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Abstract

The purpose of this work is to construct the kernel polynomial of d-orthogonal
sequence. Some properties of this polynomial are established. We prove that
this polynomial conserves the d —ortohognality, the d-quasi-orthogonality, the d-
strictly-orthogonality and the d-weekly-orthogonality.

We finish this work by proving that this polynomial preserved the d-classical
and semi-classical orthogonality properties under some conditions.
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1. Introduction

In this paper, we construct the kernel polynomial of d —orthogonal sequence wich gener-
alizes the result of Chihara [3, 4], Maroni [17], Know and all [12] and recently the main
result [21], in the context of the d-orthogonality.

This construction allows us to write the kernel polynomial of the d-OPS sequence
{Bn},>0 that we denote by {B: }n>0 in the following form

Byia(x)
Bo)— - d |
n ﬁ - 1) —I—;(—l)l Anpta—i (x1,...,xq) Bn+d_i(x)

i=1
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where A, +q-; (x1, ..., X4) are complex numbers.

We have demonstrated that this Kernel polynomial keeps the d-ortohognality, the
d-quasi - orthogonality, the d-strictly - orthogonality and the d-weekly - orthogonality.
We finish this work by proving that this polynomial preserves the classical and the semi-
classical properties under some conditions that we will be given later.

The paper is divided into four sections. Following the introduction, we give in the
second section preliminaries, necessary for the sequel of our work. Construction and
definition of Kernel polynomial are established in the third section. Finally, we conclude
the paper by giving some properties of this polynomial.

2. Preliminaries and notations

Before discussing our problem, we first give some preliminaries notions which we need
below. Let P be the vector space of polynomials with coefficients in C, equipped with
its natural inductive limit topology; and let P’ be its dual. We denote by (u, f) the effect
ofuePonfeP.

In particular, we denote by (1), = (u, x"), n > 0, the moments of u,where (., ) is
the dual brakets between the vector space of polynomials with complex coefficients and
its dual.

By a polynomial set (PS), we mean a sequence of monic polynomials { B}, ~¢ which
deg B, (x) = n for all n, where, B,(x) =x" +...,n > 0.

Let {B,},~¢be a polynomial set; there exists a sequence of linear functionals {L, },,~,
such that: -

Ly (Bn) = Ly, Bn) =6um » n,m >0 (2.1)

The sequence {L,}, > is called the dual sequence of {B}, it is unique [13].

Lemma 2.1. [13] Let f € P’ and g be a positive integer. f satisfies

f(Pg—1) #0 and f(P,) =0, n=gq

if there exist A, € C,for0 < v < g — 1, with A,_; # 0, such that

g—1
f = Z ALy
v=0

A

Proposition 2.2. [13] If {£,},>0 (resp. {En} ) is the dual sequence of {B;},>¢
n>0
(resp. {Qn}nZO) (where (n 4+ 1) Q,(x) = DB,+1(x)) then we have

DLy=—(+1)Las1, n=0 2.2)

Let us recall the definition of d-orthogonality. We say that the monic sequence
{By},>01s d-orthogonal polynomial sequence (d-OPS) with respect to the vector of linear
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functional I' = (I'1, Iy, ..., Fd)T if it satisfies the following orthogonality relation
[7,8,20]:
{ T, X" By(x)) =0, n>md+a, m=>0 23)
FaxmBmd—l—a—l(x)) #0, m>0 .
or eachinteger o with 1 < o < d. The functionals I'{, I'p, ..., I'; are the d first elements

of dual sequence {I',},>( associated to the sequence of polynomials {B;}, > .
The remarkable characterization of the d-orthogonal sequences is that they check a
recurrence of order d + 1, who is written in the form [20]

d—1
Buta1(@) = (& = Butd) Busad@) = Y v 0 Buamiov@), m =0 (24)
v=0

with the initial conditions
Bo(x) =1, Bi(x)=x—po
and ifd > 2

n—2
By(x) = (x = Bu-D)Bu1(¥) = Y ¥ VBia(x), 2<n<d  (25)
v=0

and the conditions of regularity:
Yoi1 20, m =0 (2.6)

