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Abstract

We show that an R-module M is absolutely flat over R if and only if M is R- flat
and IM is a pure submodule of M , for every finitely generated ideal I. We also
prove that N is a pure submodule of M and M is absolutely flat over R, if and only
if both N and M/N are absolutely flat over R.
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1. Introduction

Throughout this article, R denotes a commutative ring with identity and all modules are
unitary. For standard terminology, the references are [1] and [7].

The concept of absolutely flat ring is extended to modules as absolutely flat modules,
and studied in [2]. An R module M is said to be absolutely flat over R, if for every
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R-module N , M ⊗R N is flat R-module. Various characterizations of absolutely flat
modules are studied in [2] and [4]. In this article, we show that an R-module M is
absolutely flat over R if and only if for every finitely generated ideal I, IM is a pure
submodule of M and M is R- flat. We also prove that N is a pure submodule of M and
M is absolutely flat over R, if and only if both N and M/N are absolutely flat over R..
We prove that if every maximal ideal M ∈ Supp(M) is a pure submodule of R, then M

is absolutely flat over R.

We first give the necessary definitions and propositions needed in our article.

Definition 1.1. Let M be an R-module. Asubmodule N of M is called a pure submodule
of M if for every R-module L,

0 → N ⊗R L → M ⊗R L → M/N ⊗R L → 0

is exact.

Definition 1.2. An exact sequence 0 → M ′ → M → M ′′ → 0 of R-modules is pure
exact if, for every R-module N , we have exactness of

0 → M ′ ⊗R N → M ⊗R N → M ′′ ⊗R N → 0.

Proposition 1.3. [6, Thm. 7.7] Let M be an R-module. Then M is flat over R if and
only if for every finitely generated ideal I of R the canonical map I ⊗R M → R ⊗R M

is injective, and therefore I ⊗R M ∼= IM.

Proposition 1.4. [7, Prop. 3.67] An R-module M ′′ is flat if and only if every exact
sequence 0 → M ′ → M → M ′′ → 0 of R-modules is pure exact.

Now we give a characterization of absolutely flat modules using pure submodules.

Theorem 1.5. Let M be an R-module. Then M is absolutely flat over R if and only if
M is R- flat and IM is a pure submodule of M , for every finitely generated ideal I.

Proof. Let M be an absolutely flat R-module. Then clearly M is R- flat. Let I be any
finitely generated ideal of R. We prove that IM is a pure submodule of M . Tensoring
the exact sequence

0 → I → R → R/I → 0.

with flat module M we get the exact sequence

0 → I ⊗R M → R ⊗R M → R/I ⊗R M → 0

Since I ⊗R M ∼= IM, the sequence

0 → IM → M → M/IM → 0 (1.1)

is exact. Since M is absolutely flat over R, M/IM ∼= M ⊗R R/I is R-flat. Hence by
the prop. 1.4, (1) is a pure exact sequence. This implies that IM is a pure submodule of
M.
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Conversely, let M be R-flat and IM is pure submodule of M , for every finitely
generated ideal I of R. Let J be any finitely generated ideal of R Tensoring the exact
sequence

0 → J → R → R/J → 0,

with the flat module M we get the exact sequence

0 → J ⊗R M → R ⊗R M → R/J ⊗R M → 0. (1.2)

Now J ⊗R M ∼= JM being a pure submodule of M , (2) is a pure exact sequence.
Then for any R-module N , we get the exact sequence

0 → (J ⊗R M) ⊗R N → (R ⊗R M) ⊗R N → (R/J ⊗R M) ⊗R N → 0.

That is

0 → J ⊗R (M ⊗R N) → R ⊗R (M ⊗R N) → R/J ⊗R (M ⊗R N) → 0

is exact for every finitely generated ideal J. Then by proposition 1.3, M ⊗R N is R-flat.
Hence M is absolutely flat R-module. �

Theorem 1.6. Let M be an R-module and N a submodule of M . Then the following
conditions are equivalent.

