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Abstract

In this paper, we define and investigate the classes of complex valued
harmonic functions using the generalized Rucsheweyh derivative D;. For
functions belonging to these classes, we determine certain necessary and
sufficient coefficient conditions. Furthermore, distributions bounds, extreme
points, inclusion relations, convolution conditions and convex combinations
are also obtained.
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INTRODUCTION

A complex-valued continuous function w = f(z) =u(z) +iv(z) defined on a
domain G is harmonic if both u and v are real-valued harmonic functions on G, that
is u and v satisfy,respectively the Laplace equations

Au = Uyy + Uy, =0 and Av = vy, + vy, = 0.

A one to one mapping u = u(z),v = v(z) from a regionG, in the xy-plane to a
region G, in the uv-plane is a harmonic mapping if u and v are harmonic. It is well
known that if f = u + iv has continuous partial derivatives, then f is analytic if and
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only if the Cauchy-Riemann equations u, = v, and u, = —v, are satisfied. It
follows that every analytic function is a complex-valued harmonic function. However
, hot every complex-valued harmonic functions is analytic, since no two solutions of
the Laplace equation can be taken as the components u and v of an analytic function
in G, they must be related by the Cauchy-Riemann equationsu, = v, and u, = —v,.

A subject of considerable importance in harmonic mappings is the Jacobian.

If Jf@ =L@ - @17 =@ - 19'@I?

wheref = h + g is harmonic function in U = {z:|z| < 1}. When ] is positive in U,
the harmonic function f is called orientation —preserving or sense-preserving in U .
A harmonic mapping is locally univalent in a neighborhood of a point z, if and only

if]r(2) # 0 at z,.

The first key insight into harmonic univalent mappings came from Clunie and Small
[2] who observed that f = h + g is locally univalent and orientation pre-serving if
and only if

Jr (@) =K (DI* = 1g'(@)|* > 0.
This is equivalent to
lg'(z2)| < |h'(2).

Let H denote the family of all harmonic, complex-valued orientation preserving,
normalized and univalent mapping defined on U. Thus, a function f in H admits the
representation f = h + g, where,

(11) h(@=z+3%,aiz and g(z) = 32, bjz) ,|by| < 1.

Note that the family H of orientation preserving normalized, harmonic univalent
functions reduces to the class S of normalized analytic univalent functions if the
co-analytic part of f = h + g is analytically zero. Further, let 7 denote the subfamily
of  consists of harmonic functions f = h + g so that h and g are of the form

(12) h(z2)=z+E72,la|2' and g(2) = L2, bjlz’ ,1by| < 1.
The generalized Ruschweyh derivative D}'f [1] is defined as follows:

For f € A(n),A=0andn € R,n > —1, we have

Dif (z) = ﬁ* D,f(z), z€Tq,
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where, D;f(z) = (1 — D)f(2) + Azf'(2).

For = h + g, given by (1.1), we define the generalized Ruscheweyh derivative of the
harmonic function by,

D} f (2) = Dy'h(2) + D} g(2).
The power series expansion of D}'f (z) is of the form

(13) DIf (D) =z+ZZ,G(n a7,

(n+ 1)]'_1

where ,C;(n,j) = [1+ (j — DA] Dj-1

Using the generalized Ruscheweyh derivative, we define the subclass Fy(n, a, 5, 1)
as the family of harmonic functions f = h + g of the form (1.1), such that

201 (2)

(1.4) m{(1—a)[Df’;(Z)]+al ) ]}>ﬁ,a20,

a0

where, 0 < B <1andz =re'® € U.
Further, Fg(n, a, B, 1) = Fy(n,a, §,A1)N H.Asa changes from 0 to 1, the family
Fuy(n, a, B, A) produces a passage from the class of harmonic functions Py (n, 8,1) =
Fy(n,0,B,4) consisting of harmonic functions f where i}%{[@]} > [ to the
class of harmonic functions
Qy(n, B, A1) = Fy(n, 1, B, )consisting of harmonic functions f where
]
36 i f (2)
9z
26

> B

2. PRIME RESULTS

In this section, certain sufficient condition for f = h + g given by (1.1) to be in the
class Fy(n, a, B, A) and Fz(n, a, B, A) are obtained. Further, a representation theorem,
inclusion properties and distortion bounds are also obtained for functions belonging to
class Fg(n,a,pB, ).

Theorem 2.1: Let f = h + gbe given by (1.1). If
2.1) 352, G PDla( = D + 1| |+ 52, G NlaG + 1) = 1 b < (1 - B)
thenf € Fy(n, a, B, 1).
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Proof. Let

n iDn
w(@z)=0-a) [—D’”;(Z)] + a{"e ?;5 (Z)}.

