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Abstract

We discuss differential Harnack inequalities for a class of nonlinear parabolic equa-
tions on time-dependent Riemannian metric evolving by the geometric flow. In
particular, we obtain Li-Yau type estimates and as an application, we recover clas-
sical Harnack estimates for positive solutions under appropriate assumptions.
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1. Introduction and main results

The differential Harnack estimates for parabolic equations are in the centre of active
research. They are in fact one of the fundamental tools to tackle classical and modern
problems in geometric analysis. Their studies originated from the celebrated paper [1]
by Li and Yau, where they proved a differential Harnack inequality for positive solutions
to the heat equation

of
= (1.1)

on a fixed Riemannian manifold with nonnegative Ricci curvature. Precisely, they ob-
tained for a positive solution f that

\V4 2
?_']j;' +a 20 (1.2)
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These are today known as Li-Yau Harnack estimates because they can be integrated
along space-time paths to yield comparisons between different points at earlier and later
times, as in the classical Harnack estimates.

In this paper however, we consider a class of parabolic equations with potentials on
a closed manifold and allow this manifold to evolve under a geometric flow. Notice that
geometric flow is also a heat-type. Let M be an n-dimensional closed manifold endowed
with a one-parameter family of Riemannian metrics g(¢) evolving by the following
generalized geometric flow

%g(t,x) =2h(t,x), (t,x)el0,T)x M. (1.3)

Here h(t, x) is a smooth 2-symmetric tensor. For example, (1.3) becomes Hamilton’s
Ricci flow if & = —Rc (the Ricci curvature tensor). We study the behaviour of all
positive solutions to the following nonlinear heat equation with potential

0
(at (z)) f@,x) =p@)f(r,x)log f(z,x) + vH(t, x) f(1, x) (1.4)

via evolution equations for possible Harnack quantities. Here p(¢) is a time-dependent
function, v is a constant, H(z,x) = g"(t, x)h;j(t, x), trace of h;; and Ag( is the
Laplace-Beltrami operator with respect to g.

The estimates for evolving time-dependent metrics that we derive in the present
paper are of the form (1.2). We recall that this technique was brought into the setting of
time-dependent parabolic equations by R. Hamilton [2]. Also he first obtained a Harnack
estimate for the Ricci flow on a closed manifold with nonnegative curvature operators
[3]. In this context, a groundbreaking application of Harnack estimates was recovered
by Perelman [4], where he proved a Harnack estimate for the fundamental solution to the
conjugate heat equation along the Hamilton’s Ricci flow. For detail description of this
setting see Ni’s paper [5] in Surveys in Differential Geometry or his note on Perelman’s
Li-Yau-Hamilton inequality [6] and the references cited there in. We refer the interested
readers to Chow et al [7] for the theory and applications of the Ricci flow.

Recall that all geometric quantities related to the manifold M, such as curvatures,
Christoffel’s symbols and Laplacian evolve along the geometric flow. In the proofs of
our results we shall make use of the evolutions in the following lemma;

Lemma 1.1. Suppose a one-parameter family of smooth metrics g(¢) solves the geo-
metric flow (1.3), then, we have the following evolutions,

0

1. Egij:_zgikgjlhkl:_Zhija
0
2. Erlkj = gkl (Vihjl + Vjhi — Vlhij) )
9 iy .
3, §|Vf|2= —2hVV fV f + 2V fVif;,

9 y .
4. S (Af) = WUV, f — (2Vihij — VIH)V! f + Af;,
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where g'/ is the matrix inverse of g s Flkj are the Christoffel’s symbols with respect to
Levi-Civita connection, A = Ag(;) and f is a smooth function defined on M. The proof
of the above lemma follows from standard calculation (See [8, 9] for instance).

Analogous to Hamilton [3, Definition 1.1] and definitions from Miiller [10, Definition
1.3] we have the following evolving quantities which we shall use to state our assumptions
clearly.

Definition 1.2. Let X € I'(T M) be atangent vector field on M, we define three evolving
quantities D, H and £ as follows

OH o
D(hij, X) i= —— = AH — 2\hij|* +2Q2divh — VH, X) + 2(R;; — hij) X' X/
H(hij, X) = s + - +2(VH, X) +2h;; X" X/,

and .
Ehij, X) :=H(hij, X) —2h;; X' X/,

where div is the divergence operator i.e., (div h); = g"/ Vih jk.

Remark 1.3. An application of the quantity D(h, X) is that it vanishes on a steady
or shrinking solitons (self similar solutions to the geometric flow). The quantity H is
exactly the quadratic version of Hamilton’s Harnack expression for the heat equation. It
can be viewed as the differential Harnack type quantity for the symmetric tensor 4. In
fact, Mullér in [10, Lemma 1.6] calculates  as the difference between D and the trace
of another differential Harnack quantity for 4.

