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Abstract

The purpose of this work is to construct the kernel polynomial of d-orthogonal
sequence. Some properties of this polynomial are established. We prove that
this polynomial conserves the d−ortohognality, the d-quasi-orthogonality, the d-
strictly-orthogonality and the d-weekly-orthogonality.

We finish this work by proving that this polynomial preserved the d-classical
and semi-classical orthogonality properties under some conditions.
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1. Introduction

In this paper, we construct the kernel polynomial of d−orthogonal sequence wich gener-
alizes the result of Chihara [3, 4], Maroni [17], Know and all [12] and recently the main
result [21] , in the context of the d-orthogonality.

This construction allows us to write the kernel polynomial of the d-OPS sequence
{Bn}n≥0 that we denote by

{
B∗

n

}
n≥0 in the following form

B∗
n(x) = 1

d∏
i=1

(x − xi)




Bn+d(x)

+
d∑

i=1

(−1)i �n+d−i (x1, . . . , xd) Bn+d−i(x)



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where �n+d−i (x1, . . . , xd) are complex numbers.
We have demonstrated that this Kernel polynomial keeps the d-ortohognality, the

d-quasi - orthogonality, the d-strictly - orthogonality and the d-weekly - orthogonality.
We finish this work by proving that this polynomial preserves the classical and the semi-
classical properties under some conditions that we will be given later.

The paper is divided into four sections. Following the introduction, we give in the
second section preliminaries, necessary for the sequel of our work. Construction and
definition of Kernel polynomial are established in the third section. Finally, we conclude
the paper by giving some properties of this polynomial.

2. Preliminaries and notations

Before discussing our problem, we first give some preliminaries notions which we need
below. Let P be the vector space of polynomials with coefficients in C, equipped with
its natural inductive limit topology; and let P ′ be its dual. We denote by 〈u, f 〉 the effect
of u ∈ P on f ∈ P ′.

In particular, we denote by (u)n = 〈
u, xn

〉
, n ≥ 0, the moments of u,where 〈., .〉 is

the dual brakets between the vector space of polynomials with complex coefficients and
its dual.

By a polynomial set (PS), we mean a sequence of monic polynomials {Bn}n≥0 which
deg Bn(x) = n for all n, where, Bn(x) = xn + . . . , n ≥ 0.

Let {Bn}n≥0be a polynomial set; there exists a sequence of linear functionals {Ln}n≥0,
such that:

Ln (Bm) = 〈Ln, Bm〉 = δnm , n, m ≥ 0 (2.1)

The sequence {Ln}n≥0 is called the dual sequence of {Bn}n≥0 it is unique [13] .

Lemma 2.1. [13] Let f ∈ P ′ and q be a positive integer. f satisfies

f (Pq−1) �= 0 and f (Pn) = 0, n ≥ q

if there exist λν ∈ C, for 0 ≤ ν ≤ q − 1, with λq−1 �= 0, such that

f =
q−1∑
ν=0

λνLν

Proposition 2.2. [13] If {Ln}n≥0

(
resp.

{�
Ln

}
n≥0

)
is the dual sequence of {Bn}n≥0(

resp. {Qn}n≥0
)
(where (n + 1) Qn(x) = DBn+1(x)) then we have

D
�
Ln = − (n + 1) Ln+1, n ≥ 0 (2.2)

Let us recall the definition of d-orthogonality. We say that the monic sequence
{Bn}n≥0 is d-orthogonal polynomial sequence (d-OPS) with respect to the vector of linear
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functional � = (�1, �2, . . . , �d)
T if it satisfies the following orthogonality relation

[7, 8, 20] : { 〈
�α, xmBn(x)

〉 = 0, n ≥ md + α, m ≥ 0〈
�αxmBmd+α−1(x)

〉 �= 0, m ≥ 0
(2.3)

or each integer α with 1 ≤ α ≤ d. The functionals �1, �2, . . . , �d are the d first elements
of dual sequence {�n}n≥0 associated to the sequence of polynomials {Bn}n≥0 .

The remarkable characterization of the d-orthogonal sequences is that they check a
recurrence of order d + 1, who is written in the form [20]

Bm+d+1(x) = (x − βm+d)Bm+d(x) −
d−1∑
ν=0

γ d−1−ν
m+d−νBm+d−1−ν(x), m ≥ 0 (2.4)

with the initial conditions

B0(x) = 1, B1(x) = x − β0

and if d ≥ 2

Bn(x) = (x − βn−1)Bn−1(x) −
n−2∑
ν=0

γ d−1−ν
n−1−ν Bn−2−ν(x), 2 ≤ n ≤ d (2.5)

and the conditions of regularity:

γ 0
m+1 �= 0, m ≥ 0 (2.6)

Definition 2.3. [20] A sequence {Bn}n≥0 is said to be d-quasi-orthogonal of order s

with respect to � = (
�1, �2, . . . , �d

)T
if for 1 ≤ α ≤ d there exist sα ≥ 0 and σα ≥ sα

integers such that{ 〈
�α, xmBn(x)

〉 = 0 , n ≥ (m + sα) d + α, m ≥ 0〈
�α, xσα−sαBσαd+α−1(x)

〉 �= 0
(2.7)

Definition 2.4. [20] A sequence {Bn}n≥0 is said to be strictly d-quasi-orthogonal of

order s with respect to � = (
�1, �2, . . . , �d

)T
if it satisfies:{ 〈

�α, xmBn(x)
〉 = 0, n ≥ (m + sα)d + α, m ≥ 0〈

�α, xmB(m+sα)d+α−1(x)
〉 �= 0, m ≥ 0

(2.8)

for every 1 ≤ α ≤ d with s = max
1≤α≤d

sα.