Definition 2.3. [20] A sequence {B,},( is said to be d-quasi-orthogonal of order s

. T . .
with respect to I' = (T, rz ..., Fd) if for | <« < d there exist s, > 0 and o, > sg4
integers such that

{éFa,xmBn(x»:O , n>m+s,)d+a, m>0 2.7

[y, x%% Boad—l-oc—l(x)) #0
Definition 2.4. [20] A sequence {B,},> is said to be strictly d-quasi-orthogonal of
order s with respectto I' = (Fl, I‘z, R Fd)T if it satisfies:
F“,xmBn(x)>=0, n>m-+sy)d+a, m>0

{ T x" Bonts)d+a—1(x)) #0, m >0

forevery 1 <o <d withs = max sy.
1<a<d

(2.8)

Definition 2.5. [21] A sequence {B,},> is said to be weakly d-orthogonal of index
(p, q) withrespectto I' = (Fl, FZ, R Fd)T if satisfies forevery 1 < g <d

{ (PP, By(x)) =0,n > ppd + B (2.9)

(T?, Bpyarp—1(x)) #0
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where p = 1r<nﬂa§d pp. and

r?, xB,(x)) =0, n > 1)d
{( x B, (x)) n=>(qp+1)d+p 2.10)

(1. Bgyryipar () # 0

where g = lr<nlsal§dq,3.

Remark 2.6. A strictly d-quasi-orthogonal sequences of order p with respect to I' is
d-weakly orthogonal of index (p, p + 1) with respect to I'.

Remark 2.7. If d = 1, we have the definition of the weakly orthogonal sequence of
index (p, q).

Now, let us introduce the sequence of monic polynomials {Q,}, > defined by O, =
1

le B, +1,n > 0 where D, denotes the derivative operator d/dx. If the sequence

n
{On}u>01s also d-OPS, the sequence d-orthogonal {B,},>( is called classical (in the
sense of having the Hahn property [8, 9]) and if the sequence {Q},>is d-quasi OPS,
then the sequence d-orthogonal {B,},- is called semi-classical [19] .

Remark 2.8. [9] In the case of d-orthogonality (2.2) can be written as

Ak
DI = —W (x)T* 2.11)
where
0 1 o --- 0
0 o 2 .- 0
vx)y=\| - (2.12)
0 o o0 .- d-1
px) & & - &

with deg ¢ (x) = 1.

Proposition 2.9. [18] Let{B,},-bead-OPS, thenitsatisfie the generalised Christoffel-
Darboux identities

. 1| Bpyalx1) -+ Bu(x1) .
[T U £ DY G Vit
#=0 Byta(xa+1) By (xa+1) V=0 2.13)
) -1 By 14a(x1) - x1By_144(x1) '
y l_[ V,? y
H=0 By_1ya(xa41) -+ Xay1Bv_14a(xa41)

with x; #x; if i # jand wheny, #0,Vn > 0(y5) = 1).
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3. Construction and definition of Kernel Polynomial

Let {B;},>0 be a d-OPS with respect to the form I' = (Fl, F2, AU Fd)T , then the
Christoffel-Darboux identity (2.13) for d > 2 can be written as

(1:[0 Vr?) n (_1)k—n d—1
— Z k ZAi(xz, coos Xd+1) Bygi(x1) =

Op (X2, ..., Xq)
n v=0 ] 7’;9 k=0
u=0
d
1 i
T [Bn+d(x1> + 2 (1 Auai (2, Xa) B <x1>}
[T 1 —xi) i=l
i=2
where o, ( )
X2, oy Xd41
Anta—i (X2, ..., Xg41) = — i
O, (xz,...,de)
and
D, (x2,...,Xq+41)
Bia(x2) o+ Bpya—it1(x2) Buiya—i—1(x2) <+ Bp(x)
Buya(xav1) -+ Buya—iv1(xa+1) Buya—i—1(xa+1) -+ Bu(xa41)
and
Bta(x2) Buta—1(x2) <o+ Bp(xp)
O, (x2, ..., Xq41) =
Buya(xav1) Buya—1(xa+1) -+ Bp(xgy1)

