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Abstract

Sufficient conditions for oscillation of solutions of third order nonlinear

neutral delay differential equations of the form
dj 1 d
dt {r (t) dt {r(t) {dt F©+p®)yt-2) }}}+ fOG(y(t-0))=0 are

obtained, where r,(t),r(t), p(t) are positive real valued continuous functions
f(t)>0
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1. Introduction
In this paper we consider the nonlinear neutral delay differential equation

d| 1 d
dt {r (t) dt {r(t) {dt L{CREONC }}}+ fOG(y(t-0))=0 1)

where 1, (t),r(t) e C([t, ,«),(0,20)), p(t), f(t) e C([t,,»),[0,0)) . We define a

t t
function jr(t)dt: Irl(t)dt—>w t, >t
t t

When p(t )=0 the above equation reduces to the third order differential equation
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d[ 1 d
dt{r(t) dt{r(t){dt l/(t)}}+ FOG(y(t-0) =0 2

The study of behavior of solutions of differential equation (2) has been a subject of
interest for several researchers. We mention the works of [1, 2, 10 and 12].
Oscillatory behavior of delay differential equations is extensively studied by several
authors [3, 13, 19, 20, 21, 22, 23 and 24].

In the equation (1) if p(t) =0

d| 1 d
dt{r © dt{r(t){ el (G )i&}} f(OG(y(t-0))=0

which is a delay equation and further if we take p(t) =0 and o =0 in equation (1)
we get

df 1 d
dt {r (t) dt { r(t) {dt ko }}} +T(OG(Y (1) =0

®3)

which is an ordinary differential equation.

Now we see some special case of equation (1) ie when

rt)=1and r,(t)=1and G(y(t)) = y(t) equation (1) is reduced to

3 p—

— kO +p®)yt-7) + f Oyt -0)=0 @)
if further when p(t) =0, this equation is reduced to

d? -

pre) k) + f®yt-0)=0 ()
and to

d? - :

— ) + f@)yt)y=0if 6=0 (6)

Recently there has been an increasing interest in the study of the oscillation of
differential equations e. g. papers [1]-[24]. In particular, differential equations of the
form (1) and for special cases when r(t) =1, r,(t)=1 and G(y(t)) = y(t) is a subject
of intensive research.

The oscillation for equation (6) has been discussed by many authors. Here we have
some interesting results

(1) Anton Skerlik [20]: For a particular case when p(t) =0 and f(t) >0, tel

(6) is oscillatory if _[tz’e f (t)dt = o for some €>0.

(ii) L. Adamec and A. Lomtatidze [3]: If Lim sup jh(s)ds = 400, then

t—w

2\/_}

(6) is oscillatory. where h(t) =t? [|f(t)|
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(iii) Jitendra Kumar Pati and Dhirendra Kumar Dalal [14]: If f(t)>0 and

(6) is disconjugate, then '[tf ()dt <co. Also we see that (6) is disconjugate if

mjtzf(t)dt:oo.

Motivated by some of these results, we present oscillation criteria under particular
type of integral conditions
By a solution of equation (1) we mean a function y(t) eC([T, ,)) where T >t,

which satisfies(1) on [T, ,c0).We consider only those solutions of y(t) of (1) which
satisfy Sup H(t)|:tzT }O for all T>T and assume that (1) possesses such

solutions.
A solution of equation (1) is called oscillatory if it has arbitrary large zeros on [T, ,)

; otherwise it is called nonoscillatory. Equation (1) is said to be oscillatory it all its
solutions oscillate. Unless otherwise stated, when we write a functional inequality, it
will be assumed to hold for sufficiently large t in our subsequent discussion.

