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Abstract

In this paper, we study the symmetry for the generalized twisted (%, ¢)-Bernoulli

numbers ﬁ,(lh;( 4.¢ and polynomials ﬂr(lh))( 4.¢ (X). We obtain some interesting identities
(h)

of the power sums and the generalized twisted polynomials g, ,
symmetric properties for the p-adic invariant g-integral on Z,,.

g(x) using the
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1. Introduction

Many mathematicians have studies different kinds of the Euler, Bernoulli, Genocchi,
tangent numbers and polynomials (see [1-7]). These numbers and polynomials play
important roles in many different areas of mathematics such as number theory, com-
binatorics, special function and analysis. Recently, Y. Hu studied several identities
of symmetry for Carlitz’s g-Bernoulli numbers and polynomials in complex field (see
[1]). D. Kim et al. [3] derived some identities of symmetry for generalized Carlitz’s
g-Bernoulli numbers and polynomials by using the p-adic g-integrals on Z, in p-adic
field. The purpose of this paper is to obtain some interesting identities of the power sums
and generalized twisted (4, g)-Bernoulli polynomials ,B,Eh))( 7 ¢ (X) using the symmetric
properties for the p-adic g-invariant integral on Z,.
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Let p be a fixed prime number. Throughout this paper we use the notation:

1_ X 1__ X
[x], = 1_qq, [x]_q:#

Hence, lim1 [x] = x for any x with |x|, < I in the present p-adic case. Let
q—)

(cf. [1-4]) .

g€ UD(Zy) = {glg : Z, — C, is uniformly differentiable function}.
For g € UD(Z)), the p-adic g-integral on Z,, is defined by Kim as follows:

pN—1
1,(g) = /Zp g(x)dpy(x) = N11_1>Iloo ) xzz(:) g(x)q” (cf. [3-6]) . (1.1)

Let a fixed positive integer d with (p,d) = 1, set

X = Xq =1imZ/dp"7), X1 =1y,
N
X* = U a+dpZp,

O<a<dp
(a,p)=1

a+dp"Z,={xeX|x=a (moddp™)},

where a € Z satisfies the condition 0 < a < de . It is easy to see that

/Xg(X)dMq(X) =/ g(xX)d g (x), (see[2]). (1.2)

Zp

We assume that i € Z. Let T, = Uy>C v = lim C,~, where C,v = {;lpr = 1}
- N—o00

is the cyclic group of order pV. For ¢ € T,, we denote by ¢, : Z, — C,, the locally
constant function x —> ¢* (see [7]).

2. Symmetric identities for Carlitz’s generalized twisted
(h, g)-Bernoulli numbers and polynomials

D. Kim et al. [3] investigated interesting properties of symmetry p-adic invariant g-
integral on Z, for generalized g-Bernoulli polynomials. By using same method of [3],
expect for obvious modifications, we obtain some symmetric properties for generalized
twisted (4, g)-Bernoulli polynomials. If we take ¢ = 1 in all equations of this article,
then [3] are the special case of our results. Let x be Dirichlet’s character with conductor
d € Nwith (d, p) = 1. Forq € C, with |g — 1|, < p_ﬁ, the twisted (4, ¢ )-Bernoulli
polynomials ,852’ ¢ (x) are defined by

ﬂr(z},lq),;(x) = f bc (Mg x + y1id g (y).
Zp
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When x = 0, 8{") . = B") (0) is called the n-th twisted (%, g)-Bernoulli numbers

ﬁfff; ¢ We introduce the generalized twisted (%, ¢g)-Bernoulli polynomials /3n voq.t )

attached to x. The generalized twisted (%, g )-Bernoulli polynomials ,8,(1, ))( 0.c (x) attached
to x are defined by

Briyq s () = /XX()’)¢; Mg x + y1idiug (v).

When x = 0, 8" e = B (0 is called the n-th generalized twisted (A, q)-
Bernoulli numbers ,3n SN By using p-adic ¢g-integral, we obtain

h h) xX+a
Pty e ) = L1 Imeqh’z B e,
We note that
o0 l‘n
h —
> B 0s = [ KO a0
n=0 ' X

Let w; and wy be natural numbers. Then, by (1.2), we obtain

fX X (y)éuwlyqun(h—l)ye[w1w2x+wzj+wly]qtd’qu1 (y)

N—1

1
[wl]q

1 1 dwp

— lim X (y)é-wlqul (h=1)y ,lwi w2x+w2j+w1y]qtqw1y
N—oo [wilg [dwapN]gw yg(:)

1 dwr—1 PN_]
— lim Z X(i)qwlhlé'wll Z é.dw1w2yqdw1w2hy

N=oo [dwiwypNly =

e[wl wox 4wy jHwii+dwiwrylyt

2.1
From (2.1), we can derive the following equation (2.2):
dw;—1
[wi] > x(grigh /X X()gY gy el gy (y)
q
j=0

dwi—1dw,—1 pV—1

1 .

