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Abstract

In this paper, we proved a common fixed point theorem for weakly compatible
mappings in symmetric spaces satisfying a contractive condition of integral
type and the common (E.A) property. Our results is generalizes and improves
results of Aliouche [2] and Boikanyo and Choudhary [3].

Introduction

Banach contraction principle is a fundamental result in fixed point theory, which has
been used and extended in many different directions. Branciari [4] obtained a fixed
point theorem for a single mapping satisfying an analogue of Banach’s contraction
principle for an integral type inequality. Hicks and Rhoades [5] established some
common fixed point theorems in symmetric spaces and proved that very general
probabilistic structures sadmit a compatible symmetric or semi-metric. Aliouche [2]
established a common fixed point theorem for weakly compatible mappings in
symmetric spaces satisfying a contractive condition of integral type and a property
(E.A) introduced by Aamri and Moutawakil [1]. We also obtain some results for
weakly compatible mappings which extend some results of Vijayaraju et al. [7],
Rhoades [6]. The main purpose of to give a common fixed point theorem for self
mappings of a symmetric space in which we generalize the results of Aliouche [2] and
Boikanyo and Choudhary [3].

Definition 1.1. Let X be a non-empty set. A symmetric on a set X is a non-negative
real valued function d on X x X such that
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(i d(x,y) =0,V X,y € X,

(i) dxy)=0ex=y,

(i) d(x, y) = d(y, x).
Let d be a symmetric on a set X and for r > 0 and any x € X,
let B(x, r) = {y € X: d(Xx, y) <r}. A topology t(d) on X is given by U € t(d) if and
only if for each x € U, B(x, r) c U for some r > 0.

A symmetric d is a semi-metric if for each x € X and each r > 0, B(x, r)
is a neighborhood of x in the topology t(d). Note that lim,_..d(X,, X) = 0 if and only if
Xn— X in the topology t(d).

The following two axioms were given by Wilson [8].

Definition 1.2. Let (X, d) be a symmetric space.
(W.3) Given {Xn}, xand y in X,
limy_cd(Xn, X) =0 and limp_.d(Xn, y) = 0 imply x = y.
(W.4) Given {xn}, {yn} and x in X,
limy_cd(Xn, X) = 0 and limp_..d(Xn, Yn) =0 imply that lim,_...d(yn, X) = 0.
It is easy to see that for a semi-metric d, if t(d) is Hausdorff, then (W.3) holds.

Definition 1.3. Two self maps S and T of a metric space (X, d) are said to be weakly
commuting if
d(STx, TSx) <d(Sx, Tx), for all x € X.

Definition 1.4. Let S and T be two self mappings of a metric space (X, d). We say
that S and T satisfy property (E.A) if there exists a sequence {x,} such that
lim,-.SXy = limp_. TX,=t for some t € X.

Definition 1.5. Let S and T be two self mappings of a symmetric space (X, d). S and
T are said to be compatible if

limn_d(STXn, TSX,) =0
whenever {x,} is a sequence in X such that

limy_cd(SXn, t) = lim,_d(TXy, t) = 0, for some t € X.

Definition 1.6. Two self mappings S and T of a symmetric space (X, d) are said to be
weakly compatible if they commute at their coincidence points, i.e., Su = Tu for some
u in X then ASu = SAu.

It is obvious that two compatible maps are weakly compatible but the
converse is not true.

Definition 1.7. Let (X, d) be a symmetric space. We say that (X, d) satisfies property
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(H.E) if given {x,}, {yn} and x in X,
limy_cd(Xn, X) = 0 and limp_.d(yn, X) = 0 imply lim,_.d(Xs, yn) = 0.

