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Abstract 

 

Sufficient conditions for oscillation of solutions of third order nonlinear 

neutral delay differential equations of the form 
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1. Introduction 

In this paper we consider the nonlinear neutral delay differential equation 
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where )),0(,),([)(),( 01 tCtrtr , )),0[,),([)(,)( 0tCtftp . We define a 
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When p(t )=0 the above equation reduces to the third order differential equation 
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The study of behavior of solutions of differential equation (2) has been a subject of 

interest for several researchers. We mention the works of [1, 2, 10 and 12]. 

Oscillatory behavior of delay differential equations is extensively studied by several 

authors [3, 13, 19, 20, 21, 22, 23 and 24]. 

In the equation (1) if 0)(tp  
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which is a delay equation and further if we take 0)(tp  and 0  in equation (1) 

we get 
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which is an ordinary differential equation. 

Now we see some special case of equation (1) ie when 

1)(tr  and 1)(1 tr  and )())(( tytyG  equation (1) is reduced to 
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if further when ,0)(tp  this equation is reduced to 
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and to 
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if 0  (6) 

Recently there has been an increasing interest in the study of the oscillation of 

differential equations e. g. papers [1]-[24]. In particular, differential equations of the 

form (1) and for special cases when 1)(tr , 1)(1 tr  and )())(( tytyG  is a subject 

of intensive research. 

The oscillation for equation (6) has been discussed by many authors. Here we have 

some interesting results 

(i) Anton Skerlik [20]: For a particular case when 0)(tp  and 0)(tf , It  

(6) is oscillatory if dttft )(2
 for some 0 . 

(ii) L. Adamec and A. Lomtatidze [3]: If 
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(iii) Jitendra Kumar Pati and Dhirendra Kumar Dalal [14]: If f(t)  0 and 

(6) is disconjugate, then .)( dtttf  Also we see that (6) is disconjugate if

dttft )(2
. 

Motivated by some of these results, we present oscillation criteria under particular 

type of integral conditions 

By a solution of equation (1) we mean a function )),[()( yTCty  where 
0tTy
 

which satisfies(1) on ).,[ yT We consider only those solutions of y(t) of (1) which 

satisfy 0:)( TttySup  for all 
yTT  and assume that (1) possesses such 

solutions. 

A solution of equation (1) is called oscillatory if it has arbitrary large zeros on ),[ yT

; otherwise it is called nonoscillatory. Equation (1) is said to be oscillatory it all its 

solutions oscillate. Unless otherwise stated, when we write a functional inequality, it 

will be assumed to hold for sufficiently large t in our subsequent discussion. 

 

 

2. Main Results 

We need the following in our discussion 
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Lemma 2.1. Let )( 1H  and )( 4H  hold. Let )(ty be a positive solution of (1) and 

suppose that 
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Let .:),( 0

2 tstRstD . The function ),( RDCH  is said to belong to a 

function of class F, if 

(i) 00),( ttforttH and 0),( stH for 0. tst  

(ii) H has continuous partial derivatives 
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Theorem 2. 2. Assume that )()( 41 HH  hold. Let )(t  be a positive real valued 

continuous differentiable function and let RDH :  be real valued continuous 

functions such that H belongs to the class F and suppose that there exists an interval 
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Then (1) is oscillatory. 

 

Proof. Suppose to the contrary. And let y(t) be a nonoscillatory solution of the 

equation (1). Without loss of generality we may assume that y(t) is eventually 

positive, since the case when y(t) is negative can be dealt similarily. 

We set )()()()( tytptytz  

Hence from )( 5H  equation (1) becomes 
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Further we obtain 
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Hence from (9) and (10) we have 
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Multiplying the above inequality by H(t, s), we get 
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Using the integration by parts formula, we have 
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Similarily multiplying (13) by H(s, t) and integrating from t to c for ],( cat  one 

obtains 
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Letting at  in (20) and bt  in (19), dividing (19) and (20) by ),( cbH  and 

),( acH , respectively, and adding them, we have that 
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where 
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This contradicts the assumption (8). The proof is complete. 
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