e XD (g grgh
~ N—oo [dwiwapN], ZO Z; ;)

e[wlw2x+wzj+w1t+dw1w2y)]q é.dwlwzyqdwlwzhy

(2.2)
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By the same method as (2.2), we obtain

dwy—1

3 x(j)g“““th“’”/ K ()23 g2 =Dy e Fw et gy ()
; X
j=0

[w2]q

dwy—1dwi— lp —
— lim i w1l wyi wlh] wohi
= Jim [dwlwzp Z > Z x @ x ()¢
j=0 i=0 y=0
e[wlw2x+w1]+w21—|—dw1wzy]qté.dwlwqudwlwzhy
2.3)
Therefore, by (2.2) and (2.3), we have the following theorem.

Theorem 2.1. For w;, wy € N, we have

dwi;—1
}: X(j)ngthwzjf X(y)gwlqul(h—l)ye[wlw2x+wzj+w1y]qfdqul (y)
; X
J=0
dwy—1

= ) X(j)iw‘th“"-i/ X ()2 gDl e lal gy ().
[waly = X !

[wl]q

(2.4)
By substituting Taylor series of ¢*’ into (2.4) and after elementary calculations, we obtain
the following corollary.

Corollary 2.2. For wi, wy € N, n > 0, we have

dw]—] n

) . . _ w2
[odly™" X(J);““’“qhw“/Xx(y)é““”qu‘(h by [wszrw—lJer] dpigui ()

=0 qwl
dwr—1 n

_ e wi] _ wy
=[w2ly™" ) X(J)iw”qh“"-’/ X (g g [w1X+w—;J +y] dpigez ().
X

j=0 q"2

By Corollary 2.2, we have the following theorem.

Theorem 2.3. For w;, wy € N, n > 0, we have

dwi—1
) \ wy
ol D X s (w2 25
j=0 ]
dwy—1 w
_ n—1 Wi hwij g(h) ot
= [w2], Z XTI By 5 qva oo (w1x * wzj) .

j=0
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By Theorem 2.3, we can derive the following equation (2.5):

n

- wy
f X () gr by [wzx ot y] dpgm (y)
X

g™t

i [wily

n i
n\ ([waly i (—i)j a(h)
B 0 (l) ( ) [7dgua g™ By y g g (W2)
1=

[wl]q

n i
n\ ((wz] i —i)j - i
=) ()( q) [lumg™?" ’”/ XNE g DY fwax + yI0at dpggm ()
i=0 X

(2.5)
By (2.5), and Theorem 2.3, we have

dlUl—l n

_ . i i _ wa
[wnlg™ D X(J)C“’”qh”’“/Xx(y)é““’”qwl(h by [wzx+w—lj+y] dpgei (y)
]=0 qu)l
dw;—1 n n
o . L o
= > X(J)é“w“qhw“Z(i)[wz]’q{wl]g g™ I, g (w2x)
j=0 i=0
n n dwi;—1
. N S
= 2 (Y B g g 20 2 £
i=0 j=0
" n
j —i— h h
= (l.)[wz];[wl]; B, gt om (w2x) Sy (dwy, £, g™ X),
i=0
(2.6)
where
wi—1
h o (n—ith)jp i
SPwi, ¢.qlx) =Y x(Ngdg T
j=0

By the same method as (2.6), we get

dwy—1 n
_ . i i _ w1 .
[waly™" X(J)§w”qh”’“/ x (gt [w1X+w—2]+y] dpign (y)
- X w)p
j=0 1

n
= :(i)[wl];[wz]g BN, g v (W1x) SV (dwa, £, g™ X).
i=0

2.7)
By (2.6) and (2.7), we have the following theorem.
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Theorem 2.4. For w;, wy € N, n > 0, we have
n
3 (l>[W2] [w 137 B, g e (w2x) S (dwy, £, 4" x)
i=0
= Z ( )[wl] [w2]n = IIB,Eh_)i’X,qwz,ng (w1x) S,(,},l,')(dU)Za ;un, qwl |X)
Remark 2.5. Let wy, wy € N, n > 0, and x be the trivial character. Then we have
n
3 ( )[wz] [wr 17 B, o (wax) SY) (wi |22, )
i=0

—i— h h
—Z( ) (w1 ) [wald ™ 7 B, s s (wix) S (walE™1g™).

By Theorem 2.4, we obtain the interesting symmetric identity for Carlitz’s generalized
twisted (&, g)-Bernoulli numbers.

Corollary 2.6. For wi, wy € N, n > 0, we have
" n . .
> (i>[wz];[w1]g—’—‘5,§ﬁ? (dwi, ¢, g™ 1B g o
i=0
—Z( )[wl] [walp 1S (dwa, £, g OB, g -

If we take 1 = 1 in all equations of this article, then [6] are the special case of our results.
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