, Kirk and Veeramani [9] proved the existence of a best proximity point
for relatively nonexpansive mappings by using the notion of proximal normal structure.
In 2006, Eldred and Veeramani [10] applied the notion of cyclic contraction and gave
sufficient condition for the existence of a best proximity point for a cyclic contraction
mapping T on a uniformly convex Banach space.

Fixed point theory is an important tool for solving the various equations of the form
Tx = x for self-mappings T defined on subsets of metric spaces. On the other hand,
consider a non-self mapping 7 from A to B, where A and B are two nonempty subsets
of a metric space. Since T is not a self-mapping, the equation 7x = x is improbable to
have a solution. In this case therefore, it is of key significance to search for an element
x that is in some sense is neighboring to 7 x. That is, when the equation 7x = x has no
solution, one tries to determine an approximate value of x subject to the condition that
the distance between x and 7' x is minimum.

Best approximation theorems and best proximity point theorems are relevant in this
perspective. One of the most interesting theorem is due to Fan [11], called best approx-
imation theorem. There have been many succeeding generalizations of Fan‘s Theorem
(see [12]-[17] and references therein). Through best approximation theorems, we can
guarantees the existence of approximate solutions but such solutions need not acquiesce
the optimal solutions. But, best proximity point theorems provide sufficient conditions
that assure the existence of approximate solutions which are optimal as well. Indeed,
if there is no exact solution to the fixed point equation 7x = x for a non-self mapping
T : A — B, then a best proximity theorem presents sufficient conditions for the exis-
tence of an optimal approximate solution x, called a best proximity point of the mapping
T , satisfying the condition that d(x, Tx) = d(A, B). A best proximity point theorem
for non-self proximal contractions has been investigated in [18].

In the case of cyclic contractive mapping 7 : AUB — AUB,apointx € AUB is
called the best proximity pointif d(x, Tx) = d(A, B). Notice that a best proximity point
x is a fixed point of 7 whenever A N B # (). Thus it generalizes the notion of fixed point
in case when A N B = (. Further [19]-[24] examine several variants of contractions for
the existence of a best proximity point.
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On the other hand, in 2004, Mustafa and Sims ([25],[26]) introduced a new gener-
alized metric space structure and called it, G-metric space. The authors also portrayed
some fixed point theorems in perspective of G-metric spaces ([27]-[29]). Tagging on
these initial papers, several researchers established many fixed point results on the setting
of G-metric spaces (see [30]-[33]).

Consistent with Mustafa and Sims ([25],[26]), the following definitions and results
will be needed in the sequel.

Definition 1.1. [26] Let X be a nonempty set andlet G : X x X x X — RT bea
function satisfying the following properties:

(G-1) G(x,y,z2)=0ifx =y =12z

(G-2) 0 < G(x,x,y), forall x, y € X with x # y;

(G-3) G(x,x,y) <G(x,y,z)forall x, y,z € X with y #£ z;

(G-4) G(x,y,2) =G(x,z,y) = G(y, z, x) = - - - symmetry in all three variables;
(G-5) G(x,y,2) <G(x,a,a)+ G(a,y,z)forall x,y,z,a € X.

The function G is called a generalized metric or a G-metric on X and the pair (X, G) is
called a G-metric space.

Definition 1.2. [26] Let (X, G) be a G-metric space and let {x,} be a sequence of points
of X. Then we say that the sequence {x,} is G-convergent to x € X if

Iim G(x,x,,x,) =0,
n,m——+00

that is, for any € > 0, there exists N € A such that G(x, x,, x,,) < € forallm,n > N.
We call x the limit of the sequence and write x,, - x or lim x, = x.

n,m—-+00

Proposition 1.3. [26] Let (X, G) be a G-metric space. Then the followings are equiv-
alent:

(1) {x,}1s G-convergent to x;
2) G(xy, xp,x) > 0asn — 4o00;
3) G(x,,x,x) > 0asn — +o0;

4) G(xy, X, x) — 0asn, m — +o0.

Definition 1.4. [26] Let (X, G) be a G-metric space. A sequence {x,} is called G-
Cauchy if for every € > 0, there is N € N such that G(x,, x,;, x;) < € foralln,m,[ >
N, thatis, G(x;,, x,, x;) — Qasn,m,l — +o00.

Proposition 1.5. [26] Let (X, G) be a G-metric space. Then the followings are equiv-
alent:
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(1) {x,}1s a G-Cauchy sequence;

(2) Forevery € > 0, there is N € N such that G(x,,, x,,, X,,) < € foralln,m > N.