2. Main Results
We need the following in our discussion

(H):n(0).r@®) eCt,0), RS r(0).r(t)>0

(H,): f(t)eC([t,,»),R), f(t)>0

(H;):p(t) eC(t,,»),R) and 0< p(t) <1
(H,):G@u)eC(R,R) and uG(u)>0, u=0

(Hy) : There exists q e C([t, ,»),[0,%0)) and f (t)G(x) > q(t)x

(Ho): tIr(S)ds =0 & tjrl(s)ds = o0

We set
z(t) =y@®) + pt)yt—7)

Lemma 2.1. Let (H,) and (H,) hold. Let y(t)be a positive solution of (1) and
suppose that

Case (I): z(t)>0,z'(t) >0, (% z'(t)) >0
r
hold. Then there exists t; > t, sufficiently large such that
! 7 (t-0)=8(t-0) iz'(t) 'for t>t
r(t-o) - r(t) — (7)
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Let D= é s)eR%:t>s>t,.. The function H e C(D,R) is said to belong to a
function of class F, if
(i) H(t,t)=0 for t>t, and H(t,s) >0 for t >s.>t,

(i) H has continuous partial  derivatives @andaa—t satisfying

%(t,s): h,(t,s)\/H(ts) and aa—l;'(t,s) ——hs)HELsS)  where  hyh,.

nonnegative continuous functions on D.

Theorem 2. 2. Assume that (H,)—(H,) hold. Let p(t) be a positive real valued

continuous differentiable function and let H:D — R be real valued continuous
functions such that H belongs to the class F and suppose that there exists an interval

(a,b) c[t,®), such that p(t)>0 and f(t)>0 for all t<(a,b) and there exists
ce(a,b) and p e C'([t,, o), (0,0)) such that

IH (s,a)p(s)q(s)[1- p(a—o)] ds +

IH(b $)p(8)a(s)[1- p(b—o)] ds

H(c.a); H(b c) ;
1 |HCa) ) H(s,a)
H(b 5! j s) b0.9VHB5) p(s) - H(b.9)0'(s) 2 s
where k(s) = 1

S(s—o)r(s—o)p(s)
Then (1) is oscillatory.

(8)

Proof. Suppose to the contrary. And let y(t) be a nonoscillatory solution of the
equation (1). Without loss of generality we may assume that y(t) is eventually
positive, since the case when y(t) is negative can be dealt similarily.

We set z(t) = y(t) + p(t)y(t—7)
Hence from (H;) equation (1) becomes

d| 1 d
a{@ dt{r(t){dt Fo+pt)y- r)}}}S—Q(t)Y(t—G)

Further we obtain

y() =z(t) - pt)y(t-7)

yt-o)=z(t-o)-pt-o)y(lt-o-1)

>z(t—o)-pt-o)yt-o)

> |- pt-o0) 2(t-0) (10)
Hence from (9) and (10) we have

9)
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d { L d { : {1 o)+ p(t)y(t—r)}}}S—Q(t)l— p(t-o) z(t - o)

a0 a o L 0
Define
i
o) = p 1T
2(t-o) (12)
007 | iole®®)
1 t — 1 t 1 t 1
o'(t) = p'(t) 2t-0) +p(t) 2-0)
1 (1 .. B O NP ) S O O e B
o w)(rmza)j 2(t o)[rl(t)(r(t)za)]] r1(t)(r(t)z(t)jz<t o)
o'(t) = p'(t) T o) +p(t) (o)
1 (1 ..\ _Jllvj" 1(1 ...
oO=F0 ey TP 2(t—o)2(t—o) P T oy at—o)
NETR (1Y) NETURE
i n(t)(WZ(t)J [W)(r(‘) (t)n n(t)[@z(t)]z(t_a)
@O =, O = |70 (o) -, 2(t—o)2(t—o)
st-o) 1 (1 )
t
1 n(t)(rz(t)”)j
: p'(t) - w(t) rt-o)
o'(t) < — o) - pt)qt) §- plt-o) - p(t)
p(t) 1 - p(t) 2(t-o)
. p'(t) - o(t) ot)o(t —o)r(t-o)
o'(t) < —= o) - pt)q(t) §- pt—o) - p(t)
p(t) 1 - p(t) p(t)
: - p'(t) St-o)r(t-o)
o' (t) <—p®a®) [- ptt-0) + 2" o(t) - * (1)
1 ~ p(t) p(t) (13)
Multiplying the above inequality by H(t, s), we get
HE90 (0 < -H P00 |- pt-0) 3 HE9) 2 o0 Rt XTEDol) (1)

