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Abstract

In this paper, we study the symmetry for the generalized twisted (h, q)-Bernoulli
numbers β

(h)
n,χ,q,ζ and polynomials β

(h)
n,χ,q,ζ (x). We obtain some interesting identities

of the power sums and the generalized twisted polynomials β
(h)
n,χ,q,ζ (x) using the

symmetric properties for the p-adic invariant q-integral on Zp.
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1. Introduction

Many mathematicians have studies different kinds of the Euler, Bernoulli, Genocchi,
tangent numbers and polynomials (see [1-7]). These numbers and polynomials play
important roles in many different areas of mathematics such as number theory, com-
binatorics, special function and analysis. Recently, Y. Hu studied several identities
of symmetry for Carlitz’s q-Bernoulli numbers and polynomials in complex field (see
[1]). D. Kim et al. [3] derived some identities of symmetry for generalized Carlitz’s
q-Bernoulli numbers and polynomials by using the p-adic q-integrals on Zp in p-adic
field. The purpose of this paper is to obtain some interesting identities of the power sums
and generalized twisted (h, q)-Bernoulli polynomials β

(h)
n,χ,q,ζ (x) using the symmetric

properties for the p-adic q-invariant integral on Zp.
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Let p be a fixed prime number. Throughout this paper we use the notation:

[x]q = 1 − qx

1 − q
, [x]−q = 1 − (−q)x

1 + q
(cf. [1-4]) .

Hence, lim
q→1

[x] = x for any x with |x|p ≤ 1 in the present p-adic case. Let

g ∈ UD(Zp) = {g|g : Zp → Cp is uniformly differentiable function}.
For g ∈ UD(Zp), the p-adic q-integral on Zp is defined by Kim as follows:

Iq(g) =
∫

Zp

g(x)dµq(x) = lim
N→∞

1

[pN ]q
pN−1∑
x=0

g(x)qx (cf. [3-6]) . (1.1)

Let a fixed positive integer d with (p, d) = 1, set

X = Xd = lim←−
N

(Z/dpN
Z), X1 = Zp,

X∗ =
⋃

0<a<dp
(a,p)=1

a + dpZp,

a + dpN
Zp = {x ∈ X | x ≡ a (mod dpN)},

where a ∈ Z satisfies the condition 0 ≤ a < dpN . It is easy to see that∫
X

g(x)dµq(x) =
∫

Zp

g(x)dµq(x), (see [2]). (1.2)

We assume that h ∈ Z. Let Tp = ∪N≥1CpN = lim
N→∞ CpN , where CpN = {ζ |wpN = 1}

is the cyclic group of order pN . For ζ ∈ Tp, we denote by φζ : Zp → Cp the locally
constant function x 
−→ ζ x (see [7]).

2. Symmetric identities for Carlitz’s generalized twisted
(h, q)-Bernoulli numbers and polynomials

D. Kim et al. [3] investigated interesting properties of symmetry p-adic invariant q-
integral on Zp for generalized q-Bernoulli polynomials. By using same method of [3],
expect for obvious modifications, we obtain some symmetric properties for generalized
twisted (h, q)-Bernoulli polynomials. If we take ζ = 1 in all equations of this article,
then [3] are the special case of our results. Let χ be Dirichlet’s character with conductor

d ∈ N with (d, p) = 1. For q ∈ Cp with |q −1|p < p
− 1

p−1 , the twisted (h, q)-Bernoulli

polynomials β
(h)
n,q,ζ (x) are defined by

β
(h)
n,q,ζ (x) =

∫
Zp

φζ (y)q(h−1)y[x + y]nqdµq(y).
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When x = 0, β
(h)
n,q,ζ = β

(h)
n,q,ζ (0) is called the n-th twisted (h, q)-Bernoulli numbers

β
(h)
n,q,ζ . We introduce the generalized twisted (h, q)-Bernoulli polynomials β

(h)
n,χ,q,ζ (x)

attached to χ . The generalized twisted (h, q)-Bernoulli polynomials β
(h)
n,χ,q,ζ (x) attached

to χ are defined by

β
(h)
n,χ,q,ζ (x) =

∫
X

χ(y)φζ (y)q(h−1)y[x + y]nqdµq(y).