Definition 1.6. [26] A G-metric space (X, G) is called G-complete if every G-Cauchy
sequence is G-convergent in (X, G).

Definition 1.7. [26] Let (X, G) be a G-metric space. Amapping F : X X X x X - X
is said to be continuous if, for any three G-convergent sequences {x,}, {y,} and {z,}
converging to x, y and z, respectively, { F'(x,, yn, 2»)} 1s G-convergent to F(x, y, 7).

Lemma 1.8. [26] By the rectangle inequality (G-5) together with the symmetry (G-4),
we have

G(xvy’y) = G(y,y,x)
<G, x,x)+G(x,y,x)
=2G(y, x, x).

Every G-metric on X defines a metric dg on X given by
dg(x,y) = G(x,y,y) + Gy, x, x), for all x,y € X.

Recently, Hussain [1] introduced best proximity point concept in G-metric spaces
and established the best proximity point theorems for new class of proximal contraction
mappings.

Let (X, G) be a G-metric space. Suppose that A and B are nonempty subsets of a
G-metric space (X, G). Then

Ay = {x € A:dg(x,y) =dg(A, B) for some y € B},

B():{yeB:dg(x,y):d(;(A,B) for some xeA}, )
where dg (A, B) = inf {dg(x,y) 1 x € A, y € B}.

IfT: AUB — AU B is acyclic contractive mapping in a G-metric space (X, G),
apoint x € A U B is called the best proximity point of T if dg(x, Tx) = dg(A, B) or
equivalently we can say G(x, Tx, Tx) = G(A, B, B)and G(x,x,Tx) = G(A, A, B),
where

G(A, B, B) =inf {G(a,b,b) :a € A,b € B}

and
G(A,A,B)=inf {G(a,a,b) :a € A, b € B}.

Definition 1.9. [1] Let (X, G) be a G-metric space and let A and B be two nonempty
subsets of X. Then B is said to be approximatively compact with respect to A if every
sequence {y,} in B, satisfying the condition dg(x, y,) — dg(x, B) for some x in A,
has a G-convergent subsequence.
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Very recently in ([34]), authors proved some proximity point theorems in G-metric
spaces. In the sequel, we present some best proximity point theorems for more general-
ized conditions. Moreover as application, some new fixed point results are established
in the framework of G-metric spaces.

2. Main Results

First of all generalized proximal cyclic weak ¢ contractive mapping is defined in the
framework of G-metric spaces.

Definition 2.1. Let {A ,-}521 be a family of non-empty sub sets of G-metric space (X, G)
I

such that ¥ = UAi' Let T : Y — Y be a mapping satisfying T(A;) € Aj+1, 1 =
i=1

1,2,...,1, where A;+1 = Aj. The mapping T is said to be generalized proximal cyclic

weak ¢-contractive, if for x, u, u™ € A; and y, v € A;11,

do(u™*, Tx) = dg(Ai, Ait1), do(u, Tu®) =dg(Ai, Ait1),
and
dc(v, Ty) =dg(Ai, Ait1),

then we have
G(M*,M,U)SM(X,U, y)—¢(M(x’U’ )’)), (2)

where M (x,v,y) = min{G(x,v,y),G(x,Tx,Tx),G(y, Ty, Ty)} and ¢ € O, the
set of continuous function ¢ : [0, c0) — [0, c0) with ¢(0) = 0 and ¢(¢) > O for
t>0and i=1,2,...,1.

Example 2.2. For X = R, let G : X x X x X — R™ be defined by

1
G(x,y,z)=EmaX{Ix—yl,Iy—zl,lz—xl}-

Then (X, G) is a G—metric space and dg(x,y) = |x — y|. For A = {1,2,3}, B =
{0,4,5},LetT : AUB — AUBbedefinedbyT(1) =4,T(2)=5,T(3)=4,T(0) =
3,T(4) =T() = 1. Then, clearly T(A) € Band T(B) € A,dg(A,B) =1and T
is a generalized proximal cyclic weak ¢-contraction foru = 3,u™ =3,x =1 € A and
v=4,y =0 € B.Infact, if

de(u*, Tx) =dg(A, B), dg(u,Tu™) =dg(A, B),

and
dc(v,Ty) =dg(A, B),

then we have
Gu*, u,v) <M(x,v,y) —op(M(x,v,y)),
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t
where M (x, v, y) = min{G(x, v, y), G(x,Tx,Tx),G(y, Ty, Ty)} and ¢ (t) = 3

Following theorem is proved for generalized proximal cyclic weak ¢-contractive
mappings.