Definition 2.5. [21] A sequence {Bn}n≥0 is said to be weakly d-orthogonal of index

(p, q) with respect to � = (
�1, �2, . . . , �d

)T
if satisfies for every 1 ≤ β ≤ d{ 〈

�β, Bn(x)
〉 = 0, n ≥ pβd + β〈

�β, Bpβd+β−1(x)
〉 �= 0

(2.9)
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where p = max
1≤β≤d

pβ, and

{ 〈
�β, xBn(x)

〉 = 0, n ≥ (
qβ + 1

)
d + β〈

�β, B(qβ+1)d+β−1(x)
〉
�= 0

(2.10)

where q = max
1≤β≤d

qβ.

Remark 2.6. A strictly d-quasi-orthogonal sequences of order p with respect to � is
d-weakly orthogonal of index (p, p + 1) with respect to �.

Remark 2.7. If d = 1, we have the definition of the weakly orthogonal sequence of
index (p, q).

Now, let us introduce the sequence of monic polynomials {Qn}n≥0 defined by Qn =
1

n + 1
DxBn+1, n ≥ 0 where Dx denotes the derivative operator d/dx. If the sequence

{Qn}n≥0is also d-OPS, the sequence d-orthogonal {Bn}n≥0 is called classical (in the
sense of having the Hahn property [8, 9]) and if the sequence {Qn}n≥0is d-quasi OPS,
then the sequence d-orthogonal {Bn}n≥0 is called semi-classical [19] .

Remark 2.8. [9] In the case of d-orthogonality (2.2) can be written as

D
�
�

∗
= −
 (x) �∗ (2.11)

where


 (x) =




0 1 0 · · · 0
0 0 2 · · · 0
· · · · · · · · · · · · · · ·
0 0 0 · · · d − 1
ϕ (x) ξ1 ξ2 · · · ξd−1


 (2.12)

with deg ϕ (x) = 1.

Proposition 2.9. [18] Let {Bn}n≥0 be ad-OPS, then it satisfie the generalised Christoffel-
Darboux identities

 n∏
µ=0

γ 0
µ




−1
∣∣∣∣∣∣∣∣

Bn+d(x1) · · · Bn(x1)

· · · · · · · · ·
· · · · · · · · ·

Bn+d(xd+1) Bn(xd+1)

∣∣∣∣∣∣∣∣
=

n∑
ν=0

(−1)(n−ν)(d−1)+d

×

 ν∏

µ=0

γ 0
µ




−1

×

∣∣∣∣∣∣∣∣
Bν−1+d(x1) · · · x1Bν−1+d(x1)

· · · · · · · · ·
· · · · · · · · ·

Bν−1+d(xd+1) · · · xd+1Bν−1+d(xd+1)

∣∣∣∣∣∣∣∣

(2.13)

with xi �= xj if i �= j and when γ 0
n �= 0, ∀n ≥ 0

(
γ 0

0 = 1
)
.
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3. Construction and definition of Kernel Polynomial

Let {Bn}n≥0 be a d-OPS with respect to the form � = (
�1, �2, . . . , �d

)T
, then the

Christoffel-Darboux identity (2.13) for d ≥ 2 can be written as(
n∏

µ=0
γ 0

n

)


n (x2, . . . , xd)

n∑
ν=0

(−1)k−n

k∏
µ=0

γ 0
µ

d−1∑
k=0

Ai(x2, . . . , xd+1)Bν+k(x1) =

1
d+1∏
i=2

(x1 − xi)

[
Bn+d(x1) +

d∑
i=1

(−1)i �n+d−i (x2, . . . , xd+1) Bn+d−i(x1)

]

where

�n+d−i (x2, . . . , xd+1) = �n (x2, . . . , xd+1)


n

(
x2, . . . , xd+1

)
and

�n (x2, . . . , xd+1)

=
∣∣∣∣∣∣

Bn+d(x2) · · · Bn+d−i+1(x2) Bn+d−i−1(x2) · · · Bn(x2)

· · · · · · · · · · · · · · · · · ·
Bn+d(xd+1) · · · Bn+d−i+1(xd+1) Bn+d−i−1(xd+1) · · · Bn(xd+1)

∣∣∣∣∣∣
and


n (x2, . . . , xd+1) =
∣∣∣∣∣∣

Bn+d(x2) Bn+d−1(x2) · · · Bn(x2)

· · · · · · · · · · · ·
Bn+d(xd+1) Bn+d−1(xd+1) · · · Bn(xd+1)

∣∣∣∣∣∣
Definition 3.1. We define a sequence

{
B∗

n

}
n≥0 by

B∗
n(x) = 1

d∏
i=1

(x − xi)




Bn+d(x)

+
d∑

i=1

(−1)i �n+d−i (x1, . . . , xd) Bn+d−i(x)


 (3.1)

and will be called Kernel polynomial of the d-orthogonal sequence {Bn}n≥0 .

