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1. Introduction

Lie supertriple systems (See [7], [9]) are related to Lie superalgebras in the same way
that Lie triple systems are related to Lie algebras. These objects are subspaces of Lie
superalgebras closed relative to [[x, y], z] where

[x,y] = xy — (=1)" yx.

Thus, Lie supertriple systems could be seen as a generalization of Lie superalgebras
and this remark will enable us to apply the developped theory of Lie superalgebras to
Lie supertriple systems. So far, the concept of restricted Lie supertriple systems is not
yet defined and the aim of this paper is to define this notion for Lie supertriple systems.

This paper is organized as follows. Section 2 highlights basics facts about restricted
Lie triple systems and restricted Lie superalgebras that we are going to use in the rest of
the paper. In section 3, we define the concept of restricted Lie supertriple systems and
establish that under some conditions on a restricted Lie supertriple system 7' = Ty & 11,
the Lie superalgebra L p(T) = Ty ® Do(T) ® T @ D (T) has the structure of a resticted
Lie superalgebra.
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2. Preliminaries

Throughout this paper, we assume that the characteristic K of the base fieldis p > 2 and
the vector spaces are finite dimensional. A Lie supertriple system is a vector superspace
T = To®T; over afield K with a trilinear operation [., ., .] : T xT xT — T satistying,
for any homogeneous elements x, y, z,

(LSTS1) [T, Tj, Ti] C Tigj4k.i + j + k calculated modulo 2;

(LSTS2)  [x,y,2]=— (=) [y, x,2];

(LSTS3) (=D [x,y, 214+ (=D [y, z,x]1+ (=1)¥ [z, x, y] = 0;

(LSTS4)  [x,y,[z,0, wll = [[x, y, 2], 0, w] + (=1)* [z, [x, y, v], w] +
(—=DEDED[Z o [x, y, w]].

As an example, a Lie superalgebra L becomes a lie supertriple system if we define the
trilinear operation by [x, y, z] = [[x, ¥], z].

A morphism ¢ : T —> T’ of Lie supertriple systems is a linear map preserving the
grading, that is, ¢ (T;) C T/, i € Z, and

p([x,y,2]) = lp(x), 9(y), p(z)], forany x, y,z € To U Ty.

Let T = To @ T; be a Lie supertriple system; D € End,(T) is a superderivation of
degree a of T if for any x, y,z € To U T,

D([x,y,z) = [D(),y,z]+ (=D [x, D(y),z]
=D I x, y, D@ 2.1)

The following results could be seen in [7].Let T = To @ T be a Lie supertriple
system and Dy (T'), a € Z,, consists of the superderivations of degree a. Then D(T) =
Do(T) @ Di(T) equipped with the bracket [D;, D;1 = D;D; — (—=1)"D;D;, D; €
D;(T),i € Z, is a Lie superalgebra.

Theorem 2.1. Let L = Ly@® L be a Lie superalgebra,  an involution of degree O that
is 6 is the identity map and @ (L;) C L; fori € Z,. Then the —1-eigenspace of 4 is a
Lie supertriple system.

Now let set £, = T; & D;(T),i € Z,, and let consider the superspace defined by
Lp(T) = £y & £,. Define for any x,y € To U Ty, D, D1, D, € Do(T) U D((T), a
bilinear product on L p(T') as follows:

1. [x,y] = Dy,y where Dy , is the linear map of degree x + y defined by Dy  (z) =
[x,y,zl;

2. [D, x] = —(=1)*P[x, D] = D(x);

3. [Dy, D2] = D1D;y — (=1)2122p, .
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Theorem 2.2. Let T = Ty & T; be a Lie supertriple system. Then:

1. Lp(T) is a Lie superalgebra;

2. the linear mapping 6 defined on Lp(T) by 0(x;+D;) = —x;+ D;,0(Xo+X1) =
0(X0)+0(X1), foranyx; € T;, D; € D;(T) and X; € £;,i € 7 is an involution
of Lp(T)and T = {x € Lp(T),0(x) = —x}.

3. Restricted Lie supertriple systems

We begin here by giving some definitions that will help us to introduce the concept of re-
stricted Lie supertriple systems. As usual, we first begin to look to the Lie superalgebra
and Lie triple system settings for inspiration.

Definition 3.1. A restricted lie algebra L is a Lie algebra in which there is a mapping
a — a'?! satisfying the following properties for any a, b € L and a € k.

1. (aa)[”] — apa[p];

2. [aP,b] = (ada)? (b);

3. (a+ b =a? + b+ > 5 (a,b),

where is; (a, b) is the coefficient of A'~! in (ad (a + b))’ (a).