Theorem 2.3. Let (X, G) be a G-metric space and {A;}/”, be a family of disjoint
I

nonempty subsets of X with ¥ = U A; such that Y is a G-complete subspace of X.
i=1

Let T : Y — Y be a generalized proximal cyclic weak ¢-contractive mapping i.e.,

T : Y — Y be amapping satistying T(A;) € Ajy+1, i =1,2,...,1, where Aj41 = Ay

and if for x, u, u™ € A; and y,v € A; 11,

de(Ww*, Tx) = dg(A;, Ait1), de(u, Tu™) =dg(A;, Ait1),
and

dg(v, Ty) =dg(A;, Ait1),

then
G(u*,u,v)fM(x,v, y)_¢(M(X’U7 y))v (3)

where M(x,v,y) = min{G(x,v,y),Gx,Tx,Tx),G(y, Ty, Ty)},¢ € ® and i =
1,2,...,1L

Suppose that A;; is nonempty such that 7'(A;,) € A(+1), and A; 1 is approximatively
compact with respect to A;, fori = 1,2, ...,[. Then T has a best proximity pointin Y.

Proof. First of all, we construct a sequence of Picard iteration as usual. Define the
sequence {x,} as x, = Tx,—1,n=1,2,3,.... Itis given that each A, is nonempty then we
pick an arbitrary point xo € A1, € Aj. Since T is cyclic,

x1=Tx, € T(A1y) C Ay, C Aj.

Then, we have
dg(xo, Txo) = dg(Ay, A2)

or
dg(x0,x1) =dg (A, A2),

where x; € Aj,. Hence we must have
x2 =Tx; € T(Ay) C Az, C As,

then
dg(x1, Tx1) =dg(Az, Az)

or
dg(x1,x2) = dg(Az, Az).
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l l
Recursively, we obtain a sequence {x,} in U A, € U A; satisfying
i=1 i=1

dc(xXp, Xpy1) = dg (A, Ait1)

forn e Nandi = 1,2, 3,...,[. Also from above setting we conclude that x,, # x;,1
since each A; is disjoint, where i = 1,2,3,...,1.
Now clearly
dcw*, Tx) = dg(A;, Ait1),

dc(u, Tu*) = dg(Ai, Ai+1),
dc(v, Ty) =dg(Ai, Ait1),

with u™ = x4 1, x = x,_1, u = xy41,y =x5,v=x,andi = 1,2, 3, ..., 1. Therefore
from (3), we obtain

G(er—la Xn+1, xn) =< M(xn—l, Xn, xn) - ¢(M(xn—l» Xn, xn))’ (4)

where

M(xn—la Xn, xn) = min{G(x,,_l, Xn xn)’ G(xn—l, Txy, Txn)s G(xn’ Txy,, Txn)}
= min{G (Xp—1, Xn, Xn), G(Xn—1, Xn, X)), G(Xn, X1, Xn41)}
= min{G (Xp—1, Xn, Xn), G(Xn, Xpy1, Xnt1)}.
Now, if
M (xp—1, Xn, Xp) = G(Xn, Xnt1, Xnt1),

then from (4), we have

G (xy, Xn41s Xnt1) = G(xp, Xnt1, Xn+1) — (G (Xn, Xpt1, xn—l—l))’

and, then
¢(G(xn, Xn+1, xn-l—l)) =0.

Hence we have
G(xll’ xl’l+1a xl’l+1)) - O’

it implies that x,, = x,,4-1, which is a contradictione, in our setting. Then we have
M (xp—1, X, Xn) = G(Xp—1, Xn, Xn)
Therefore

G(Xn, Xn41, Xnt1) < G(xXp—1, Xn, X)) — (G (Xp—1, Xn, X))

< G(Xp—1, Xn, Xn).

&)
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Thus sequence G (x,, X,+1, Xn+1) 1S @ nonnegative, nonincreasing sequence which con-
verges to L > 0. Letting n — oo in (5), we obtain

L<L—-¢(),
it implies that ¢ (L) = 0, and so, L =0, i.e.,

lim G(x,, Xp41, Xp41) = 0. (6)
n— 00

Now we claim that {x,} is a G-Cauchy sequence in Y. On the contrary, we assume that
{x,}is not G-Cauchy. Then there exist an € > 0 and corresponding subsequences {rn(k)}
and {m(k)} of N satisfying n(k) > m(k) > k such that

G (Xm(k)> Xn(k)s Xn(k)) = €, (7
where n(k) is chosen as the smallest integer satisfying (7), i.e.,
G (Xm(k)» Xn(k)—1> Xn(k)—1) < €. )

