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Abstract

In this paper, the SBA method is used to construct the solution of the
diffusion-reaction equation.
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Introduction
In [1], we constructed the solution of the convection-diffusion-dissipation equation,
here we examine the diffusion-reaction equation. We use the SOME BLAISE ABBO

(SBA) method to get the exact solution.

The diffusion-reaction equation
The general theory of SBA method can be found in [7], [8].

The linear diffusion-reaction equation
Let’s consider the following mixed problem:

ou g?t) _ 9 uaf():’t)+u(x,t)—xt
u(x,0)=x 1)
(p): 6u(0,t)_1 .
— =1
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with(x,t) e[0;1]x[0;T].
We are going to solve the problem ( p) using the SBA method.
From (1) we have, on one hand:

u(x,t):u(x,0)+l{u(x,s)+%—xs]ds

PR @
:x—%xt2+£[u(x,s)+ ua(x)z(’s)]ds
and, on the other hand:
ou(Lt) au(0,t) ¢ au(zt)
e _J;[ - —u(z,t)+zt |dz (3)
(€)R="
1 (zt)_
1+t-1-t= t+J.[ - u(z,t) |dz (4)
(4) =
1 a 1
%t+£[—u(a:t)—u(z,t)]dz:0 )
From (2) and (5), we obtain:
u(xt):x—ixt2+j‘ u(x S)+62u(x,s) ds +
’ 2 . ’ OX?
109 1
%t+£(—u§t)—u(z,t)]dz (6)

= x—%xt2 +Jt‘u(x,s)ds+N~ (u(xt))

Sy o

0 0
According to the SBA method, we suppose that the solution of (1) has the
following form:

Where

u(x,t)= ILTOU (x,t) (8)
where
=§u§(x,t) ck>1 (9)

And, for every k>1, we get us(xt)for n>0, through the following SBA
algorithm:
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ug(x,t):x—%xt%N(uk‘l(x,t)) k>1

: (10)
uﬁﬂ(x,t):juﬁ(x,s)ds ;n>0

0

Fork >1, we have the following SBA algorithm:
1 -

ué(x,t):x—axt2+N(u°(x,t))

t (11)
u}m(x,t):juﬁ(x,s)ds ;n>0

0

Let’s suppose that one can find u°(xt)as N(u"(x,t))zo, we obtain the
following SBA algorithm:

ué(x,t):x—%xt2

¢ (12)

Up.s (X, 1) :juﬁ(x,s)ds 'n>0
0

From (12), we have:

1
Lix t)=x—=xt?
Ug (X,t) =X 5 X
1
ull(x,t):tx—axt3

1 1
ui(x,t):ZtZX—Af—xt4 (13)

Let’s put
o (x1) =2 (x1)

we obtain: a
¢i(x,t):xi%—x2:—:+ X(1+t) = x(1+1) (14)
Thus, for k =1, we have:
u'(xt)= nlirpwgorf(x,t) =x(1+1) (15)
From (15), we have:
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1

2,1 1 1
L[ (Z(’S)ds+!au (gtz’t)dz—jul(z,t)dz
1

OX 0
2

5 0 [
a—(x+xs)ds+!a(z+zt)dz—!z(l+t)dz (16)

2

For k =2, we obtain the following SBA algorithm:
Uy (x,t)= x—%xt2
(17)

n+1

t
u? (x,t):juﬁ(x,s)ds 'n>0
0

From (12) and (15), we have:

Pr(xt)=xX n %—x n %+x(l+t):x(1+t) (18)
io I+ iz It

Thus for k =2, we have:

u?(x,t)=lim @Z (x,t) = x(1+t) (19)

Using the same procedure for k = p >3, we have:

0P (x,t)=x JENEN F—I+x(l+t):x(1+t) (20)

el Ll |
and
u”(x,t)=lim @ (x,t)=x(1+t) (21)
From which we obtain:
u(x,t)=lim u®(x,t) =x(1+t).

p—>+o0

The nonlinear diffusion-reaction equation
Let’s consider the following mixed problem:

ou(x,t) o%u(xt)
a
u(x,0)=x
(@):au(ot) (23)
x °
6u(§i,t) e
With(x,t) S [O,l]x[O,T].
We are going to solve problem(q) using the SBA method.
From (22), we have:

+u(x,t)—x%"
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aug[(,t) = aua(xxz’t)+u(x,t)+u3(x,t)—x3e3t (23)

From (23), we obtain:

t ZU(X S) t t t
—u(x,O):J'Tz’dwfu(x,s)ds+fu3(x,s)ds—x3je3sds (24)
0 0 0 0
(24)

t 82 t t
u(x,t):x—%x3e3‘+%x3+£$ds+!u(x,s)ds+£u3(x,s)ds (25)
From (25), we have also:
au(Ly) au(x0)_ Iau(z t) ju t)dz ju3 z,t) dz+e3‘jz3dz (26)

OX OX y ot 0
(26)
1 1 1
e‘—e‘:IMdz—Iu(z,t)dz ju3(zt)dz+1e (27)
5 ot 0 0 4
(27)<:>
au 7,t) 7
t d t d =0 28
I I (z,t)dz ju (z, z+4e (28)

From (25) and (28), we obtaln.

t
u(x,t)=x- xe + X3 j
0

ju(x,s)ds+ju3(x,s)ds+fau( ! )dz— (29)
Jl'U(Z,'t)dz—jus(z,t)dz+%e3t
(29) & O O
u(x,t):X+Iu(x,s)ds+N(u(x,t)) (30)
where O
N(u(x,t)):%em x4 = X j; dS+!Md
(31)

1

!u(z,t)dz—!u%z,t)dz+!u3(x,s)ds

According to the SBA method, we suppose that the solution of (22) has the
following form:

u(xt)= lim u“(x,t) (32)

K—-+o0
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where
u (x,t)=> uk(x,t); k=1 (33)
n=0
and for every k >1, we get uy (x,t) forn>0, through the following SBA algorithm:
ug (x,t)=x+N (U (x1)) s k=1

t (34)
Ut (X1) :J'uﬁ (x,5)ds ; n>0
0
For k >1, we have the following SBA algorithm:
us (x,t)=x+N (u°(x,t))
(35)

n+1 n

t
u, (x,t):J'ul(x,s)ds ;n>0
0

Let’s suppose that one can find u°(xt)as N(u"(x,t))zo, we obtain the
following SBA algorithm:
U (X,t) =X
t 36
urlHl(x,t):J'uﬁ(x,s)ds ;n>0 (%)
0
From (36), we have:
U (X,t) =X

U (x,t)

ui(x,t):%xt2

X

(37)
ui(x,t):%xt3

uﬁ(x,t):%xt”

Thus
¢ (x,8) = 3ui (x.1)

n=0

=Ug (X,t)+u; (X,t)+..+ U (X, 1) +... )

= X(l+t+it2 PRSI +]

2! 3! n!
= xe'
(38)
ut(x,t) = xe' (39)
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For k =2, we have the following SBA algorithm:

ug (x,t)=x+N(u'(xt))

t
2 (x,t):J'uj(x,s)ds ,Vn>0
0

n+1

From (39), we have:
t

N~(u1(x,t)):ie3 = x%e + X3 j

0

iul(z,t)dz—i(ul(z,t)) dz +j(u1

0
1 —1x3e3t iy +let —le
4 3 3 2 2
From (40) and (41), we obtain:
Ug (X,t) =X
uy (xt)

uj(x,t):%xt2

tx

u32(x,t):%xt3

uﬁ(x,t):ixtn

n!
and
ziuf(x,t)
n=0
=ug (X, t)+ul (1) +..+ul (X t)+...
= x(1+t+it2 +£t3 +...+ltn +]
21 3! n!
= xe'
Thus
u?(x,t) = xe'

t_

o]
X s))

3t

—e¥ +

Using the same procedure for k = p >3, we have:

u’(x,t)=xe'
From which, we obtain:
u(x,t)=lim u”(xt)=xe",

p—>+o0

6u1(z,t)dz_

ds

(lx3e3t _lxsj
3 3
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(40)

(41)

(42)

(43)

(44)

(45)

(46)
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Conclusion

Through these examples, we showed again the usefulness of the SBA method, in the
search of an approximate solution of an equation and this method gave us the exact
solution. We showed also that this method is powerful for linear equations, because
the SBA method has bee conceived through the principle of Picard, to avoid the
calculation of the Adomianpolynomials generated by the nonlinear operator contained
in annonliar equation.
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