Definition 3.2. Let L = Ly @® L be a Lie superalgebra; L is restricted if there is a p™"
power map Lo — Lo denoted by ()!?! satisfying:

1. (@aa)'P! = aPa'P! forall a € k and a € Lo;

2. [a'), b] = (ada)? (b) foralla € Lo and b € L;

3. (a4 b)lPN = g1 4 plrl 4 Zsi (a,b), forall a,b € Ly where is; (a, b) is the
coefficient of A'~!in (ad (a + b))?~! (a).

Having in mind that a restricted module M of a restricted Lie algebra L is a module
of L satisfying [a[p], b] = (ada)? (b) forany a € L anda € L & M, we can state
that a Lie superalgebra L = Lo & L is restricted if L is a restricted algebra and L a
restricted module by the adjoint action of L.
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Following are examples of restricted Lie superalgebras.

1. Let V.= Vy & V| be an associative superalgebra. We know [3] that Vj is a

restricted Lie algebra if we define the p’ h power map by a([)p I = a(’; for ap € V.

Also, for ag € Vy, ag = 0 gives (adag) (b) = [ag, b] = apb — bag for any b € V.
Thus as in a Lie algebra case, we have, for any ag € Vo, b € V1,

p
(adag)” (b) = DLy (=1)"* agbao”™ = afb — baf = [a{, ].
k=0

This result proves that V = Vy @ V| is a restricted Lie superalgebra.

2. Let V = V@ V) be a commutative superalgebra that is for any a, b € V, [a, b] =

0 where [a, b] = ab — (—1)‘_”’ ba. Then it is easy to see that V is a restricted Lie
superalgebra if and only if there is f : V — V a mapping such that for any

ao, by € Vo, f (ao + bo) = f (ag) + f (bo) and f (aag) = a” f (ao) .

3. It is shown in [6] that the Lie superalgebra Lie (G) of any algebraic supergroup
G has a restricted structure.

The concept of restricted Lie triple system and restricted module of a Lie triple
system have been defined in [1], [2] as follows. Let T be a Lie triple system and N > 3
any positive odd integer. Let us consider for x1, x2, - -+ , xy € T, the notation

(x1,x2, -, xn) ==l [[x1, x2], x3], - - 1, xn] € T.

Definition 3.3. T is restricted if there is a p” power map denoted by O’ : 7 — T
such that forall a, b,c € T and a € k.

1. (aa)'?! = aal?l,
2. (a+b)" =aP + b7+ > 5 (a, b)
3. [a, P, ¢] = (a, b, , b, ) (p copies of b),

where is; (a, b) is the coefficient of 2i=lin (a,fa+b,Aa+b,--- ,Aa+b) (p — 1
copies of Aa + b).

Definition 3.4. Let M be a module for a restricted Lie triple system 7. Then M is
restricted if [a, ptrl, ¢] = (a,b,b,---,b,c) (p copies of b) forallb € T and a, c €
Te M.

Now, having these definitions and considering that Lie supertriple systems occurs
naturally as subsystems of suitable Lie superalgebras, we can state the following defini-
tion.

Definition 3.5. A Lie supertriple system 7" = Ty @ T is restricted if there is a p’h
power map Ty — T denoted by ()!?! satisfying the following conditions:
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1. (@aa)!P! = aa'P! foralla € k and a € Ty;
2. (a+ b =alP 4 b7+ > 5 (a,b), foralla,b € Ty
3. [a, b7, c] = (a, b, , b, ) (p copies of b) forall b € Tyand a,c € T,

where is; (a, b) is the coefficient of A'~' in (a, Aa +b, Aa+b,---, a+b) (p — 1
copies of Aa + b).

Thus a Lie supertriple system Ty @ T is restricted if Tj is a restricted Lie triple
system and 77 is a restricted 7Ty module.

Before going through the properties of restricted Lie supertriple systems, it will be
interesting to illustrate a concrete example. Let consider

A B
sl(m,n):{X:(C D)el(m,n)/str(X)zO].
Suppose that m = 2r, n = 2s and consider the mapping  : X — J X J where
J = diag (I;, —1y) 0
B 0 diag (Iy, —1Is) ) -

It is clear that € is an involution of degree O [9] and

T:{X:(é g)esl(m,n),Q(X):—X]

is the Lie supertriple system obtained from s/ (m, n) with respect to the involution 6.
Now, sl (m, n) as a Lie superalgebra is restricted with the p’h power map defined by
Xl = XP forany X € sl (m,n),. Let us show that T is also a restricted Lie super-
triple system with the mapping X — X7” for any X € Ty. We have, for any X € Ty,

0 (XI7) =0 (XP) = (0 (X))" = 0 (X))

that is 79 is closed under the pth map. Thus, using the fact that Ty C sl (m, n),, we
can see that the first two assertions are satisfied. It remains to show that [a, blP ], c] =
(a,b,---,b,c) (p copies of b) for all b € Ty and a, ¢ € T. We have, using the opera-
tions in s/ (m, n),

[a, ), c] = [[a,b"],c] = =[[b",a],c]
= —[(adb)? (a),c]=—1I[--[b,[b,all---1,c]
— [[...[[a’b]’b]...],c]:(a,b’...,b’c),

Then T is a restricted Lie supertriple system.