Or
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St-o)(t-o)

H(E 9090 - p-0) = -HE 90 O+ HELIP O 2 - HES) o'0  (15)

p(t) p(t)
Using the integration by parts formula, we have

]H (t,s)p(t)q(t) - p(t- o) ds <—H(t,Do(t) + H(t,c)o(c) + ]H (t,8)o(s)ds

+ in (@, s)/;((ss))a)(s)ds - ;[H (t, S)W w?(s)ds (16)

Since H(t, t)=0, we obtain
S(s-o)r(s-o) ,

JHt) 00 1= pt-0)ds <HteoE) - [ (k)= =—0"()
{H (t,s)+H(, s)p((s))}a)(s) &
(17)
M990 - pt-0) T < HE ) - j{H 6.9 == 5) s
{hz(t,s)JH(t,s)-H(t,s)/;'((:))}m(s)}ds
(18)
1 _
<H(t,c)a(c t,s)y/H(t,s) p(s) - H(t,s)p'(s) °
(t.c)eo(c) + I4H(t 95(5 —o)r(s G)p(s)l( JWH(t.s) p(s) - H(t,9)p'(s)
o(s) 2
\/H(t $)S(s—o)r(s—o)p(s) —=
~ p(s) s
1 1 ~ .
¢l 4= t,s)yH(t,s)p(s - H(t,s)p (s
2\/H(t 556G L VHESAG S HEs) ()

<H(,c)o(c)+=

t l | _2
IH(t $)5(s —o)r(s - a)p()IZ(t'S) H(t.5) p(9) - H(t5)p'(s) s 9

Similarily multiplying (13) by H(s, t) and integrating from t to ¢ for t e (a,c] one
obtains

[H Do) amR- p(s—o)]ds

(20)

1° N
< —H(c,t)w(c)+z ;‘.H(s 00— o-)r(s RY I (s, )VH(s,t) p(s) + H(t,s)p'(s) “ds

Letting t —>a* in (20) and t —> b~ in (19), dividing (19) and (20) by H(b,c) and
H (c a), respectively, and adding them, we have that

1 b
Hb.0) JH (b,s)o(s)a(s)[L— p(b—o)] ds (21)

1 Lrey 2
605G =) .. 2)VH (s, a) p(s) + H(s,a)p'(s) 2 ds

1
Z!
15 1 Ve 2
+ 2 C_[H 0.0)5(5 — o) (5 — o) () I2 (b,s)\/H(b,s)o(s) —H(b,s)p'(s) °ds

jH(s 2)p(s)q(s)[1- p(a—o)] ds +
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H(i, 2 JH (s,a)p(s)a(s)[1- p(a—o)] ds+ H(b 34 IH (b,8)p(s)q(s)[1- p(b—o)] ds
.- ! . (22)
_1jHEa) !5(S—J)r(s—o-)p(s) l(&a)Jmp(sn H(s,a)p'(s) *ds
<7 O 1 -
"Hb.o) j 5(s—o)r(s—0)p(s) L 0.5 /H®.5) p(9) - Hb,5)p' (5) 2ds
Heca JH (s,a)p(s)q(s)[L- p(a—o)] ds+ (b o1 IH (0,5)p(s)a(s)[L— p(b—o)] ds
11 HE ]k(s) L2 /AG @)+ HEs a)p(s) 2ds (23)
H(b )jk(s) I (b,s)yH(b,s) p(s) - H(b,s)p' (s) ds
where k(s) = 1

S(s—o)r(s—o)p(s)
This contradicts the assumption (8). The proof is complete.
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