In the case of Ricci flow (or backward Ricci flow), i.e, when h = —R;; (or h = R;;),
Ricci curvature tensor and H = R, the scalar curvature

D(Rij, X') =0 and H(R;j, X') >0,

oR
for R > Oatt = 0, since Frie AR +2|Rc|? and by contracted second Bianchi identity

1
div Rc = EVR . (See Hamilton’s trace Harnack inequality for Ricci flow in [3]).

The main results of this paper are the following;

Theorem 1.4. Let (M, g(¢)),t € [0, T) be a solution to the geometric flow (1.3) on a
compact manifold M and suppose that

(D(h,Vu) +2E(h, Vu)) >0, and H > 0.

Let f = ™" be a positive solution to the heat equation (1.4) for

0
(5 - A) f=p®)flogf+Hf
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with =2/t < p(t) <0, € [0, T). Then the quantity
) n
P =2Au — |Vu| —3H—d?, d>?2

is nonpositive for all time ¢ € [0, T').

We apply the above theorem to obtain classical Harnack inequalities by integrating
along a space-time path joining any two points in M. Namely;

Corollary 1.5. With the same assumptions as in Theorem 1.4. Suppose that (1, x1)
and (#2, x2),0 < t; < t, < T are two points in [0, ) x M. Then we have

n 1 15}
[, x1) < f(r2, x2) (;—?) eXp{Eir;f/ (Iy(t)|2+H)dt}, (1.5)
31

where y is any space-time path joining points (¢1, x1) and (t2, x2).

Our results in this paper are similar to those of Cao and Hamilton [11] in the case
h = —R;;. In fact, we will adopt the same approach to obtain the proofs. In a recent
preprint [12] Guo and Ishida have also considered heat equation of the form (1.4) under
slightly different conditions on a manifold whose metric is being flown by the negative
of tensor 4. Notice that introduction of negative sign may be to keep the flow forward or
backward in time depending on the situation. The same technique works when p(#) is a
constant, for instance see [12] for the case p(r) = —1. Earlier, Cao and Zhou [13] had
considered this case for the Ricci flow. The simpler case p(¢) = 0 have been treated by
Ishida [14] and Fang [15]. Similar results can also be found in Cao [16], Cao and Zhou
[13] Fang [17], Wu [18] and the author’s paper [19]. We refer to the above cited papers
for different type of geometric flow where these results are applicable.

The next section is devoted to the proofs of the main results, we begin with the
derivation of a general evolution equation for a Harnack quantity which we shall use in
the proofs.

2. Proofs of the results

In this section we first consider the solution to the nonlinear heat equation

3
(5 - A) f=p@)flog f—cHS, 2.1)

where c is a constant to be chosen later. Let f = ¢~ be a positive solution of (2.1) then
u = —log f solves

(%_A>u:—|vu|2+p(t)u+cH. (2.2)
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Then we have the general evolution equation (see Proposition 2.1 below) for the quantity
’ u n
P =aAu — B|Vu| —I—aH—b?—d?, (2.3)

where «, B, a, b and c are constants to be fixed later.

Proposition 2.1. Let (M, g(t)) be a solution to the geometric flow (1.3) and u satisfy
(2.2). Let P be defined as in (2.3), then P evolves by

9
(5 - A) P = —2(VP,Vu) — 2(a — B)|VVul?> = 2aRc(Vu, Vu) — 2ah;;jViVu

b b b
+2(a — Be)(Vu, VH) + acAH + 2alh;j|* — ;|W|2 = —cH + u
n b
+d 5 +ap®)Au=2pp(0)|Vul® = —p()u + Diapa(hij, Vi),
where
oH 2 i l
D, p,ay(hij, Vu) :=a 5 AH =2|hjj|” ) —a (ZV hip — VZH) V'u
—|—2,8(R,'j +hij)ViuViu.
Proof. By Lemma 1.1 and evolution of u in (2.2) we have
0 2
E(Au) = A(Au) — A(|Vul®) + p(t)Au + cAH
— 21V Vu — 2Vihij — ViH)V'u
9 2 i i 2
E(qul ) =2V'uV;Au — 2V'uV;|Vu|
+2p(0)|Vul? + 2¢ViuV; H — 2h;;ViuVu.