For any real numbers x1, . . . , xd , we consider the new functional �∗ whose moments
of order n are defined by:

�∗ (
xn

) = �∗
n = �n+d +

d∑
i=1

�n+d−i
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where �n = �
(
xn

)
is the moment of order n of �.

It is evident that for any polynomial � (x) we have

�∗ [� (x)] = �∗
[

n∑
k=0

ckx
k

]
=

n∑
k=0

ck�
∗ [

xk
] =

n∑
k=0

ck

(
�k+d +

d∑
i=1

�k+d−i

)

=
n∑

k=0

ck�

[
xk+d +

d∑
i=1

xk+d−i

]
=

n∑
k=0

ck�

[
d∏

i=1

(x − xi)x
k

]

= �

[
d∏

i=1

(x − xi)� (x)

]
=

d∏
i=1

(x − xi)� [� (x)]

It is obvious that for any polynomial � (x) of degree n we have

�∗ [� (x)] =
d∏

i=1

(x − xi) � [� (x)]

Lemma 3.2. Let {Bn}n≥0 be a d-OPS with respect to the form � = (
�1, �2, . . . , �d

)T
,

then we have

Bn+d(x) = (n + d + 1) Qn+d(x) − (n + d) (x − βn+d) Qn+d−1(x)

+
d−1∑
ν=0

(n + d − ν − 1) γ d−1−ν
n+d−ν Qn+d−ν−2(x)

(3.2)

Proof. This is obtained by deriving (2.4). �

Proposition 3.3. Let {Bn}n≥0 be ad-OPS with respect to the form� = (
�1, �2, . . . , �d

)T
.

Then for all real numbers x1, . . . , xd the functional �∗ =
d∏

i=1

(x − xi)� is quasi-defined

if:
�n+d−i (x1, . . . , xd) �= 0 (3.3)

In this case, the d-OPS with respect to the form �∗ = (
�∗

1, �∗
2, . . . , �∗

d

)T
is the

sequence

B∗
n(x) = 1

d∏
i=1

(x − xi)




Bn+d(x)

+
d∑

i=1

(−1)i �n+d−i (x1, . . . , xd) Bn+d−i(x)


 (3.4)

with

�n+d−i (x1, . . . , xd) = �n (x1, . . . , xd)


n (x1, . . . , xd)
(3.5)
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Proof. We have

〈
�∗

α, xmB∗
n(x)

〉 =
〈

d∏
i=1

(x − xi) �α, xmB∗
n(x)

〉

= 〈
�α, xmBn+d(x)

〉 + d∑
i=1

(−1)ii �n+d−i (x1, . . . , xd)
〈
�α, xmBn+d−i(x)

〉
= 0

for n ≥ md+α ( according to the definition of d-orthogonality of the sequence {Bn}n≥0).
And for the regularity we have

〈
�∗

α, xmB∗
md+α−1(x)

〉 =
〈

d∏
i=1

(x − xi) �α, xmB∗
md+α−1(x)

〉

= 〈
�α, xmB(m+1)d+α−1(x)

〉
+

d∑
i=1

(−1)i �n+d−i (x1, . . . , xd)
〈
�α, xmB(m+1)d+α−i−1(x)

〉

= (−1)d �md+α−1 (x1, . . . , xd)
〈
�α, xmBmd+α−1(x)

〉 �= 0

under the condition
�m+d−i (x1, . . . , xd) �= 0 , m ≥ 0

because
〈
�α, xmBmd+α−1(x)

〉 �= 0.

From where 


�∗
α(xmB∗

n(x)) = 0 , n ≥ md + α , m ≥ 0

�∗
α(xmB∗

md+α−1(x)) �= 0 , m ≥ 0

i.e
{
B∗

n

}
n≥0 is a d-OPS with respect to the form �∗ =

d∏
i=1

(x − xi) � under the condition

�m+d−i (x1, . . . , xd) �= 0 , m ≥ 0

�

4. Properties of Kernel Polynomial

The Kernel polynomial
{
B∗

n

}
n≥0 verifies the following properties.
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Proposition 4.1. If {Bn}n≥0 is strictly d-quasi-orthogonale of order s with respect to
the form �, then its Kernel polynomial

{
B∗

n

}
n≥0 is also strictly d-quasi-orthogonale of

order s with respect to the form �∗ =
d∏

i=1

(x − xi) �, under the condition

�((sα+m)d+α−1 (x1, . . . , xd) �= 0, m ≥ 0 (4.1)

where s = max
1≤α≤d

sα.