It is easy to conclude from (7), (8) and the rectangle inequality, that

€ < G(Xm(k)» Xn(k)»> Xn(k))
< GXm)> Xn(k)—1> Xnk)—1) + GXnk)y=1, Xnk)> Xn(k)) )
< € + G(Xnk)—15 Xn(k)> Xn(k))-

Taking limit k — oo in (9) and utilizing (6), we obtain
im G (Xpk)s Xn(k)s Xnk)) = €. (10)
k—o00

Observe that for every k € N, there exist s(k) satisfying 0 < s(k) <[ such that
n(k) —m(k) + s(k) = 1(1). (11)

Therefore, for the sufficiently large values of k, we have r(k) = m(k) — s(k) > 0 and
Xr (k) and x, ) lie in the consequative sets A; and A;; respectively, where 0 < i <.
Next using (3) with ut = Xr(k)s U = Xnk)+1> U = Xn(k)> X = Xrk)> Y = Xn(k)> WE obtain

G (X (k) Xn(k)+1s Xnk) < M(Xrk), Xnk)s Xnk)) — @ (M (Xr k), Xnk)s Xnk))),  (12)
where

M (X kys Xnk)> Xn(k))
= min{G (X, k)> Xnk)> Xnk))» GXrys TXrkys TXrk))s GXnciys TXniiys TXni)}
= min{G (X k> Xnk)> Xnk))s GXrk)s Xr)+1, Xr)+1)s GXnkys Xnky+1, T Xnk)+1-}
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Employing rectangle inequality repeatedly, we observe that

G (Xr(kys Xn(k)s Xn(k))
< G(Xr k) Xr(k)+15 Xr()+1) + G(Xr @) +1 Xn(k)» Xn(k))
< Gy Xr(k)+15 Xr ) +1) + GXr ) £15 Xr()+25 Xr()+2) + GXr@)+2> Xn(k)s Xn(k))

m—1
< D G &iwy, X415 Xito+ D] + G Cmy» Xnky» Xnk))
i=r

or equivalently

m—1

0 < G(Xr(ky: Xn(h) Xnk) — G Cmih)» Xn)» Xn()) < Y G (Xighys Xioy 41+ Xigo+1)- (13)

i=r

Note that the sum on the right hand side of (13) contains s — 1 < [/ (finite) number of
terms and due to (6) each term of this sum tends to 0 as k — oo. Therefore,

m G (X, Xnys Xny) = MG Xmk)s Xn(k)> Xn(e)) = €- (14)
Using rectangle inequality again, we have

0 < G(xXrk)s Xn(h)+1- Xn(k))

(15)
< G(Xrk)s Xnk)+15 Xn)+1) + G Xn@)+1, Xn(k)+15 Xn(k))-
On letting k — oo and using (14), we deduce that
lim G (xr k), Xnk)+15 Xn(k)) = €. (16)
k— 00

Now passing to limit as k — oo in (12) and using (6), (14), (16), we get

€ < min{e, 0, 0} — ¢ (min{e, 0, 0})
<0,
which contradicts the assumption that {x,} is not G-Cauchy. Thus {x,} is a G-Cauchy
sequence in Y.
Since Y is complete, there exists z € Y such that x, — z as n — oo. Without loss

of generality, we assume that z € A; for some i. On the other hand, for alln € N, we
can write, foreachi =1,2,...,1

dc(z, Ait1) <dg(z, Tx,) = dg(z, Xny1)
<dg(z, xn) + dc(xn, Xpt+1) (17)
<dg(z,xp) +dc(Ai, Aiy1).
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Taking limit as n — oo in (17), we get
dc(z, Ait1) < dg(Ai, Ait1),

but
dc(Ai, Aiy1) <dg(z, Aiy1), for z € A;.

So, we have
nlgrolo dg(z, Txy) = dg(z, Aiy1) = dg(Ai, Ait1). (18)

Since A;41 is approximatively compact with respect to A;, the sequence {7 x,} has a
subsequence {7 x,(k)} that converges to some p € A;; . Hence

dg(z, p) = nlggo dc (Xneky, TXn(k))

= lim_dg(xnw)s Xn(o+1) (19)

So z € A;,. Now, since T (z) € T(A;)) € A(i+1),. there exists a w € A;, such that
dg(w, TZ) = dG(Ai, Ai—i—l)-

Now we claim that w = z. For our assertion, utilizing (3) with x = x,_1,y = x,, v =
Xp, U = w, u* =z, we have

G(z, w, xp) < M(Xp—1, X, Xp) — @ (M (Xp—1, Xp, Xp))
< min{G (X1, Xn, Xn), G(Xpn—1, Xn, Xn), G(Xp, X1, Xnt1)}

— ¢ (min{G (Xp—1, X, Xn), G(Xn—1, Xn, Xn), G (Xn, Xpt1, Xnt1)}).
Letting n — 00, we have
G(z,z,w) <G(z,z,2) — ¢(G(z, 2, 2)),
an so G(z, z, w) = 0, it implies that z = w. Hence we have,
dc(z, Tz) = dg(Ai, Ait1). (20)
Therefore T has the best proximity pointin Y. |

Following example substantiates the hypothesis of Theorem 2.3.