$ﬁzl:)|:em 2. Let d be a symmetric for X which satisfies (W.3), (W.4), (H.E). Let P, Q,
A, B, S and T be self mappings of X such that
(2.1) AB(X) < P(X), ST(X) < Q(X),
(2.2) AB=BA, ST=TS, QB =BQ, PT=TP,
d(ABx,STy) d(ABx,Qx),d(STy,Py),d(Qx,Py),d(Qx,STy),d(ABx,Py)

(2.3) J, E(V)dv < [ E(v)adv.
for all x, y € X, t >0, Where & : [0, +o0] — [0, +0] is a lebgesgue-integrable mapping
which is summable, non-negative and such that for all f(f E(v)dv>0,e> 0,

(2.4) (AB, Q) or (ST, P) satisfy the common (E.A) property
(2.5) (AB, Q) and (ST, P) satisfy weakly compatible.
(2.6) one of the mappings AB, P, ST and Q is a closed subspaces of X.
Then A, B, S, T, P and Q have a unique common fixed point in X.
Proof: Since (ST, P) satisfies the common E.A property, there exist sequence {x,} in
X such that
limy o d(STXn, 2) = limy_. d(PX,, z) =0, for some z € X.
Therefore by H.E property lim,_., d(STxn, Px,) = 0.
Again ST(X) € Q(X), there exists a sequence {y,} in X such that STx, = Qy,, V n.
Hence limy_.d(Qyn z) = 0. Now we show that lim,_.. d(ABy,, z) = 0, for this
suppose that lim,_,., sup d(ABy,, STxp) > 0.
Take X =y, and y = X, in (2.3), we get

d(ABy,,STxy)

limn_e supf0 E(v)dv

< Iimn—»oo Supfod(ABYnvQYn)vd(STxnvan)vd(QYnvpxn)vd(QanSTxn)vd(ABYnvpxn) é(V)dV

d(ABy,,STxy,),d(STx;,,STxy),d(STx,,STxy),d(STx,,,STxy),d(ABy;,, STxy,)

= limnoe supf0 E(v)dv.

d(ABy,,STx;,),d(ABy,STxy)

= limy ., sup E(V)dv.

d(ABy,,STxy)

E(v)dv < lim,_., supf0 E(V)dv .

which is contradiction and (2.3) implies that limn_.. fod(ABy nSTxn)

. . d(ABy;,;,,STx
|.e.,I|mn%supf0( YnSTxn)

E(v)dv =0.



140 Swati Choursiya et al

By (W.4) implies that lim_,.. d(ABy,, z) = 0.

Now suppose that Q(X) is complete subspace of X, then z = Qu, for some u € X.
limn_d(ABYn, Qu) = limn_,.d(STx,, Qu) =0 and
limn_wd(PXn, Qu) = limy_,,d(Qyn, Qu) =0.

Take x =u and y = Xy in (2.3), we get

d(ABu,STxp)

limy_., sup fo E(v)dv

<lim., SupJ-Od(ABu,Qu),d(STXn ,Pxn),d(Qu,Pxy),d(Qu,STxy),d(ABu,Pxy) é(V)dV

= limy_... SupJ-Od(ABu,Qu),d(Qu,Qu),d(Qu,Qu),d(Qu,Qu),d(ABu,Qu) é(V)dV

= limy ., sup ff AP AP e () gy,

ie., lim.sup [P e(v)dv < limg...sup [P g(v)dv.
which is contradiction. Then fod(ABu'STX“) g(v)dv = 0.

By (W.3) implies that limn_,.. d(ABu, Qu) = 0. We have ABu = Qu = u.
Now (AB, Q) is weakly compatible then ABQu = QABuU = ABz = Qz.
Since AB(X) c P(X), there exists a point v € X such that ABu = Pv.

Take x=uand y=vin (2.3), we get

liMn_.. SUp fod(ABu'STV) g(v)dv
< Iimn_,oo Supfod(ABU,QU),d(STV,PV),d(Qu,PV),d(Qu,STV),d(ABu,PV) E(V)dv
= fimy.., sup J-Od(Qu,Qu),d(STV,PV),d(Pv,Pv),d(Pv,STv),d(Pv,Pv) £(V)dv.
= fimy.., sup J-Od(STV,PV)d(STV,PV) £(v)dv

i.e., limny_.sup fod(STV'PV) E(V)dv < limy_ .. sup fod(STV'PV) g(v)dv .

which is contradiction. Then fod(STV'PV) g(v)dv = 0.