Proof. We have

〈
�∗

α, xmB∗
n(x)

〉 =
〈

d∏
i=1

(x − xi) �α, xmB∗
n(x)

〉

= 〈
�α, xmBn+d(x)

〉 + d∑
i=1

(−1)i �n+d−i (x1, . . . , xd)
〈
�α, xmBn+d−i(x)

〉 = 0

for n ≥ (m+sα)d+α and m ≥ 0 (according to the definition of the striclyd-orthogonality
of the sequence {Bn}n≥0). And for the regularity we have

〈
�∗

α, xmB∗
(sα+m)d+α−1(x)

〉
=

〈
d∏

i=1

(x − xi) �α, xmB∗
(sα+m)d+α−1(x)

〉

= 〈
�α, xmB(sα+m+1)d+α−1(x)

〉

+
d∑

i=1

(−1)i �(sα+m+1)d+α−i−1 (x1, . . . , xd)
〈
�α, xmB(sα+m+1)d+α−i−1(x)

〉

= (−1)d �((sα+m)d+α−1 (x1, . . . , xd)
〈
�α, xmB(sα+m)d+α−1(x)

〉 �= 0

under the condition

�((sα+m)d+α−1 (x1, . . . , xd) �= 0, m ≥ 0

Consequently{ 〈
�∗

α, xmB∗
n(x)

〉 = 0, n ≥ (m + sα)d + α m ≥ 0〈
�∗

α, xmB
∗,
(sα+m)d+α−1(x)

〉
�= 0 m ≥ 0

which define the quasi d-orthogonality of
{
B∗

n

}
n≥0 under the condition

�((sα+m)d+α−1 (x1, . . . , xd) �= 0, m ≥ 0
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�

Proposition 4.2. If {Bn}n≥0 is weekly d-orthogonal of index (p, q) with respect to the
form �, then its kernel polynomial

{
B∗

n

}
n≥0 is also weekly d-orthogonal of index (p, q)

with respect to the form �∗ =
d∏

i=1

(x − xi) �, under the conditions

�pαd+α−1 (x1, . . . , xd) �= 0 (4.2)

�(qα+1)d+α−1 (x1, . . . , xd) �= 0 (4.3)

where p = max
1≤α≤d

pα and q = max
1≤α≤d

qα.

Proof. We have

〈
�∗

α, B∗
n(x)

〉 =
〈

d∏
i=1

(x − xi) �α, B∗
n(x)

〉

= 〈�α, Bn+d(x)〉 +
d∑

i=1

(−1)i �n+d−i (x1, . . . , xd) 〈�α, Bn+d−i(x)〉 = 0

for n ≥ pαd + α (according to the definition of the weekly d-orthogonality of the
sequence {Bn}n≥0) with p = max

α
pα. And further

〈
�∗

α, B∗
pαd+α−1(x)

〉
=

〈
d∏

i=1

(x − xi) �α, B∗
pαd+α−1(x)

〉

= 〈
�α, B(pα+1)d+α−1+d(x)

〉

+
d∑

i=1

(−1)i �(pα+1)d+α−1−i (x1, . . . , xd)
〈
�α, B(pα+1)d+α−1−i(x)

〉

= (−1)i �pαd+α−1 (x1, . . . , xd)
〈
�α, Bpαd+α−1(x)

〉 �= 0

under the condition
�pαd+α−1 (x1, . . . , xd) �= 0

In the same way we have

〈�α, xBn+d(x)〉 = 0, n ≥ qαd + α

and 〈
�∗

α, B∗
(qα+1)d+α−1(x)

〉
�= 0
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under ther condition
�(qα+1)d+α−1 (x1, . . . , xd) �= 0

Finally
{
B∗

n

}
n≥0 is d-weekly-orthogonal of index (p, q) with respect to linear form

�∗ = (x − y) (x − z) �, under the conditions{
�pαd+α−1 (x1, . . . , xd) �= 0
�(qα+1)d+α−1 (x1, . . . , xd) �= 0

�

Proposition 4.3. If {Bn}n≥0 is d-quasi-orthogonal of ordre s with respect to linear form
�, then its kernel polynomial

{
B∗

n

}
n≥0 is also d-quasi-orthogonal of order s with respect

to linear form �∗ =
d∏

i=1

(x − xi) �, under the conditions

�σαd+α−1 (x1, . . . , xd) �= 0 (4.4)

Proof. Using the definition of the d-quasi-orthogonality of {Bn}n≥0, we have

〈
�∗

α, xmB∗
n(x)

〉 =
〈

d∏
i=1

(x − xi) �α, xmB∗
n (x)

〉

= 〈
�α, xmBn+d(x)

〉 + d∑
i=1

(−1)i �n+d−i (x1, . . . , xd)
〈
�α, xmBn+d−i(x)