5}

It suffices to show that |1 — 8 + w| = |1 + B — w|. This is equivalent to show that if
the condition (2.1), holds then,

(1-B)z+ 1 - a)[DI'h (2) + D] g(2)] + a[z(D}'h (2))' - 2(D}] g (2))']
-1+ Bpz-(1- a)[D/{‘h (2) + D/{lg(z)] - a[Z(D,{‘h (2)) - Z(D/{‘g(z))’” :M(a,B) = 0.
Substituting for D;'h (z) and D g(2) in M(a, B) yields.

M@, B) =|(1 - Pz +{X%,( - 1)+ Da;z/ - £2,(a( + 1) - Db; (2)/}6(n, )

Bz — {Z(d(}' - 1)+ Da; 2/ - Z(a(i +1)—1) - b; (Z)j}CA(n.]')}
j=2 j=1

> 21z l(l —A = aG =1 +1lla; |+ ) laG + 1) = 11b;HCan. )],
=2 j=1 ]

By (2.1), it follows that the last expression is non-negative. Hence f € Fy(n, a, B, 1).

We derive a necessary and sufficient condition for function f = h + g be given with
(1.4).

Theorem 2.2. Let f = h+ g, be given by (1.1). then, f € Vz(n, a, ) if and only if

1+a

(22) T2 (S gl + b)) < 1-5b,
where,a; =land 0 < a < 1.

Proof: SinceVgz(n,a,1) € Ry(n,a, 1), we only need to prove the necessity part of
the Theorem. For functionsf € Vgz(n, a, A1), we notice that the condition

9
5g (@rgDif (2) 2 a
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is equivalent to

2(Dh (2)) — 2(DF @ } -

d n P —
%(argD,lf(Z)) a = R{Z(th DEEOTIO) a

That is,

2.3) R

(1-a)z+(22, A NG -w)ajlzi- £2, 2D G+a)|bj|z7)
Z+(Z;‘;2 Cl(n,j)|aj|zf+Z;‘;1€A(n,j)|bj|z_f) -

The above condition must hold for all values of z € U. Choosing ¢ according to (1.4),
we must have,

(1—a)—(1+a)b1—(23’~';2(j—a) cam|ajlri 14252, (G+a) Ca(n,j)lbjlrf‘l)

141ba |+ (22, Catn D] aj[+22, Catnp|bj])ri-t

(2.4) > 0.

If the condition (2.2) does not hold, then the numerator in (2.4) is negative for r
sufficiently close to 1. Hence there exists z, = ry € (0,1) for which quotient of (2.4)
is negative. This contradiction proves that f € Vz(n, a, ).

Theorem 2.3: If f € Vg(n,a, 1), then
@@ < (1 + b + G, 2) (= — 2= byl) 72, (lzl =7 < 1)

and

1-a 1+a
2—a 2+a

26) If @] 2 A+ 1byr — Cu(n,2) ( by}, (2l =7 < D).

Proof: We will prove the inequality (2.6). The argument for (2.5) is similar.
Let f € Vg(n, a, 4). Taking the absolute values of f, we have

F@I< A+ IbDr+ ) (o] + b)) IV
j=2

]

<@+ IbaDr+17 ) (Jog] + [By])
j=2
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That is

f(z)| < (1+ [bsDr

1—«a
T 2o 0cm Z a- CA(” 2)|a]

C2-a)
+ jzzzmcl(n, 2)|b]|
1—«a ( + a)

2—-a)C(n,2) 1= (1

(1—a 1+a|b|)
Gm2D\2—a 2 1

<+ IbiDr+ 5ol

<@+ |bPDr+

Corollary 2.4: Let f bethe form (1.1), so that f € Vg (n, a, 1).Then,

. 20, (n,2)-1-[C;(n2)-1la _ 26;(n2)~1-[C2(n,2)-1]a
(2'7){“’ Hlol < 2-a)Ci(n2) 2+a)Ca(n,2) bl} < fW.

We use the coefficient bounds to examine the extreme points for f € Vz(n,a, 1) and
determine extreme point of Vg(n,a, 1).

Theorem 2.5: The extreme points forVgz(n, a, 1) are
(2.8) {z+yjxz) + bz} U {z+ bz + p,xz7}

where, j > 2 and |x| = 1 — |b,|

(1-a)
(-a) Ca(n,))

(1+a)

= Graeen

Yi =

Proof. Any functions f in Vg(n, a, A) is of the form

o S R—
f(2)=z+ Z|aj| e'fizl + bz + Z|b]| ez
j=2 j=2



On Classes of Generalized Ruscheweyh Type Hormonic Functions 7
where the coefficients satisfy the inequality (2.1).

Let hy(2) =z, g1(2)=b1(2), hi(2) =z+v;efizl, g;(2) = bz + p;e®izl,
forj=23, ..

. a;j b; .
Writingy; = %m‘ = % j=23, ...

andy; =1 =X, xim =1-2XL,n;

we have ,

F& =) (1@ + n,9,).

j=2
In particular , setting

fiz)=z+byz and f;(z) =z+yjxz/ + biz+pyzl, (=2, |x|+]yl=1-
|by1) .

We see that the extreme points of V5(n, a, 1) are contained in {fj (z)}.
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