Example 2.4. Let X = Rand G : X x X x X — R be defined by

1
G(x,y,2)= Emax{lx =yl ly—zl,lz —x|}.

Then clearly (X, G) is a G-metric space.
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Now dg(x,y) = |x —y|. Let A = {0,—1,-2,-3,—-4} and B = {1, 2,3, 4}.
Define 7T : AUB — AU B by

1 if x=—4,
T(x) = 0 ifx=4,
—x + 1 otherwise.

t
Then clearly T(A) € B and T(B) C A. Also taking ¢ (¢) = 3 Clearly dg(A, B) = 1

and Ag = {0}. Now if we choose u =0, u* =0, x = -4 € Aandv=1,y =4 € B,
then
de(u*,Tx) =dg(A, B),

dg(u, Tu®) = dg(A, B)

and
dc(v,Ty) =dg(A, B).

Now withu = u™ = 0,x = —4, v = 1, y = 4, we verify the Condition (3).

1
Gw*,u,v) =G(0,0,1) = >

Now
M(x,v,y) =min{G(x,v,y),Gx,Tx,Tx),G(y, Ty, Ty)}
=min{G(—4,1,4),G(—4,1,1),G4,0,0)}
=2
and |
M(x,v,y) —¢pM(x,v,y) =2 — 5(2) = 1.
Hence )
Gw*, u,v) = > <1l=M(x,v,y) —dp(M(x,v,y)).
That is,
do(w*, Tx) =dg(A, B),
dg(u, Tu™) =dg(A, B)
and

dc(v,Ty) =dg(A, B).

It implies that
G(u*9 u, U) = M(X’ v, y) - ¢(M(X, v, )’)),

where
M(x,v,y) = min{G(x, v, y),G(x,Tx, Tx), G(y, Ty, Ty)}.



5214 Deepak Singh, Vishal Joshi and Jong Kyu Kim

Thus T is a generalized weak ¢-proximal cyclic mapping. All the conditions of Theorem
2.3 are satisfied and T has a best proximity point z = 0 € A U B, since dg(0, T0) =
dc(A, B).

Now we obtain following corollaries (inspired by [33]).

Corollary 2.5. Let (X, G) be a G-metric space and {A;};_; be a family of disjoint
!
non-empty subsets of X with ¥ = U A; such that Y is a G-complete subspace of X.
i=1
Let T : Y — Y be a generalized proximal cyclic weak ¢-contractive mapping, i.e.,
T : Y — Y be a mapping satisfying T(A;) C Aj+1, i =1,2,...,1,where Ay = A
and if for x, u, u™ € A; and y,v € A; 41,

de W™, Tx) = dg(A;, Ai+1),

dg(u, Tu*) = dg(Ai, Ait1)

and
dc(v, Ty) =dg(Ai, Ait1),

then
Gu*, u,v) <kM(x,v,y), (21)

where M (x,v,y) = min{G(x,v,y),G(x,Tx,Tx),G(y, Ty, Ty)},¢ € ® and k €
(0, 1). Suppose that A;, is nonempty such that 7(A;,) € A(;+1), and A, 4 is approxi-
matively compact with respect to A;, fori = 1,2,...,1. Then T has a best proximity
pointin Y.

Proof. The proof is obvious by taking ¢ (¢) = (1 — k)t, k € (0, 1) in Theorem 2.3. N

Corollary 2.6. Let (X, G) be a G-metric space and {A;}/., be a family of disjoint
l

nonempty subsets of X with ¥ = U A; such that Y is a G-complete subspace of
i=1

X. LetT : Y — Y be a generalized proximal cyclic weak ¢-contractive mapping

i.e. T :' Y — Y be a mapping satisfying T (A;) € A;4q, fori = 1,2,...,1, such that

A = Ajandifforx,u,u™ € A;and y,v € Ajyy,

de W™, Tx) = dg(A;, Ai+1),

dg(u, Tu*) = dg(Ai, Ait1)
and
dc(v,Ty) =dg(Ai, Ait1),

then
Gw*, u,v) <aGx,v,y)+BG(x,Tx, Tx)+yG(y, Ty, Ty), (22)
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where M (x, v, y) = min{G(x,v,y),Gx,Tx,Tx),G(y, Ty, Ty)},¢p € ®,a, 8,y >
0 with @ + B + y < 1. Suppose that A;; is nonempty such that T'(A;,) € A1), and
A;4 1s approximatively compact with respect to A; fori = 1,2,...,/. Then T has a
best proximity point in Y.