〉 = 0

for n ≥ (m + sα) d + α, m ≥ 0. And for the regularity we have also

〈
�∗

α, xσα−sαB∗
σαd+α−1(x)

〉 =
〈

d∏
i=1

(x − xi) �α, xσα−sαB∗
σαd+α−1(x)

〉

= 〈
�α, xσα−sαB(σα+1)d+α−1(x)

〉

+
d∑

i=1

(−1)i �(σα+1)d+α−1−i (x1, . . . , xd)
〈
�α, xσα−sαB(σα+1)d+α−1−i(x)

〉

= (−1)d �σαd+α−1 (x1, . . . , xd)
〈
�α, xσα−sαBσαd+α−1(x)

〉 �= 0

if
�σαd+α−1 (x1, . . . , xd) �= 0

Finally we have{ 〈
�∗

α, xmB∗
n(x)

〉 = 0 n ≥ (m + sα) d + α, m ≥ 0〈
�∗

α, xσα−sαB∗
σαd+α−1(x)

〉 �= 0,
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under the condition�σαd+α−1 (x1, . . . , xd) �= 0,which gives us thed-quasi-orthogonality
of

{
B∗

n

}
n≥0 . �

Notation 4.4. Let be
�
� the linear form of the sequence of derivatives{

Qn = 1

n + 1
DBn

}
n≥0

and
�
�

∗
=

d∏
i=1

(x − xi) �∗ the linear form of the sequence of derivatives

{
Q∗

n = 1

n + 1
DB∗

n

}
n≥0

Proposition 4.5. If {Bn}n≥0 is d-classical OPS with respect to the linear form �, then{
B∗

n

}
n≥0 is also d-classical OPS with respect to the linear form �∗ =

d∏
i=1

(x − xi) �

under the condition
�md+α (x1, . . . , xd) �= 0 (4.5)

for m ≥ 0.

Proof. Let {Bn}n≥0be a d-OPS with respect to the linear form �, than
{
B∗

n

}
n≥0 is also d-

OPS with respect to the linear form �∗ =
d∏

i=1

(x − xi) � (by Proposition...). Furthermore

the sequence

{
Qn = 1

n + 1
DBn

}
n≥0

is also d-OPS with respect to the linear form
�
�

(according to the definition...). It remains then to show that

{
Q∗

n = 1

n + 1
DB∗

n

}
n≥0

is

d−OPS with respect to the linear form
�
�

∗
=

d∏
i=1

(x − xi) �∗.

To begin, we have〈�
�

∗
α, xmQ∗

n (x)

〉
= 1

n + 1

〈�
�

∗
α, xmDB∗

n+1 (x)

〉

= 1

n + 1

〈�
�

∗
α, D

(
xmB∗

n+1 (x)
)〉 − m

n + 1

〈�
�

∗
α, xm−1B∗

n+1 (x)

〉

= − 1

n + 1

〈
D

�
�

∗
α, xmB∗

n+1 (x)

〉
− m

n + 1

〈�
�

∗
α, xm−1B∗

n+1 (x)

〉
(***)



12 Bouras Mohammed Cherif

and using (2.11) et (2.12) we have

〈
D

�
�

∗
α, xmB∗

n+1 (x)

〉
= − 〈


 (x) �∗
α, xmB∗

n+1 (x)
〉

= − 〈
�∗

2, xmB∗
n+1 (x)

〉 − 2
〈
�∗

3, xmB∗
n+1 (x)

〉 − ... − ξd−1
〈
�∗

d, x
mB∗

n+1 (x)
〉

because


 (x) �∗
α =




�∗
2

2�∗
3

...

(d − 1)�∗
d

ϕ (x) �∗
1 + ξ1�

∗
2 + · · · + ξd−1�

∗
d




from where 〈

 (x) �∗

α, xmB∗
n+1 (x)

〉 = 0, n ≥ md + α , m ≥ 0

For the second part of equation(∗ ∗ ∗), we have

〈�
�

∗
α, xm−1B∗

n+1 (x)

〉
=

〈
d∏

i=1

(x − xi)
�
�α, xm−1B∗

n+1 (x)

〉

=
〈�
�α, xm−1Bn+d+1(x)

〉
+

d∑
i=1

(−1)i �n+d+1−i (x1, . . . , xd)

〈�
�α, xm−1Bn+d+1−i(x)

〉

and using (3.2) we have

〈�
�α, xm−1Bn+d+1(x)

〉
= (n + d + 2)

〈�
�α, xm−1Qn+d+1(x)

〉

− (n + d + 1)

〈�
�α, xmQn+d(x)

〉
+ (n + d + 1) βn+d+1

〈�
�α, xm−1Qn+d(x)

〉

+
d−1∑
ν=0

(n + d − ν) γ d−1−ν
n+d−ν+1

〈�
�α, xm−1Qn+d−ν−1(x)

〉
= 0

for n ≥ (m − 1) d+α+1 and m ≥ 0 (from the definition of d-orthogonality of {Qn}n≥0).
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And in the same manner we have〈�
�α, xm−1Bn+d+1−i(x)

