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Abstract

This article deals with a general Gierer-Meinhardt model contains an activator and
(m — 1) inhibitors, formed Reaction-Diffusion system. The paper aims at proving
the existence of space-independent initial data such that the solutions of this system
blow up in finite time.
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1. Introduction

In 1972, A. Gierer and H. Meinhardt proposed molecular models of reaction-diffusion
type describe the pattern formation in Biological environment [1], among there models
the activator-inhibitor model. This paper deals the study of existence of blow up solutions
without diffusion of a general model contains an activator with concentration (#1)and

(m — 1) inhibitors with concentrations(u ), j =2, ..., m.
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with Neumann boundary conditions

auj

5 =0, x€0dQ,t>0, forj=1,....,m (1.2)
n
and the initial data
uj(x,0)=<pj(x)>0, xeQ, forallj=1,...,m (1.3)
0
here €2 is an open bounded domain of class clinRrN , with boundary 02 and 3 denotes
n
the outward normal derivative on 92.
Suppose that: o > 0. a;, bj, pj;: are non negative indexes for all: 7, j = 1,...,m
with
3
-1 1L Pl
PO min =2 1. (1.4)
g% (1) min_(pj;) — max (p1;) + L pii
Ji=2,m i=2,m 1=

Blow up occurs if there exist a time Tax < 00, such that the solutions are well
defined for all 0 < ¢ < Tpax, While

m
lim u; (t, . = 0Q.
in Zlu i (1, )llog

1=

max .

Li, Chen and Qin [5] proved the existence of blow up solutions for the activator-inhibitor
model which is formed with two equations:

d
??:dAu—,uu—l—upv_q—l—a
ov .

— =DAv—vv+uv?,

at

for some initial values if eitherr > p — 1 withrg < (p—1)(s+1)orr < p — 1.
Quittner and Souplet [6] got the same results.
In the case of three components (an activator and two inhibitors)
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we proved the existence of space-independent initial data [3], such that the solutions
blow up in finite time if

p1—1 . [ qir ]
—————— > min | — J1.
max (p2, p3) min (g2, g3, 12, r3) —max (g1, r1) + q1r1
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2. Blow up results

Starting with a preliminary lemma which its proof is followed immediately from the
maximum principle.

Lemma 2.1. Let (u1(z,.), ..., u,(t,.)) be a solution of (1.1). Then for any (¢, x) in
(0, Thmax) X €2, we have

ui (t,x) > e P'min (¢;(x)) >0, i=1,...,m (2.1)

Theorem 2.2. Assume the condition (1.4), then there exist space-independent initial
data ¢;, i = 1,...,m, such that the solution (uy, ..., uy) = (u1(t),...,u,(t)) of
problem (1.1) satisfies Tyax < 00.

Proof. We consider space-independent solutions of (1.1), i.e. solutions of the cor-
responding ODE system without diffusion. For spatially homogeneous initial data
¢; > 1, i = 1,...,m, we assume that Tmax (¢, ...,¢,) > 1 (for find a contra-
diction). In what follows, all the positive constants Cy, Cj, ... are independent of
g, i=1,...,m.

. d o
Forfixedoa; >0, i =1,...,m,let A = a1b; —Zaibi and L (1) = -
i=2 'l_lzu?"
1=

We have
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then we get
MP11+011—1 P/H—Otl
L' +AL(t) = aj——- — Zoz
H uPlz"'Olz =) a/""ij‘H 1 f/z‘l'az
=2 i=2
i#]
ual—l
+toa1—, (2.2)
I1 u?i
i=2

We consider two cases separately.

Case 1. p;; — 1 > mg(pjl). We apply (2.2) with o1 =

j=2.m

1. Taking «; large

enough,i = 2, m, with using (2.1), ¢;(x) > 1, j = 2, m, and Young’s Inequality we

have forall ¢ € [0, 1]
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where
hi = 1 P11 0 2 —2
ij — (]l+ +Ol])—_QI] aj> J=sm, 1 =2,m
Pj1 +1

P11

|- Pl —
c;, = (0(_1) rii=(pj1+1) a;’ll_(”ﬂ“)’

m

For other hand with using (2.1) we have

~
,‘\"
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where
di=(pn—-—Da;—p; >0, i=2,
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from (2.2), we have

P11

u
L'(t) + AL(1) = Cpp1 | 57— -) Cj

or
L'(t) + AL(t) = Cpg1 (L(1))P"' = C

where C = ZCj.

j=2
Taking L(0) large enough, this implies blow up of u# before ¢+ = 1; which contradict
with the supposition that Tiax ((pl, cees (pm) > 1.

Case 2.

pii—1 < max (pj1),
j=2.m

m m
(pi1 — 1)[ min_(p;;) — max (pli)+il:[2P1ij| > TLpy; max (pj1).

J,i=2,m i=2,m 1= j=2,m

We claim that there exist constants Cy, 42, C,+3 > 0 such that, if

(jmgfn(l’jl)—pn+1> ” (imif;(Pi.i)—QI.i>
2 > Coia g (2.3)
then
(;1:1;17;(17;1)—1?114—1> (iilzirlln(l’ij)_q}j)
uy > Cm+3j1;12uj ’ , for 0 <t < 1. 2.4)

To prove this, letting ¢ (1) = ¢ L (¢) and applying (2.2) with
oy = max (pj1) — pii+1>0,

j=2,m
oj = ‘mii(l?ij) —q1j, j=2,m
i=2,m

we see that, for all r € [0, 1],
¢' (1) <0= L' (1) + AL (1) <0,
which implies

max (pj1)+ei -1
j=2,m p11—14o1 m

u u
1 1
= 1 Eaj ,

o
(mirl(Pij)+°‘f> I j=2
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then we get
-1
ual m
@)= e—lklﬁ > e Mo,y Zaj =: Cpp42.

1 uo_’J -
j=2"7
Consequently we have ¢ (t) > Cy,42 on [0, 1], and the claim follows with

Cints = eMCpisa.

Now assume (2.3). Using the first equation in (1.1) and (2.4), we deduce that

" o (pj1)-p11+1
p O~ e an
1=
up +biuy > ———— > Cpyau, !
H u(pll)

=cm+4u?, 0<t<1

l'lzplj
wr (o) s ()
Jii= j=
C

Cm+4 = “m+3

where

max (pj1) — pi+1
m

min_ (pji) — max (p1;)

Ji=2,m j=2,m

m
(P —1) [_I_nin (pji) — max (p1;) + o Pu} — T pij max (pji)

Ji=2,m j=2,m j=2.m
= 1+ > 1.
min_(pj;) — max (p1))
ji=2.m j=2,m
But, taking ¢ larger, this implies blow-up of u before + = 1; a contradiction. [
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