By direct computation we have

? a(A) ﬂa(w 2 4 d b d +b L
—P =a—(Au) — p—(|Vu a—H ———u+ —<u -
ot ot ot ot t ot 12 t2

— A@Au — BIVul® + aH — b%) _2Viuv; <ozAu — BIVul)® +aH — b%)

. b
— (@ — B)A(IVul?) + (ac — a)AH + 2(a — B)V (Au)Viu — ;|W|2
; 0 b b n ’
4+ 2(a — Bc)V'uV; H + aEH — ;CH + t_2u +dt_2 4+ ap(t)Au —2Bp(t)|Vu|

b , , .
= —p(Ou = 20h" IV, Vju + 2BhI VUV — a2V hyj — ViH)V'u.
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Notice that by definition of P and Bocnher-Weitzenbock identity

VP =aV(Au) — BV(|Vul?) + (aVH - ]3) Vu,

AP =aA(Au) — BA(Vul?) + <aAH — é) Au,

and A(|Vul*) = 2|VV£I* + 2V uV;(Au) + 2R;jViuViu.
Then

0 . .
EP AP —2(Vu,VP) —2(a — B)|VVu|* — 20R;jV'uV/u +acAH

; oH 2 2 b 2
+2(a = BOV'uViH +a( - — AH = 20hijI? | + 2alhij® — | Vul

b b
— —CH + —u+ d 5 +ap(t)Au — 2Bp(1)|Vul? — —,o(t)u — 2ah'V; Viu
+ 2ﬂ(R” + h”)ViuVju —a@2Vih;; — ViH)V'u

= AP —2(Vu,VP) —2(a — B)|VVul|* — 2(xR,~jViuVju — 20h"V;Vu

b b
—|—2(a—ﬁc)V’uVH—I—cchH+2a|h,J| ——|Vu| ——cH—I— u+d—

, b o1 5
+oap(®)Au —2Bp()|Vu|” — ;,O(t)u tal- -~ AH —2|hij|

—a@Vihi; — ViH)V'u +28(R7 4+ h')ViuV;u.

This proves the proposition. |

Notice that by a direct computation for o« # 0, « # B and a constant A that

—2(a — B)|VVul? = 2ah" V;Vu + 2alh;;|?

LIRS R C it 2P
2(a — B) 2t 212

A o o? 2
—2(04—,8)? (Au 2a—B) ~ 5 )+(2a+—2(a—ﬂ)>|hij|'

= —2(a—p) ‘Vivj” + 8ij
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We now use this in the last proposition to obtain

A 2

o
V,-Vju + 2(05——,3)hij — Zgij

2 & A LH 2 a—z hiil?
- (a_lg)t< u+2(0(—,3) )+<a+2(0l—/3))| 1]|

T (az_zﬂ)lzn +2(a — Be)(Vu, VH) +acAH — 2aRc(Vu, Vu)
b

b b
—;|Vu| ——cH + - u+d 5+ ap(t) Au — 28p(1)|Vul?

(% _ A) P =—2(VP.,Vu) — 2(c —

b
- ;,o(t)u + D(a,ﬂ,a)(hijy Vu).

On the other hand we have the following identity by using the definition of P, namely;

A o 2(a—ﬂ)k A
—2(0{—,3); (Au+2(a——,8)H) = " —P—; oaH

2@ — B) A b
G 2 (,3|W|2 —aH +-u +df> .
o t t t

By this identity we obtain
2a—p(a L B H-I—b +d=
—2(a—B)— | Au—+ — —|Vu|* — —c —u —=
t 2(a — B) t t 12

_ _ 2 _
_ 2 ﬂ)%P_<b+2(aa ﬂ)w> |Vul +(1_2(@ ﬁ)k>%n

o o

+<—2(a_ﬂ)ka—ak—bc)£+<l 2(“_‘8) ) Su
o t o t

By putting these together we have thus proved the following general evolution equation
for P.

Lemma 2.2. With the assumptions of Proposition 2.1 we have

o A 2
= L]
2a—p) 0 28

2
_2(a—ﬂ)§P_(b+2(a—ﬁ) ﬁ)w (1_2(a—ﬁ)/\>%n
t o t

o o

(% _ A) P =—2(VP,Vu) — 2(c —




162 Abimbola Abolarinwa
o? 2(ax — B) H
2 — ) hy? ——da—ak—bc | —
+<a+2(o{—ﬁ))| 1]| +< o a o C) p

n (1 _ MA) %M + 9Py ot — Be)(Vu, VH) + acAH
o t 212

b
— 20Re(Vu, Vu) + ap(t) Au = 28p ()| Vul® = —p(1)u + Doy (i Vo).

where A is a constant to be chosen.

Corollary 2.3. Let (M, g(t)) be a solution to the geometric flow (1.3). Suppose u
satisfies (2.2), then

2 n
P =2Au — |Vu| —I—aH—d?

evolves by

0 1 22 2 )
a—A P=-2(VP, Vu)—ZViVju-i-hij—;gij —;P—;|Vl/l|

H
26+ Dikl* +2(@ =2)— + 2 - cz)tﬁ2 +2(a — ¢)(Vu, VH)

+2cAH 4+ 2p(t)(Au — |Vu|2) + Dy (hij, Vu).
2.4)
where a, ¢ and d are constants.