Proof. Clearly, we have
aG(x,v,y) + BG(x, Tx, Tx)+yG(y, Ty, Ty) < (@ + B +y)M(x,v,y).

Thus
Gu*, u,v) <(@+pB+y)M(x,v,y).

Using Corollary 2.5, withk = (¢+8+y) € (0, 1), we obtain that T has a best proximity
point. [

Next corollary is obtained for cyclic mapping satisfying integral type contractive
conditions.

Corollary 2.7. Let (X, G) be a G-metric space and {A;};. be a family of disjoint
I

nonempty subsets of X with ¥ = U A; such that Y is a G-complete subspace of
i=1

X. LetT : Y — Y be a generalized proximal cyclic weak ¢-contractive mapping,

i.e., T : Y — Y be a mapping satisfying T(A;) € A;41, fori = 1,2,...,[ such that

Ajr = Ay andifforx,u,u™ € A;and y,v € Ajyy,

do(u*, Tx) =dg(Ai, Aiy1),

dg(u, Tu®) = dg(Ai, Ait1)

and
dg(v, Ty) =dg(A;, Ait1),

G (u*,u,v) M(x,v,y) M(x,v,y)
/ ds < / ds — ¢(f ds), (23)
0

o o

then

where M (x,v,y) = min{G(x,v,y),G(x,Tx,Tx),G(y, Ty, Ty)} and ¢ € ®. Sup-
pose that A;, is nonempty such that T'(A;,) S A1), and A;41 is approximatively
compact with respect to A; fori = 1,2, ...,/[. Then T has a best proximity point in Y.

Utilizing Corollary 2.5, we obtain next corollary.

Corollary 2.8. Let (X, G) be a G-metric space and {A;}/_; be a family of disjoint
!

nonempty subsets of X with ¥ = U A; such that Y is a G-complete subspace of
i=1
X. LetT : Y — Y be a generalized proximal cyclic weak ¢-contractive mapping
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i.e.,T :' Y — Y be a mapping satisfying 7(A;) € A;j4+1, i = 1,2,...,[such that
Ajr1 = Ay andifforx,u,u™ € A;and y,v € Ajyq,

de W™, Tx) = dg(A;, Ait1),
dg(u, Tu*) = dg(Ai, Ait1)

and
dg(v, Ty) =dg(A;, Ait1),

G (u*,u,v) M (x,v,y)
/ ds < k/ ds, (24)
) 0

where M (x,v,y) = min{G(x,v,y),G(x,Tx,Tx),G(y, Ty, Ty)} and ¢ € ®. Sup-
pose that A;, is nonempty such that T (A;,) € A¢+1), and A;41 is approximatively
compact with respectto A; fori = 1,2, ...,[. Then T has a best proximity point in Y.

then

3. Application to fixed points theorems

We already discussed that in the case of cyclic contraction, a best proximity point is a
fixed point of 7 whenever ﬂle A; # ¢. Therefore utilizing the aforesaid concept to our
best proximity results, we establish some new fixed point results for generalized cyclic
contraction.

LetX =Y = UﬁzlA,-. Then X is complete. Now, suppose each A; is closed and

ﬂgzlAi # ¢, then certainly dg(A;, Ai+1) =0, i =1,2,...,[. Hence by
dcw*, Tx) = dg(A;, Ait1),

do(u, Tu*) = dg(A;, Ait1)
and
dg(v, Ty) = dg(Ai, Ait1),
it implies that u* = Tx,u = Tu* = T?x and v = Ty.
Now we are in a position to state our fixed point theorem.

Theorem 3.1. Let (X, G) be a complete G-metric space and {A; }ﬁzl be a family of non

empty closed subsets of X with X = U€=1A,~. Let T : X — X be a mapping satisfying
T(A) CT(Ajq) fori=1,2,...,l with A;;1 = A and

G(Tx, T’x, Ty) < M(x, Ty, y) —¢(M(x, Ty, y)), (25)

where M(x, Ty, y) = min{G(x, Ty, y),G(x,Tx,Tx),G(y, Ty, Ty)}, forall x € A;,
ye€Ai+1,i =1,2,...,land ¢ € ®. Then T has a unique fixed point in ﬂgzlAi.