Definition 3.1. We define a sequence { B} _ by

Bn+d ()C)
Bir) = — N 3.1)
T + ) (=D Apya—i (51, ... Xg) Buya—i(x) '
l_[ (x —x;) i=1
i=1
and will be called Kernel polynomial of the d-orthogonal sequence {B;}, > -
For any real numbers x1, ..., x4, we consider the new functional I'* whose moments

of order n are defined by:

d
M (x") =T =Taa+ ) Tnva—i

i=1
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where I',, = T° (x”) is the moment of order n of I".
It is evident that for any polynomial IT (x) we have

n n n d
MM @) =T" [chxk} =D al*[¥]=) a (Fk+d +> md_l-)
k=0 ., k=0 k=0 i=1

d
= Xn:ckl" xktd 4 Zxk+d_ii| = Xn:ckl" |:1_[(x — xi)xk:|
k=0 k=0 i=1

i=1

d d
=T (x — x;)I1 (x)i| = ]_[(x — xp)I" [IT (x)]
=1

Li i=1

It is obvious that for any polynomial IT (x) of degree n we have
d
MM )] =[] & —x) T )]
i=1

Lemma 3.2. Let {B,},~( be a d-OPS with respect to the form I = (Fl, Fz, e, Fd)T ,
then we have

Biia(x) =(m+d+1) Qnyalx) — (n+d) (x — Bpta) Onya—-1(x)

d—1 (3.2)
+Y Ad—v =1y Onrava(x)
v=0
Proof. This is obtained by deriving (2.4). |
Proposition3.3. Let{B,},-(bead-OPS withrespecttothe formI" = (I'', I'%, ..., Fd)T .
d
Then for all real numbers xj, ..., x4 the functional I'’* = H(x — x;)I is quasi-defined
i=1
if:
Anta—i (x1,...,x2) #0 (3.3)
In this case, the d-OPS with respect to the form I'™* = (T}, T3,...,T%)" is the
sequence
Bn—i—d(x)
Bi(x) = —— STRY (3.4)
" d + 3 (=) Apga—i (51, - .. Xa) Buga—i(x) '
()C - xi) i=1
i=1
with o, ( )
X1y, .-.,Xd
Apa—i (X1, .+, Xg) = = (3.5)

Op (x1, ..., Xa)
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Proof. We have

d
(%, x™ B} (x)) = <]_[ (x — x;) T, xmB;;(x)>
i=1
d

= (o ¥ Bura () + Y (=D Apya—i (x1, - - %a) {Tarr X" Bpa—i (x))
i=1

=0

forn > md+a (according to the definition of d-orthogonality of the sequence { B },,>().
And for the regularity we have

d
<F$’ x™ :w'—l—a—l(x» = <l_[ (x - xi) Lo, xmB;vkzd—l—a—l(x)>

i=1
= (Ta, X" Bont1yd+a—1(x))

d
+ ) (=D Apga—i @10 Xa) (Tas X" B 1y i1 (X))
i=1

= (=D Amara—1 1, -+, %2) Tao X Bpngra—1(x)) # 0

under the condition
Amgd—i (x1,...,x0) #0, m>0
because (Fo,, X" Bind+a—1 (x)) # 0.
From where

rr(x"B;(x)=0, n>md+a , m=>0

Lo(x™Br g 1(x)#0, m=>0

m

d
ie {B* }nzo is a d-OPS with respect to the form I'* = 1_[ (x — x;) " under the condition

n
i=1

Amgda—i (x1,...,xq) #0, m=>0

4. Properties of Kernel Polynomial

The Kernel polynomial {B: }n> verifies the following properties.