Proof. By the last lemma and choosinga =2, 8 =1,b =0and A = 2.

0 1 22 2 ’
E_A P=-2(VP, Vu)—2ViVju+hij—;g,-j —;P—;qul

H n
+2(a+ Dlkij? +2(a =)~ + 2 = d) 5 +2(a — o)(Vu, VH)
+2¢AH — 4Rc(Vu, Vu) + 2p(t)(Au — |Vul|?) + Da.1.ay(hij, Vi),

Notice that

dH
—4Rc(Vu, Vu) — Do.1.a)(hij, Vu) = a <¥ — AH — 2|h,~j|2)

—2(2V'hy — ViH) V'u
— 2(Rc — h)(Vu, Vu) =: Dy(hij, Vu).

This proves Corollary 2.3. |

Finally, we are set to proof Theorem 1.4.
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Proof of Theorem 1.4. Setting a = —3 and ¢ = —1, we rewrite some terms in (2.4),
namely,
n
2p())(Au = |Vu®) = p(OP = p()|Vul* + 3pO H +dp (1) 2.5)
oH )
Dy (h, Vu) = =2 —— = AH — |n* | = D(h, Vu), (2.6)

where D(h, Vu) is as in Definition 1.2. Putting these back into (2.4), we have

0 1 2 2
(E _ A) P=—2(VP,Vu) — 2‘v,~v,-u +hiy = 28| - (; - ,O(t)) P
2 ) n n
-7 +po@) ) IVul"+3pt)H + (2 — d)t_2 +d,o(t);
OH H , 8
— D, (h,Vu) -2 ¥+7+2(VM,VH) — 2|h| —;H
2 2 )
< =2(VP,Vu) — P p) ) P — " + o) | [Vul
n n
+3pMH + (2 — d)t_2 + d,o(t);,
provided

D, Vu) +2E(h,Vu) >0, H > 0.

Using the assumption —2/¢ < p(t) < 0 and taking d > 2, we arrive at

0 2
(8_t — A) P <—-2(VP,Vu) — (; — ,o(t)) P. (2.7)
Clearly for ¢ sufficiently small enough we have P < 0. By the parabolic maximum
principle on evolution inequality (2.7) it holds that P < O for all time ¢ € (0, T'). This
completes the proof of the theorem. |

The theorem is also true on complete noncompact Riemannian manifolds when we
can assume maximum principle. In this case we will need to impose uniform bounded-
ness condition on H and its gradient. We also need to assume that AH has an upper
bound for all time 7. See [9] for detail, where we obtain Li-Yau gradient estimate on com-
plete noncompact manifold with the application of cut-off function and the maximum
principle. See also Kuang and Zhang [20] for Ricci flow setting.

In the next we apply Theorem 1.4 to obtain classical Harnack inequalities by inte-
grating along a space-time path joining two points in M.

Proof of Corollary 1.5. Since P < 0 and u satisfies

d
<5 — A) u=—|Vul> + p(t)u — H,
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we have
2 2 2n
P =2(Au —|Vul|"+ p(\)u — H) + |Vu| —H—2,0(t)u—750,

which implies
ou > 2n
25 + |Vul|*— H —2p(t)u — - <0.
Suppose that y (¢) is a space-time path joining (1, x1) and (2, x2) in [0, T) x M, 0 <
) <t <T,wehave

4,20 + (Vu, y (1))
TR TR
1 , 1 n .
< —§|Vu| +§H+,0(t)u—|—?—|—(Vu,)/(t))

1 . > n
=< §(|J/(I)| + H) + 7

1 1
where we have calculated —5|Vu |2 4+ (Vu, y()) < 3 |y (1) |2. Now Integrating from #
to f, we have

2 du 1 2
/ —dt:u(tz,xz)—u(tl,xl)f—inf/ (y®)|*> + H)dt — nlogt
n dt 2 v Jy

5]
151 ’
where the infimum is taken over all curves y. This implies

1 h H\"
log f(t1, x1) —log f (12, x2) < Ei?/f/ (Iy 1> + H)dt + log (72) . (2.8)
t 1

By the usual exponentiation we arrive at

ft, x1) (lz)" {1 . /’2 2
—— < (=) expij=inf (Jy@®)|-+ H)dt (2.9)
f(t2, x2) h P12 f

from where the desired result follows. [ |

Remark 2.4. If we take p(t) = —a, the same approach gives

< rroP+m+
—u < < — —au,
ar' =2 ‘

which implies
d . et s n
— < —= H*+H ) + e
dt(e u) < ) (|V( )] e p
After the usual path integration we have

at at 1 & at 2 2n
e“log f(t1, x1) < e"?log f(t2, x2) + Emf e ly ()] +H+_t dt .
v Jy
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