〉
= (n + d + 2 − i)

〈�
�α, xm−1Qn+d+1−i (x)

〉

− (n + d + 1 − i)

〈�
�α, xmQn+d−i (x)

〉

+ (n + d + 1 − i) βn+d+1−i

〈�
�α, xm−1Qn+d−i (x)

〉

+
d−1∑
ν=0

(n + d − ν − i) γ d−1−ν
n+d−ν+1−i

〈�
�α, xm−1Qn+d−ν−1−i (x)

〉
= 0

for n ≥ md + α and m ≥ 0. And therefore we obtain〈�
�

∗
α, xmQ∗

n (x)

〉
= 0, n ≥ md + α, m ≥ 0

For the regularity, we have〈�
�

∗
α, xmQ∗

md+α−1 (x)

〉
= 1

md + α

〈�
�

∗
α, xmDB∗

md+α (x)

〉

= 1

md + α

〈�
�

∗
α, D

(
xmB∗

md+α (x)
)〉 − m

md + α

〈�
�

∗
α, xm−1B∗

md+α (x)

〉

and〈�
�

∗
α, D

(
xmB∗

md+α (x)
)〉 = −

〈 �
D�

∗
α, xmB∗

md+α (x)

〉
= 〈


 (x) �∗
α, xmB∗

md+α (x)
〉

= 〈
�∗

2, xmB∗
md+α (x)

〉 + 2
〈
�∗

3, xmB∗
md+α (x)

〉 + ... + ξd−1
〈
�∗

d, x
mB∗

md+α (x)
〉 = 0

Over there〈�
�

∗
α, xm−1B∗

md+α (x)

〉
=

〈
d∏

i=1

(x − xi)
�
�α, xm−1B∗

md+α (x)

〉

=
〈

�
�α, xm−1




Bmd+α+d(x)

+
d∑

i=1

(−1)i �md+α+d−i (x1, . . . , xd) Bmd+α+d−i(x)



〉

=
〈�
�α, xm−1B(m+1)d+α(x)

〉
= 0
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knowing that

〈�
�α, xm−1B(m+1)d+α(x)

〉
=

= ((m + 1) d + α + 1)

〈�
�α, xm−1Q(m+1)d+α+1 (x)

〉

− ((m + 1) d + α)

〈�
�α, xmQ(m+1)d+α (x)

〉

+β(m+1)d+α ((m + 1) d + α)

〈�
�α, xm−1Q(m+1)d+α (x)

〉

+
d−1∑
ν=0

((m + 1) d + α − ν − i) γ d−1−ν
(m+1)d+α−ν

〈�
�α, xm−1Q(m+1)d+α−ν−2 (x)

〉
= 0

and

d∑
i=1

(−1)i �(m+1)d+α−i (x1, . . . , xd)

〈�
�α, xm−1B(m+1)d+α−i(x)

〉

=
d∑

i=1

(−1)i �(m+1)d+α−i (x1, . . . , xd) ((m + 1) d

+α − i + 1)

〈�
�α, xm−1Q(m+1)d+α−i+1 (x)

〉

−
d∑

i=1

(−1)i �(m+1)d+α−i (x1, . . . , xd) ((m + 1) d

+α − i)

〈�
�α, xmQ(m+1)d+α−i−1 (x)

〉

−
d∑

i=1

(−1)i �(m+1)d+α−i (x1, . . . , xd) ((m + 1) d

+α − i)

〈�
�α, xmQ(m+1)d+α−i−1 (x)

〉

−
d∑

i=1

(−1)i �(m+1)d+α−i (x1, . . . , xd) ((m + 1) d

+α − i)

〈�
�α, xmQ(m+1)d+α−i−1 (x)

〉



Kernel Polynomial of d-Orthogonal Sequence 15

+
d∑

i=1

(−1)i �(m+1)d+α−i (x1, . . . , xd) β(m+1)d+α−i ((m + 1) d + α − i)

×
〈�
�α, xm−1Q(m+1)d+α−i−1 (x)

〉

+
d∑

i=1

(−1)i �(m+1)d+α−i (x1, . . . , xd) ×
d−1∑
ν=0

((m + 1) d + α − ν − i − 1) γ d−1−ν
(m+1)d+α−ν

〈�
�α, xm−1Q(m+1)d+α−ν−2 (x)

〉

= (−1)d �md+α (x1, . . . , xd) γ 0
(m−1)d+α+1

〈�
�α, xm−1Q(m−1)d+α−1 (x)

〉
�= 0

under the condition
�md+α (x1, . . . , xd) �= 0

because γ 0
(m−1)d+α+1 �= 0. From where



〈�
�

∗
α, xmQ∗

n (x)

〉
= 0, n ≥ md + α, m ≥ 0〈�

�
∗
α, xmQ∗

md+α−1 (x)

〉
�= 0 m ≥ 0

this proves that
{
Q∗

n

}
n≥0is alsod- OPS with respect to the linear form

�
�

∗
=

d∏
i=1

(x − xi)
�
�.