So implies that d(STv,Pv) = 0. Then STv =Pv =Bu = Qu = z.
Since (ST, P) is weakly compatible then STPv = PSTv = STz = Pz.
Take x =z and y = v in (2.3), we get

d(ABz,STv)

limy_..sup fo g(v)dv

< Iimn_,w Supfod(ABZ,QZ),d(STV,PV),d(QZ,PV),d(QZ,STV),d(ABZ,PV) E(V)dV

d(ABz,z)

limn_..sup [ g(v)dv
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< limy ., SupJ-Od(ABZ,Z),d(Z,Z),d(z,z),d(z,z),d(ABz,z) E(V)dV

d(STv,Pv) d(STv,Pv)

i.e., limy_..sup [, g(v)dv < limy_..sup g(v)dv.

which is contradiction. Then fod(ABZ'Z) g(v)dv = 0, this implies that d(ABz, z) = 0.
S0 ABz=Qz =z
Take x =zandy =z in (2.3), we get
limy_.. Sup fod(ABZ'STZ) E(v)dv

< Iimn_,oo Supfod(ABZ,QZ),d(STZ,PZ),d(QZ,PZ),d(QZ,STZ),d(ABZ,PZ) E(V)dv
liMn_.. SUp fod(Z'STZ) g(v)dv

< lim,_...sup J-Od(z,z),d(STz,ST,z),d(z,STz),d(z,STz),d(z,STz) E(v)dv.
i.e., liMmy_..sup fod(STZ'Z) E(v)dv < limp_.. sup fod(STZ'Z) g(v)dv

d(STz2)

which is contradiction. Then |

o £(v)dv = 0, this implies that d(STz,z) = 0.

S0STz=Pz=2z.Hence ABz=Pz=STz=Qz =z

z, is common fixed point of AB, ST, P and Q.

The proof is similar when P (X) is assumed to be a complete subspace of X. The cases
in which AB(X) or ST(X) is a complete subspace of X are similar to the cases in
which P(X) or Q(X) respectively is complete since AB(X) € P(X) and ST(X) € Q(X).
Uniqueness: Let w be another common fixed point of AB, ST, P and Q.

i.e., ABw = STw = Pw = Qw = w, we have

Take x =z and y =w in (2.3), we get

d(ABz,STw)

limn_e supf0 g(v)dv

< limy ., Supfod(ABZ,QZ),d(STW,PW),d(QZ,PW),d(QZ,STW),d(ABZ,PW) é(V)dV

limn_., Sup fod(z'w) £(v)dv
< limy_...sup fod(z,z),d(w,w),d(z,w),d(z,w),d(z,w) £(v)dv.
ie., limq... sup ™ e(v)dv < limy_... sup [ g(v)dv.
which is contradiction. Then fod(z'w) g(v)dv = 0, this implies that d(z, w) = 0.
i.e., z=w.
Hence z, is unique common fixed point of AB, ST, P and Q.
This completes the proof of the theorem.
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Now let us take P = Q = I, where | is identity mappings in X then from Theorem 2.1
we get the following corollary.
Corallory 2.1. Let d be a symmetric for X which satisfies (W.3), (W.4), (H.E). Let

AB, and ST be self mappings of X such that
d(ABx,x),d(STyy),d(xy),d(x,STy),d(ABx,y)

E(v)dv < j E(v)dv.

jd(ABX,STy)
0 0

for all x, y € X, t > 0, Where & : [0, +o0] — [0, +0] is a lebgesgue-integrable mapping
which is summable, non-negative and such that for all f(f E(v)dv>0,e> 0,

If one of the mappings AB, ST is a closed subspaces of X. Then AB and ST have a

unique common fixed point in X.
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