When x = 0, β
(h)
n,χ,q,ζ = β

(h)
n,χ,q,ζ (0) is called the n-th generalized twisted (h, q)-

Bernoulli numbers β
(h)
n,χ,q,ζ . By using p-adic q-integral, we obtain

β
(h)
n,χ,q,ζ (x) = [d]n−1

q

d−1∑
i=0

χ(i)qhiζ iβ
(h)

n,χ,qd ,ζ d (
x + a

d
).

We note that
∞∑

n=0

β
(h)
n,χ,q,ζ

tn

n! =
∫

X

χ(y)ζ yq(h−1)ye[x+y]q tdµq(x).

Let w1 and w2 be natural numbers. Then, by (1.2), we obtain

1

[w1]q
∫

X

χ(y)ζw1yqw1(h−1)ye[w1w2x+w2j+w1y]q tdµqw1 (y)

= lim
N→∞

1

[w1]q
1

[dw2pN ]qw1

dw2p
N−1∑

y=0

χ(y)ζw1yqw1(h−1)ye[w1w2x+w2j+w1y]q tqw1y

= lim
N→∞

1

[dw1w2pN ]q
dw2−1∑

i=0

χ(i)qw1hiζw1i

pN−1∑
y=0

ζ dw1w2yqdw1w2hy

× e[w1w2x+w2j+w1i+dw1w2y]q t

(2.1)

From (2.1), we can derive the following equation (2.2):

1

[w1]q
dw1−1∑
j=0

χ(j)ζw2j qhw2j

∫
X

χ(y)ζw1yqw1(h−1)ye[w1w2x+w2j+w1y]q tdµqw1 (y)

= lim
N→∞

1

[dw1w2pN ]q
dw1−1∑
j=0

dw2−1∑
i=0

pN−1∑
y=0

χ(i)χ(j)ζw2j ζw1iqw2hjqw1hi

× e[w1w2x+w2j+w1i+dw1w2y)]q t ζ dw1w2yqdw1w2hy

(2.2)
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By the same method as (2.2), we obtain

1

[w2]q
dw2−1∑
j=0

χ(j)ζw1j qhw1j

∫
X

χ(y)ζw2yqw2(h−1)ye[w1w2x+w1j+w2y]q tdµqw2 (y)

= lim
N→∞

1

[dw1w2pN ]q
dw2−1∑
j=0

dw1−1∑
i=0

pN−1∑
y=0

χ(i)χ(j)ζw1iζw2iqw1hjqw2hi

× e[w1w2x+w1j+w2i+dw1w2y]q t ζ dw1w2yqdw1w2hy

(2.3)

Therefore, by (2.2) and (2.3), we have the following theorem.

Theorem 2.1. For w1, w2 ∈ N, we have

1

[w1]q
dw1−1∑
j=0

χ(j)ζw2j qhw2j

∫
X

χ(y)ζw1yqw1(h−1)ye[w1w2x+w2j+w1y]q tdµqw1 (y)

= 1

[w2]q
dw2−1∑
j=0

χ(j)ζw1j qhw1j

∫
X

χ(y)ζw2yqw2(h−1)ye[w1w2x+w1j+w2y]q tdµqw2 (y).

(2.4)

By substituting Taylor series of ext into (2.4) and after elementary calculations, we obtain
the following corollary.

Corollary 2.2. For w1, w2 ∈ N, n ≥ 0, we have

[w1]n−1
q

dw1−1∑
j=0

χ(j)ζw2j qhw2j

∫
X

χ(y)ζw1yqw1(h−1)y

[
w2x + w2

w1
j + y

]n

qw1

dµqw1 (y)

= [w2]n−1
q

dw2−1∑
j=0

χ(j)ζw1j qhw1j

∫
X

χ(y)ζw2yqw2(h−1)y

[
w1x + w1

w2
j + y

]n

qw2

dµqw2 (y).

By Corollary 2.2, we have the following theorem.