0



8 Bouras Mohammed Cherif

Proposition 4.1. If {B,}, > is strictly d-quasi-orthogonale of order s with respect to
the form T', then its Kernel polynomial {B;lk } is also strictly d-quasi-orthogonale of
d

order s with respect to the form I'* = H (x — x;) I', under the condition

i=1

n>0

A((sg+mydta—1 (X1, ..., xq9) 70, m >0 4.1)

where s = max s,.
1<a<d

Proof. We have

d
(0%, x™ B} (x)) = <]_[ (x — x) T, x'"B;f(x)>

i=1

d
== <F0l7 xmBn—i—d(x)) + Z (_l)l An+d—i (-xlv ey xd) <F0l’ XmBn+d_i(X)> - O

i=1

forn > (m+sy)d+oa andm > 0 (according to the definition of the stricly d-orthogonality
of the sequence {B;},>¢). And for the regularity we have

d
<F:Xk’ xmBZYa-I-m)d—Fa—l (x)> = <1_[ (x —xi) Iq, xmBz;a+m)d+ot—l (x)>

i=1
= (Fa, xmB(sl,—l—m—H)d—l—a—l (x)>

d
+ ) (=D Asprmindra—i—t X1 Xa) (Tos X Bisytmt D +a—i—1 (X))
i=1

= (=D A((sytmydsa—1 (X1s ..., Xq) (Co, ™ B(sy+m)d+a—1(x)) # 0O

under the condition

A ((sqtmydta—1 (X1, ..., xqg) 0, m >0
Consequently
(Fé,x"’BZ‘(x)):O, n>m+sy)d+a m=>0
{ <F;,xmBZ’a+m)d+a_l(x)> £0 m>0

which define the quasi d-orthogonality of { By} _ under the condition

A((sqtm)d+a—1 (X1, ..., xq) #0, m >0
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Proposition 4.2. If { B}, is weekly d-orthogonal of index (p, ¢) with respect to the
form I, then its kernel polynomial {B,;k } is also weekly d-orthogonal of index (p, q)
d
with respect to the form I'* = l—[ (x — x;) I', under the conditions
i=1

n>0

Apgdta—1 (x1,...,xq) #0 (4.2)

Agu+yd+a—1 (X1, ..., xq) #0 (4.3)

where p = max p, and ¢ = max gq.
I<a<d l<a=<d

Proof. We have

d
<F;, B:(x)> = <l_[ (x —x;i) Iy, B;,k(x)>

i=1

d
= (T Buta () + Y (=1 Apra—i (¥1, .., Xa) (T, Buga—i(x)) =0

i=1

for n > p,d + a (according to the definition of the weekly d-orthogonality of the
sequence {B,},~o) with p = maxp,. And further
- o

d
(2 Bhuasa-1(0) = <H (x =) T, B;ad+a_1<x>>

i=1
= (Cos B(pot Dd+a—1+d(X))

d
+ Z (=D Apottydta—1-i (¥1, -+ Xa) (Car B(pt Ddta—1-i(¥))

i=1
= (_l)i Apydta—1 (X1, ..., Xq) (Fou Bpad—l—oz—l(x)) # 0
under the condition
Appdta—1 (X1,...,xq) #0
In the same way we have

(Fos xByya(x)) =0, n>qed+a

and
<F;, szqa+1)d+a—1(x)> # 0
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under ther condition

Aot ydta—1 (X1, ..., xq) #0
Finally {B;} _ is d-weekly-orthogonal of index (p,q) with respect to linear form
' = (x — y) (x — z) T, under the conditions

Apgdia—1(x1,...,xq3) #0
A et ydta—1 (X1, ..., xq) #0

Proposition 4.3. If {B,,},,~( is d-quasi-orthogonal of ordre s with respect to linear form

I', then its kernel polynomial {B;‘; } is also d-quasi-orthogonal of order s with respect
d

to linear form I'* = 1_[ (x — x;) I, under the conditions

i=1

n>0

Aoydta—1 (X1, ..., xq3) #0 (4.4)