This completes the proof. �

Proposition 4.6. If {Bn}n≥0 is semi-classical d-OPS of ordre s with respect to the linear
form �, then its Kernel polynomial

{
B∗

n

}
n≥0 is also semi-classical d-OPS of ordre s with

respect to the linear form �∗ =
d∏

i=1

(x − xi) � under the condition

σα �= sα (4.6)

and
�σαd+α (x1, . . . , xd) �= 0 (4.7)

for each integer α with 1 ≤ α ≤ d.

Proof. For the proof it suffices to show that the sequence

{
Q∗

n = 1

n + 1
DB∗

n

}
n≥0

is d-

quasi-orthogonal of order s with respect to the linear form
∼
�

∗
=

d∏
i=1

(x − xi)
∼
�.For this
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we have

〈∼
�

∗
α, xmQ∗

n(x)

〉
= 1

n + 1

〈∼
�

∗
α, xmDB∗

n+1(x)

〉

= 1

n + 1

〈∼
�

∗
α, D

(
xmB∗

n+1(x)
)〉 − m

n + 1

〈∼
�

∗
α, xm−1B∗

n+1(x)

〉

= − 1

n + 1

〈
D

∼
�

∗
α, xmB∗

n+1(x)

〉
− m

n + 1

〈∼
�

∗
α, xm−1B∗

n+1(x)

〉

using (2.11) et (2.12) we have

〈
D

�
�

∗
α, xmB∗

n+1 (x)

〉
= 0, n ≥ (m + sα) d + α, m ≥ 0

and

〈∼
�

∗
α, xm−1B∗

n+1(x)

〉
=

〈
d∏

i=1

(x − xi)
∼
�α, xm−1B∗

n+1(x)

〉

=
〈 ∼
�α, xm−1Bn+d+1(x)

〉
+

d∑
i=1

(−1)i �n+d+1−i (x1, . . . , xd)

〈 ∼
�α, xm−1Bn+d+1−i(x)

〉

using (3.2) we obtain

〈 ∼
�α, xm−1Bn+d+1(x)

〉
= (n + d + 2)

〈 ∼
�α, xm−1Qn+d+1 (x)

〉

− (n + d + 1)

〈 ∼
�α, xmQn+d (x)

〉
+ (n + d + 1) βn+d+1

〈 ∼
�α, xm−1Qn+d (x)

〉

+
d−1∑
ν=0

(n + d − ν) γ d−ν−1
n+d−ν+1

〈 ∼
�α, xm−1Qn+d−ν−1 (x)

〉
= 0

for

n ≥ (m + sα − 1) d + α, m ≥ 0
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And in the same way we have for 1 ≤ i ≤ d

d∑
i=1

(−1)i �n+d+1−i (x1, . . . , xd)

〈 ∼
�α, xm−1Bn+d+1−i(x)

〉
=

d∑
i=1

(−1)i �n+d+1−i (x1, . . . , xd) ×



(n + d + 2 − i)

〈 ∼
�α, xm−1Qn+d+1−i (x)

〉

− (n + d + 1 − i) (x − βn+d+1−i)

〈 ∼
�α, xm−1Qn+d−i (x)

〉

+
d−1∑
ν=0

(n + d − ν − i) γ d−ν−1
n+d−i−1−ν

〈 ∼
�α, xm−1Qn+d−i−ν−1 (x)

〉




= 0

for

n ≥ (m + sα) d + α, m ≥ 0

which gives 〈∼
�

∗
α, xmQ∗

n(x)

〉
= 0, n ≥ (m + sα) d + α, m ≥ 0

For the regularity, ∃sα ≥ 0 et σα ≥ sα such as

〈∼
�

∗
α, xσα−sαQ∗

σαd+α−1(x)

〉
= 1

σαd + α

〈∼
�

∗
α, xσα−sαDB∗

σαd+α(x)

〉

= 1

σαd + α

〈∼
�

∗
α, D

[
xσα−sαB∗

σαd+α(x)
]〉 − σα − sα

σαd + α

〈∼
�

∗
α, xσα−sα−1B∗

σαd+α(x)

〉

and in the same manner as previously we have

〈∼
�

∗
α, D

[
xσα−sαB∗

σαd+α(x)
]〉 = −

〈
D

∼
�

∗
α, xσα−sαB∗

σαd+α(x)

〉
= 〈


 (x) �∗
α, xσα−sαB∗

σαd+α(x)
〉

= 0
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et

σα − sα

σαd + α

〈∼
�

∗
α, xσα−sα−1B∗

σαd+α(x)

〉

= σα − sα

σαd + α

〈
d∏

i=1

(x − xi)
∼
�α, xσα−sα−1B∗

σαd+α(x)

〉

= σα − sα

σαd + α

〈 ∼
�α, xσα−sα−1Bσαd+α+d(x)