Proof. Take an arbitrary xo € X and define the sequence {x,} as x, = Tx,—1, n =
1,2,3,.... Since T is a cyclic, for xo € Ay, x;1 = Txg € Az, xp = Tx; € Az, ...and
soon. If x,,4+1 = xy,, for some ny € N, then obviously the fixed point of T is x,,,.
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Assume that x,+1 # x, for all n € N. Now arguing similarly as in the proof of
Theorem 2.3, we conclude that {x,} is a G—Cauchy sequence in X. Since X = UleAi
is G—complete, {x,} converges to a point p € X.

Now itis easy to show that p € ﬂﬁzlA,-.Sincexo € Ay, the subsequence {x;;,—1)} o C
Ay, the subsequence {x;(,—1)+1},o; C Az and continuing in this way, the subsequence
{xm—1};2; C A;. Since all the /-subsequences are G-convergent in closed sets A; and
therefore they converge to the same limit p € ﬂi:l A;.

Finally we show that the limit p is the fixed pointof 7', i.e., p = T'p. Now from (25)
with x = x, and y = p (knowing that x,, = Tx,,_1),

G(Tx,, T?x,, Tp) < M(x,, Tp, p) — p(M(x,, Tp, p)),

Where M(xna Tpa p) = min{G(-xna Tp’ p)a G(xn’ Txnv Txn)’ G(pa Tpa Tp)} Taklng
n — oo, we get
G(p,p.Tp) =0—¢(0),

and so, G(p, p, Tp) = 0, itimplies that Tp = p. Therefore p is fixed point of 7.
Next we prove the uniqueness of p. Assume that g € X is another fixed point of T'.
Now putting x = p and y = ¢ in (25), this yields

G(Tp, T*p,Tq) < M(p,Tq,q) —d(M(p,Tq,q)),

where M(p,Tq,q) = min{G(p,Tq,q), G(p,Tp,Tp),G(q,Tq,Tq)} = 0. Hence
we have G(p, p,q) <0 —¢(0), and so G(p, p, q) = 0, it implies that p = ¢. [

Applying same argument as in previous section, we have the following corollaries:

Corollary 3.2. Let (X, G) be a complete G-metric space and {Ai}L1 be a family of

nonempty closed subsets of X with X = U§:1A,~. Let T : X — X be a map satisfying
T(A) CT(Ajt+1), fori =1,2,...,lwith A;;; = Ay and

G(Tx, T*x, Ty) < kM(x, Ty, y), (26)

where M(x, Ty, y) = min{G(x, Ty, y), G(x,Tx,Tx),G(y, Ty, Ty)}, k € (0, 1) for
all x € A;, y € Ajy1,i = 1,2,...,1l and ¢ € ®. Then T has a unique fixed point in

Corollary 3.3. Let (X, G) be a complete G-metric space and {Ai}ﬁ_1 be a family of

nonempty closed subsets of X with X = UﬁzlAi. Let T : X — X be a map satisfying
T(A) CT(Ajqr), fori=1,2,...,1 with A;;1 = A and

G(Tx,T?x,Ty) <aG(x,Ty,y) + BG(x, Tx, Tx) +yG(y, Ty, Ty),  (27)
where M (x, Ty, y) = min{G(x, Ty, y), G(x, Tx,Tx),G(y, Ty, Ty)}forx € A;, y €

Aiv1,a,B8,y >0witha+ B+ y > 1, and ¢ € ®. Then T has a unique fixed point in
l
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Corollary 3.4. Let (X, G) be a complete G-metric space and {Ai}f_1 be a family of

nonempty closed subsets of X with X = UézlAi. Let T : X — X be a map satisfying
T(A) CT(Ajq) fori=1,2,...,l with A;;1 = A and

G(Tx,T?*x,Ty) M(x,Ty,y) Mx,Ty,y)
/ ds < / ds — ¢(/ ds), (28)
0

0 0
where M(x, Ty, y) = min{G(x, Ty, y),G(x,Tx,Tx),G(y, Ty, Ty)}, for x € A;,
y € Aj+1, and ¢ € ®. Then T has a unique fixed point in ﬂézlAi.