Proof. Using the definition of the d-quasi-orthogonality of { B, },~, we have

d
(%, x™ B} (x)) = <]_[ (x — x;) Tg, X" B (x)>

i=1

d
- <FOl’ xmBn+d(X)> + Z (_1)l Ai’l+d—i (XI, ey xd) (F()l’ xmBn+d—i(x)> == O

i=1

forn > (m + s4)d + «, m > 0. And for the regularity we have also

d
(To X% By 41 (X)) = <H (0 — i) Do X7 B <x>>

i=1
= (Fa’ x T B(Ua+1)d+a_l('x)>

d
+ Z (=)' Aoyt iydta—i—i &1 - Xa) (Tars X7 Bigy1ydsa—1-i (x))

i=1
= (_1)d Noydta—1 (X1 -+, Xa) (Fa’ x o Baad—{-oc—l(x)) #0
if
Aoydta—1 (X1,...,x9) #0

Finally we have

|

I x"Bi(x))=0 n>(m+sy)d+a, m=>0
FZX;’ xO’a—AsaB:ad_Fa_l(x)) # O,
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under the condition A, g4+a—1 (X1, ..., Xg) 7 0, which gives us the d-quasi-orthogonality
of {B;} |

n>0"

Notation 4.4. Let be I' the linear form of the sequence of derivatives

1
=——DB
{Qn n+1 n}nZO

d
%
and ' = l_[ (x — x;) T'* the linear form of the sequence of derivatives

i=1

1
{Q: = —DB;Z*}
n—+1 >0

Proposition 4.5. If {B,}, > is d-classical OPS with respect to the linear form I', then

d
{B: }nzo is also d-classical OPS with respect to the linear form I'* = 1_[ x—x)T
i=1

under the condition
Amdya (X1, ...,x9) #0 4.5)

form > 0.

Proof. Let {By},obe ad-OPS with respect to the linear form I', than { B} _ is also d-
. >
OPS with respect to the linear form I'* = 1_[ (x — x;) I' (by Proposition...). Furthermore

i=1

0

1 “
the sequence {Qn = ?DB,,} is also d-OPS with respect to the linear form I
n n>0
1
(according to the definition...). It remains then to show that { Qr=——DB; } is
n—+1 >0
Ak d
d—OPS with respect to the linear form I' = 1_[ (x —x;)) ",
i=1
To begin, we have
oF m * 1 oF m *
Fa,x Qn (.x) :n—_i_l Fa,x DBn+1 (X)
1 F m p* m 2F m—1 px* sksksk
:n+1 Fa’D(x Bn—H ()C)) _n—_|_1 Lyox Bn—H (x) (%)
1 Ak m Ak 1
:—n+1 <DFa,xmB;lk+1 (X)>—m<ra,xm B:+1 (.X')>
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and using (2.11) et (2.12) we have

<DF xmB*+1(x)> — (v () T%, x" B (x))

- <F2, mB*_H (x)) <F3, mB*_H (x)) —&a-1 (Fd, X B*_H (x)>
because
3
2I‘§k
) ry=1 ..
(d— I)FZ
@)+ &S+ -+ &1
from where

(W) Tgx"B  (x))=0, n=md+a, m=0

For the second part of equation(x * ), we have

d
<F "B (x)> <l_[(x—x,~)r‘a,x'" 'B,, (x)>
i=1

~—

d
= <Fa, x"'B n—|—d+1(x)> + Y (=1 Apyagi—i (X1, .- xa) <Fa’ X" Byyari-i(x)

i=1

and using (3.2) we have
<Fa, xm—an+d+1(x)> =(n+d+2) <Fa, X! Qn+d+1<x>>
—(+d+1) <Fa, X" Qn+d(x>> +(Hd+ 1) Buras <Fa, X! Qn+d<x)>
+ i (n+d—v)yl oy, <Fa, X Opra—vi <x>> =

forn > (m — 1)d+a+1andm > 0 (from the definition of d-orthogonality of { O, },,>0).
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And in the same manner we have