〉

+ σα − sα

σαd + α

σα−sα−1 d∑
i=1

(−1)i �σαd+α+d−i (x1, . . . , xd)

〈 ∼
�α, xBσαd+α+d−i(x)

〉

= σα − sα

σαd + α

d∑
i=1

(−1)i �σαd+α+d−i (x1, . . . , xd)

〈 ∼
�α, xσα−sα−1Qσαd+α+d−i(x)

〉

= (−1)d
σα − sα

(σαd + α)
(σαd + α) �σαd+α (x1, . . . , xd)

〈 ∼
�α, xσα−sαQσαd+α−1(x)

〉

= (−1)d (σα − sα) �σαd+α (x1, . . . , xd)

〈 ∼
�α, xσα−sαQσαd+α−1(x)

〉
�= 0

under the condition
(σα − sα) �σαd+α (x1, . . . , xd) �= 0

i.e.
σα �= sα

and
�σαd+α (x1, . . . , xd) �= 0

this completes the proof. �

Remark 4.7. For d = 1 we find the kernel polynomial obtained by Chihara [3, 4, 12] .

For d = 2 we find the kernel polynomial of 2− orthogonal sequence obtained in [21] .

References

[1] Belmehdi. S, On the associated orthogonal polynomials, Journal of Computation
and applied mathematics 32 (1990) 331–319.

[2] Brezinski. C, Biorthogonality and its applications to numerical analysis, Deker,
New York/Basel/Hong Kong, 1992.

[3] Chihara. T.S, On kernel polynomials and related systems. Boll. Un. Mat. ital. 19(3),
451–459 (1964).



Kernel Polynomial of d-Orthogonal Sequence 19

[4] Chihara. T.S, An introduction to orthogonal polynomials. New york: Gordon and
Breach 1978.

[5] Chihara. T.S, On quasi-orthogonal polynomials, Proc. Math. Soc., t. 8, 1957, p.
765-767.

[6] De Bruin. M. G, Simultaneous Padé Approximation and orthogonality, Lecture
Notes in Mathematics, Vol1171, Springer-Verlag/Heidelberg/New York/Tokyo,
1985.

[7] Douak. K, On 2-Orthogonal Polynomials of Laguerre type, Internat. J. of Math.
Sci. 22(1), (1999) 29–48.

[8] Douak. K, Les polynômes orthognaux classiques de dimension deux, Analysis 12
(1992), 71–107.

[9] Douak. K et Maroni. P, Une caractérisation des polynômes d-orthogonaux “clas-
siques”. Journal of approximation theory 82, 177–204 (1995).

[10] Krall. H. L, Orthogonal polynomials satisfying fourth order differential equations,
Proc. Royal Soc. Edinbourgh 87(A), 271–288 (1981).

[11] Krall. A. M, Orthogonal polynomials satisfying a certain fourth order differential
equations, Penn. St. College Studies, N◦6, The Penn. St. Coll., Pa (1940).

[12] Kwon. K. H, Lee. D. W, Marcellan. F and Park. S. B, On kernel polynomials and
self-pertubation of orthogonal polynomials. Annali di matematica 180. 127–146
(2001).

[13] Maroni. P, Une théorie algébrique des polynômes orthogonaux. Application
aux polynômes orthogonaux semi-classiques. In Orthogonal polynomials and
their applications, IMACS 9, eds. C. Brezinski et al. (J. C. Baltzer AG, 1991)
pp. 95–130.

[14] Maroni. P, Two-dimensional orthogonal polynomials, their associated sets and co-
recursive sets. Numerical algorithms 3 (1992) 299–312.

[15] Maroni. P & Marcellan. F, Sur l’adjonction d’une masse de Diracà une forme
régulière et semi-classique, Ann. Mat. Pura ed Appl. CLXII, IV, I-22 (1992).

[16] Maroni. P, Sur la suite des polynômes orthogonaux associée à la forme u = δc +
λ(x−c)−1L, periodica Math, Hung, 21, 3, 223–248 (1990).

[17] Maroni. P, Sur la suite associée à une suite de polynômes, Publ. labo. Anal; num.
univ. P. et M. Curie, CNRS N◦ 86012, 1986, Paris.

[18] Maroni. P, Une généralisation du théorème de Favard- Shohat sur les polynômes
orthogonaux. C. R. Acad. Sci. Paris, T. 293 (6Juillet 1981).

[19] Maroni.P, Prolégomènes à l’étude des polynômes orthogonaux semi-
classiques.Annali di Matematica pura ed applicata (IV). Vol. CIL, pp. 165–184
(1987).



20 Bouras Mohammed Cherif

[20] Maroni. P, L’orthogonalité et les récurrences de polynômes d’ordre supérieur à
deux. Ann. Fac. Sci. Toulouse 10, N◦1 (1989), 165–184.

[21] M. C. Bouras, Kernel Polynomial of 2-Orthogonal Sequence, IAENG International
Journal of Applied Mathematics, 39:2,June 2009, p. 92–99.