Corollary 3.5. Let (X, G) be a complete G-metric space and {A,~}ﬁ_1 be a family of

nonempty closed subsets of X with X = UleAi. Let T : X — X be a map satisfying
T(A)) CT(Aj41), fori=1,2,...,lwithA;j;+; = A and

G(Tx,T*x,Ty) M(x,Ty,y)
f ds <k / ds, (29)
0 0

where k € (0,1), x € A;, y € Aj+1, and ¢ € . Then T has a unique fixed point in
I

Next some examples to demonstrate the validity of the hypothesis of Theorem 3.1,
are furnished.
Example 3.6. Let X = A U Ay, where A; = {(a¢,0) : 0 <a < 1}and Ay = {(0, b)) :
b= % and 0 < a < 1}. Let G : X3 — [0, 00) be defined by

3
G((x1, y1), (¥2, 2), (63, y3)) = Y _[Ixi — xip1l + |yi = yigall,

i=1

where (x4, y4) = (x1, y1). Then (X, G) is a complete G —metric space. Clearly A and
A are G-closed subsets of X.
Consider the mapping 7 : A1 U A, — A U Aj given by

a b
T (a,0) = (0, Z) and T(0,b) = (Z, 0).

Clearly T(A1) € Az and T(Ap) C Aj.

Next to verify that T satisfies the contraction condition (25), with ¢ (t) = —. Consider

t
1
(x,y) € Ay x Ay and let x = (a,0),y = (0, b) (knowing that b = g,O <ac< 1).

a
, —

b
Then Tx = (0 4) and Ty = (4_1 ()) . Now we observe that

(1) G(Tx,T*x,Ty) = G <(0, %) , (1“—6 0) , (i—:, 0)) - Za,
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b
() G(x, Ty, y) =G ((a, 0), (Z’ 0) (0, b)) — 3a,

3) G(x,Tx,Tx) =G ((a, 0), (0, %) , (o, %)) — ga,

b b 5 5
4) GOy, Ty, Ty) =G ((O, b), (Z’ 0) , (Z, O)) = Eb = 7%

and then
) 5
Mx, Ty,y)=min{G(x,Ty,y),G(x,Tx,x),G(y, Ty, y)} = Za
and

1/5 5
¢(M(X, Tyv y)) = Z (Za) = —a.

Hence, we have

5 15

5
M(x, Ty, y) — ¢(M(x, Ty, y)) = ZCI — 1—661 = 1—6a_

Thus, clearly G(T x, T2x, Ty) < M(x,Ty,y) —¢(M(x, Ty, y)). Therefore, all the
conditions of Theorem 3.1 are satisfied and the point (0,0) € A; N A, remains fixed
under 7" and is indeed unique.

Example 3.7. Define a G-metric G on the set X = {a, b, c} by

G(a,a,a)=G(b,b,b) = G(c,c,c) =0,

G(a,a,b) =4,

G(a,a,c) =G(a,b,b) =G(b,b,c) =6

and
G(a,b,c)=G(a,c,c) =G(b,c,c) =8

with symmetry in all variables. Since G(x, y, y) # G(x, x, y), forx # y, (X, d) is not
symmetric. Let A; = {a, b} and A> = {b, c¢}. Consider the mapping 7 : X — X given
byTa=b,Tb=>b,Tc=>b.Undoubtedly T : AyUA; — AU Ajisacyclic mapping
and Af U Ay = X.

Now the following Table 3.1 shows that the contractive condition (25) is satisfied
whenever x € A|,y € Apory € A1, x € Ay with¢(t) = t/6.
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| ) [ GTx, T, Ty) [ P=M&, Ty, y) | 0 =¢Mx,Ty, ) | P— Q|

(a, b) 0 0 0 0
(a,c) 0 6 1 5
(b, b) 0 0 0 0
(b, c) 0 0 0 0
(c,a) 0 6 1 5
(¢, b) 0 0 0 0
(b, a) 0 0 0 0
Table 3.1

From the second and fifth columns, we conclude that
G(Tx,T?x,Ty) < M(x,Ty,y) —¢p(M(x, Ty, y)),

where M (x, Ty, y) = min {G(x, Ty, y), G(x, Tx, Tx), G(y, Ty, Ty)}. Therefore, all
the conditions of Theorem 3.1 are fulfilled and it follows that 7" has a unique fixed point
be AN A;.

Concluding Remark

A G-metric naturally induces a metric dg given by

dg(x,y) = G(x,y,y) + G(x, x, y).

Due to condition that x is not equal to y, either of the inequalities (3.1), (3.2), (3.3),
(3.4) and (3.5) do not reduce to any metric inequality with the metric dg. Thus our fixed
point results are not the consequences any corresponding results on metric spaces from
existing literature.
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