<FO{9 xm_an+d+1—i(x)> =n+ d+2— i) <Faa xm—l Qn+d+1—i (x)>

—(n+d+1-10) <Fa x" Onyd—i (X)>

+m+d+1—1i)Burati—i <Fa, X" Quya—i (x)>

d—1
+ Z (n+d—v—i) )/,fl;}__\fﬁ_i <Fa, X Qamvoi—i (x)> =0
v=0
forn > md + o and m > 0. And therefore we obtain
%k
<Fa,me;(x)> =0, n>md+ao, m>0

For the regularity, we have

¥k 1 %
<Fa’x Q;knd—l—a—l (x)> = md + « <Fa’ meB;:ld—l—a (x)>
1 " m " 3
= md + « <Foe’ D (xmB:zd—l—oz (x))> - md + « <Fa,xm lB;d—i-a (x)>

and
<Fa’ D (xmB:;ld—i—a (x))> == <5Fa’ xmB;;d—i—a (x)> = (qj (x) F:)kt’ x™ ;;d—i—a (x)>

= (T3, x" B} gia X))+ 2(T5, X" B}l 1 O) 4+ oo + &1 (T, X" By (1)) =0

Over there

Ak d A
<Fa, xm_]B;;d—f—a ()C)> = <l_[ ()C - -xi) FO[, xm_lB;;d_f_a (.X')>

i=1

Buata+a(x)
— (T, x! d ;
“ + > (=D Amdtatrd—i (X1, .. Xa) Budyatd—i (%)

i=1

= <Fou xm_lB(m+l)d+a(x)> =0
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knowing that

<Fa7 X" Bt yasa(x)) =
=(m+1)d+a+1D)(Te, X" "Ounityatar (X)>
—((m+1)d+a) <F0£7 me(m—H)d—i-ot (x)>

+Bm+1)d+a (M +1)d + a) <Fa, X" Ot 1yda (X)>
d—1

+Y (m+Dd+a—v—Dyilin. ., <Fa, Qe 1ydra—v—2 (x>>
v=0
=0

and

d
Z (=)' Agntydtra—i (X15 - -+ 5 Xa) <Fa, xm_lB(m+l)d+a—i(x)>
i=1

(=1 Amatydra—i X1s ..., xg) ((m + 1) d

I
.M*‘“

i=1

+a—i+1) <I’a, O g hdra—it (X)>

d
= =D At ndra—i (51, ., Xa) (m + 1) d
i=1

+a —1) <Fa» X" Qm+yd+a—i—1 (x)>

d
= =D Apnindra—i (1. xa) (m + 1) d

i=1

+a —1i) <Fou X" Qm+1d+a—i—1 (x)>

d
= D At ndra—i (51, ., Xa) (m + 1) d
i=1

+a —1) <Fou X" QA yd+a—i—1 (x)>
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d

+ ) (=D At nydta—i Koo Xa) B ydtai (m+ 1) d +a — i)
i=1

X <Fot’ xm1 Q(m—|—l)d—|—oz—i—l (x)>

d
+ Z (=D" Amtd+a—i (X1, ., Xg) X
i=1
d—1 =
Z ((m+1) d+a—v—i— 1) V(Crln__f_ll_)(];_,_a_v <Fa’ xm—l Q(m+1)d+ot—v—2 (X)>
v=0

= (_l)d Amdta (X1, ..., Xq) V((y);z_l)d+a+1 <Fa, xm—l Q(m—l)d+a—1 (x)> #0

under the condition
Amd+a (xla ey xd) 75 0

because )/&_DdJFaH # 0. From where
Ak
Fa,me:(x)>=0, n>md+ao, m>0

Ak
Foo X" Oy <x>>#0 m=0

d
Lk “
this proves that { o }n> Ois alsod- OPS withrespecttothe linearform I' = l_[ (x—x;)T.
i=1

This completes the proof. |

Proposition 4.6. If { B, }, - is semi-classical d-OPS of ordre s with respect to the linear

form I', then its Kernel polynomial {B;‘; }n>0 is also semi-classical d-OPS of ordre s with
. >

respect to the linear form I'* = l_[ (x — x;) I under the condition

i=1

Oy 7 Sq (4.6)
and
Aoyd+a (X155 xq) #0 4.7)
for each integer o« with 1 < o < d.
Proof. For the proof it suffices to show that the sequence {QZ = ?DB;: } is d-
n n>0
d