Theorem 2.3. For w1, w2 ∈ N, n ≥ 0, we have

[w1]n−1
q

dw1−1∑
j=0

χ(j)ζw2j qhw2jβ
(h)
n,χ,qw1 ,ζw1

(
w2x + w2

w1
j

)

= [w2]n−1
q

dw2−1∑
j=0

χ(j)ζw1j qhw1jβ
(h)
n,χ,qw2 ,ζw2

(
w1x + w1

w2
j

)
.
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By Theorem 2.3, we can derive the following equation (2.5):

∫
X

χ(y)ζw1yqw1(h−1)y

[
w2x + w2

w1
j + y

]n

qw1

dµqw1 (y)

=
n∑

i=0

(
n

i

) ( [w2]q
[w1]q

)i

[j ]iqw2 q
w2(n−i)j

∫
X

χ(y)ζw1yqw1(h−1)y [w2x + y]n−i
qw1 dµqw1 (y)

=
n∑

i=0

(
n

i

) ( [w2]q
[w1]q

)i

[j ]iqw2 q
w2(n−i)jβ

(h)
n−i,χ,qw1 ,ζw1 (w2x) .

(2.5)

By (2.5), and Theorem 2.3, we have

[w1]n−1
q

dw1−1∑
j=0

χ(j)ζw2j qhw2j

∫
X

χ(y)ζw1yqw1(h−1)y

[
w2x + w2

w1
j + y

]n

qw1

dµqw1 (y)

=
dw1−1∑
j=0

χ(j)ζw2j qhw2j

n∑
i=0

(
n

i

)
[w2]iq[w1]n−i−1

q [j ]iqw2 q
w2(n−i)jβ

(h)
n−i,χ,qw1 ,ζw1 (w2x)

=
n∑

i=0

(
n

i

)
[w2]iq[w1]n−i−1

q β
(h)
n−i,χ,qw1 ,ζw1 (w2x)

dw1−1∑
j=0

ζw2j qw2(n−i+h)j [j ]iqw2

=
n∑

i=0

(
n

i

)
[w2]iq[w1]n−i−1

q β
(h)
n−i,χ,qw1 ,ζw1 (w2x) S

(h)
n,i (dw1, ζ

w2, qw2 |χ),

(2.6)

where

S
(h)
n,i (w1, ζ, q|χ) =

w1−1∑
j=0

χ(j)ζ jq(n−i+h)j [j ]iq .

By the same method as (2.6), we get

[w2]n−1
q

dw2−1∑
j=0

χ(j)ζw1j qhw1j

∫
X

χ(y)ζw2yqw2(h−1)y

[
w1x + w1

w2
j + y

]n

qw2

dµqw2 (y)

=
n∑

i=0

(
n

i

)
[w1]iq[w2]n−i−1

q β
(h)
n−i,χ,qw2 ,ζw2 (w1x) S

(h)
n,i (dw2, ζ

w1, qw1|χ).

(2.7)

By (2.6) and (2.7), we have the following theorem.
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Theorem 2.4. For w1, w2 ∈ N, n ≥ 0, we have

n∑
i=0

(
n

i

)
[w2]iq[w1]n−i−1

q β
(h)
n−i,χ,qw1 ,ζw1 (w2x) S

(h)
n,i (dw1, ζ

w2, qw2 |χ)

=
n∑

i=0

(
n

i

)
[w1]iq[w2]n−i−1

q β
(h)
n−i,χ,qw2 ,ζw2 (w1x) S

(h)
n,i (dw2, ζ

w1, qw1|χ).

Remark 2.5. Let w1, w2 ∈ N, n ≥ 0, and χ be the trivial character. Then we have

n∑
i=0

(
n

i

)
[w2]iq[w1]n−i−1

q β
(h)
n−i,qw1 ,ζw1 (w2x) S

(h)
n,i (w1|ζw2, qw2)

=
n∑

i=0

(
n

i

)
[w1]iq[w2]n−i−1

q β
(h)
n−i,qw2 ,ζw2 (w1x) S

(h)
n,i (w2|ζw1qw1).

By Theorem 2.4, we obtain the interesting symmetric identity for Carlitz’s generalized
twisted (h, q)-Bernoulli numbers.

Corollary 2.6. For w1, w2 ∈ N, n ≥ 0, we have

n∑
i=0

(
n

i

)
[w2]iq[w1]n−i−1

q S
(h)
n,i (dw1, ζ

w2, qw2 |χ)β
(h)
n−i,χ,qw1 ,ζw1

=
n∑

i=0

(
n

i

)
[w1]iq[w2]n−i−1

q S
(h)
n,i (dw2, ζ

w1, qw1|χ)β
(h)
n−i,χ,qw2 ,ζw2 .

If we take h = 1 in all equations of this article, then [6] are the special case of our results.
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