1. N is a pure submodule of M and M is absolutely flat over R.

2. Both N and M/N are absolutely flat over R.

Proof. Let N be a pure submodule of M and M absolutely flat over R. Let K be any
R-module. Then the exact sequence,

0 → N → M → M/N → 0 (1.3)

is pure exact and therefore the sequence

0 → N ⊗R K → M ⊗R K → M/N ⊗R K → 0. (1.4)

is exact. Also for every R-module L, tensoring the pure exact sequence (1.3) with
K ⊗R L, we get the exact sequence

0 → N ⊗R (K ⊗R L) → M ⊗R (K ⊗R L) → M/N ⊗R (K ⊗R L) → 0.

That is, the sequence

0 → (N ⊗R K) ⊗R L → (M ⊗R K) ⊗R L → (M/N ⊗R K) ⊗R L → 0

is exact. This implies that sequence (1.4) is pure exact. Hence N ⊗R K is a pure
submodule of M ⊗R K . Also, since M is absolutely flat, M ⊗R K is R-flat. Therefore
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(M ⊗R K)/(N ⊗R K) is R-flat. That is, M/N ⊗R K is R-flat. Hence by the exact
sequence (1.4), N ⊗R K is also R-flat. This is true for every R-module K. This implies
that both N and M/N are absolutely flat over R.

Conversely, assume that both N and M/N are absolutely flat over R. Then by
theorem 3 in [3], M is absolutely flat over R. Also M/N is R-flat implies that N is a
pure submodule of M. �

Theorem 1.7. Let M be an R-module. If every maximal ideal M ∈ Supp(M) is a pure
submodule of R, then M is absolutely flat over R. The converse is true if M is finitely
generated over R.

Proof. Let every maximal ideal M ∈ Supp(M) be a pure submodule of R. We can
write M = lim→ Nα, where Nα’s are finitely generated submodules of M. We show that,

each Nα is absolutely flat so that by theorem 2.6 in [4], M is absolutely flat over R.
Since Supp(Nα) ⊆ Supp(M), every maximal ideal M ∈ Supp(Nα) is pure in R, that
is R/M is flat R-module. Then by proposition 2.5 of [5], MRM = (0) or RM. Since
MRM �= RM, we get MRM = (0) and hence RM is a field. That is for every
M ∈ Supp(Nα), RM is a field. Then by theorem 2.2 of [2], Nα is absolutely flat.
Hence M is absolutely flat over R.

Now we assume that M is a finitely generated absolutely flat R-module. Let M ∈
Supp(M) be a maximal ideal. Then again by theorem 2.2 of [2], RM is a field and
therefore MRM = 0. Now for any maximal ideal N of R, when N �= M, MRN =
RN, and when N = M, MRN = NRM = (0). Then by proposition 2.5 of [5],
R/M is R-flat and hence M is a pure submodule of R. Thus every maximal ideal
M ∈ Supp(M) is pure submodule in R. �

Now we will get the following known results as corollary.

Corollary 1.8. For a ring R, the following conditions are equivalent

1. R is absolutely flat

2. Every maximal ideal M is a pure submodule of R

3. For every maximal ideal M, R/M is R-flat.

Proof. (1) ⇒ (2) Take M = R in the previous theorem.
(2) ⇒ (3) For every maximal M, M is a pure submodule of R implies that R/M is

R-flat.
(3) ⇒ (1) Let M be any maximal ideal of R. Then R/M is R-flat. (R/M)M is flat

over RM. Hence RM/MRM is free over RM. Then MRM = ann(RM/MRM) =
(0). RM is a field and therefore R is an absolutely flat ring. �

Corollary 1.9. If R is a local, absolutely flat ring, then R is a field.
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Proof. Since R is local, the only pure ideals are (0) and R. by the above corollary, the
unique maximal ideal M is pure. Hence M is (0). Therefore R is a field. �
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