~ X ~
quasi-orthogonal of order s with respect to the linear form I' = 1_[ (x — x;) I'.For this
i=1
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we have

<Fa,x 0* (x)> _1H<F* " DB’ 1(x)>

! F* D (x"B:, (x))) - —— r L XMUBE ()
n+ I’l+1 n+

n-l—l
1 = m = m—1 px*
:_n+1 DF s X Bn+1(.X) —m F s X B +1(X)

using (2.11) et (2.12) we have
<DF ,x" By (x)> Oon>m+sy)d+a, m=>0

and

~ % d
<Fa m- IB*+1(x)> <H x—xl)Fa,xm IB*+1(x)>

i=1

d
=<Fa,xm 'B n+d+1(x)>+Z( D' Anyatr—i (X1,...,Xd)<Fa,xm_an+d+1—i(X)>
i=1

using (3.2) we obtain

<Fa, xm—an+d+1<x>> =(n+d+2) <Fa, X" Quyari (x>>

—(n+d+1) <Fa, X" Qs <x>> 4 +d+1) Purast <Fa, " Qi <x>>
+Y (t+d =)yl < o X" Ot <x>>
v=0

for

n>m+sy—Dd+ao, m=>0
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And in the same way we have for 1 <i <d

d
D (=1 Aprari—i (51, Xa) <Fa, xm—an+d+1_i<x>> =

i=1

d
D (=D Aparii (x1, .-, Xa) X
i=1

(n+d+2—1i) <Fa, X Qpgarisi (x)>
—(m+d+1-10)x = Butd+1-i) <Fa, X" Quiai (X)> =0
d—1 ~
+ Z n+d—v—i) Vi;dv—_il—l—u <Fou xm! Ontd—i—v—1 (x)>
L v=0 _

for

n>m+sy,)d+a, m=>0
which gives

~ %
<Fa,me:(x)> =0, n>m+sy)d+a, m>0

For the regularity, 3s, > 0 et o4 > s4 such as

~ X _ l ~ % _
<Fa,xa“ e Qf;ad+a_1(x)> = W<Fa,x"a S"DB;o,d+a(X)>

1

~ % _ Oy — Sa ~k o1
" oud t+a <FwD[x"“ S“B:ad+a<x>]>‘ vad +a \L ¥ Badra®)

o.d +
and in the same manner as previously we have

~ %k ~ k%
<Fa, D [xaa—sa B;ad+a(x)]> = — <DFa, an—saB:ad+a(x)>

= (U (x)Tk, x% % B;“adw(x))
=0
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et
Oy — S e
aad —1—2 <F X lBo d+a(x)>
o
—O'a — e l_[ S Og—5Sa—1
- (x —x;) Co, X777 B, d+a(x)>
ud +a <i=1
Oy — 8o |
B aad +Z <F°" X Boad+a+d(X)>
o
Ga - SO{ Ua_sa—l ; -
+—U d+a Z (=1 Aaad—{—ot—{—d—i x1, ..., x)(Tg, XBUad—I—oH—d—i(X)
(o4 i
B lof d + o Z( 1) Aaad+a—|—d i (X1, ..., Xd) <Fa’ xaa_sa_lQaad+a+d—i(X)>
o
d Ja — S Oq—Sa
= Y i 4 ) Aoy (1 50) <Fa, x Qaad+a_1<x>>
[

= (_1)d (0w — Sa) Aoo,d—i—a (X1, ..., Xq) <l:aa x%ata Qaad+a—1(x)>
£ 0

under the condition

(0a = Sa) Noydta (X1, ..., Xq) #0
1.e.
Oq 7 Sa
and
Agdta (X1, ..., xq) #0
this completes the proof. [

Remark 4.7. For d = 1 we find the kernel polynomial obtained by Chihara [3, 4, 12] .
For d = 2 we find the kernel polynomial of 2— orthogonal sequence obtained in [21].
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