Definition 3.6. For L and L' restricted Lie superalgebras over k, amap ¢ : L — L’ is
a restricted Lie superalgebras morphism if:
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1. ¢ is linear;

2.9(L)=L;,i=0,1;

3. 9([x,yD) =g (x), 9 (y)] forany x, y € L;
4. ¢ (x“’]) = (¢ (x))!?! for any x € L.

Observe that for any x € Lo, y € L, we have

o ([x'7,5]) = [0 ), 0 ] = [0 DY, 0 (]
This implies that ¢ (L) is a restricted ¢ (L) module.

Proposition 3.7. Let L = Lo® L be arestricted Lie superalgebra and 6 and involution
of degree 0 of L as a restricted Lie superalgebra. Then T = {x € L/0 (x) = —x} is a
restricted Lie supertriple system.

Proof. Using the theorem 2.0.1, we can claim that 7 is a Lie supertriple system. In par-
ticular 7j is a Lie triple system and 77 a Tp module. Also, Lq being a restricted Lie alge-
bra, 0,1, is an involution of L as arestricted Lie algebra. Then Ty = {x € Ly/0 (x) = —x}
is a restricted Lie triple system. Also, using the bracket in L and the fact that L is re-
stricted, we have, for any, b € Ty anda,c € T,

[a.67),c] = [[a,6'71], c] = = [[6!"). a] ]

= —[(adb)? (a),c]=—1[---[b,[b,all---1,c]
= [[---[[a,b],b]---],c]z(a,b,---,b,c).

Proposition 3.8. Let T = Ty & T be a Lie supertriple system. Then D (T) is a
restricted Lie superalgebra.

Proof. Let consider then T = Ty @& T; a Lie supertriple system and let show that
D (T) = Do (T) & D; (T) is arestricted Lie superalgebra that is Dy (T) is a restricted
Lie algebra and D (T) is a restricted module by the adjoint action of Dg (T") . We know
(see, for example, [3]) that if R is an associative algebra over a field of positive charac-
teristic p, and Ry the Lie algebra obtained by taking [X, Y] = XY —YX, X, Y € R
then any Lie subalgebra g of % is a restricted Lie algebra if g is closed under p'* pow-
ers in R. Thus, as Dy (T') C Endy (T) as a Lie algebra, it suffices to show that for any
D € Dy (T), D? € Dy (T). Recall that if D € D (T), by definition,

D([x,y.2) = [D(x),y. 2l + (=P [x, D (), 2] + (=DFIP [x, y, D (2)].
In particular, when D € Dy (T), we get

D([x,y,z])z [D(X),y,z]+[x,D(y),z]+[X,y,D(Z)].
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Formally, the foregoing expression agrees with the definition of a derivation of a
Lie triple system with the Lie superbracket in place of usual Lie algebra bracket. The
calculations in [1] (See Lemma 3.5) hold as well for the superbracket here. Hence,

D? ([x,y.z2D) = D (lf k) [D' (x), D/ (), D" (2)]

0<i,j,k<0
i+j+k=p
'
where D = 1 and p = - p . As the coefficient p O<i,j,k<p)isa
ijk iljlk! ijk

multiple of p, it follows that

D? ([x,y,2]) = [D” (x),y,z] +[x, D" (y),z] + [x,y, D? (2)]

and D? € Dy (T) for any D € Dg(T). Thus, Do (T) is a restricted Lie algebra con-
taining Dy (7o) as a restricted Lie subalgebra.

It remains to show that Dy (T) is a restricted Dg (T") —module that is for any D’ €
Di(T),D € Dy(T), D", D'| = (adD)? (D'). As D' € D\ (T), D € Dy (T), we
have as in Lie algebra case,

p

(adD)? (D') = D" L8 (=1)?~* D*oD'oDP~*,
k=0

As each expression UII‘, is divisible by p and thus equals O in k unless one of k equals p
or 0 we have

(adD)? (D') = DPOD’ — D'oD* = [D?, D'] = [D'", D'].

forany D € Dy(T), D’ € Dy (T). Thus, D; (T) is a restricted Dy (T) —module and
the proposition is proven. [

Let us now determine wethever under some hypothesis on a restricted Lie supertriple
system T, the Lie superalgebra Lp (T) := To @ Do (T) @ T & D, (T) has the structure
of a restricted Lie superalgebra.

The following lemmas contain analogous results to the corresponding ones in re-
stricted Lie triple systems and for the proofs we take inspiration on the Lie triple system
case. (See [1]).

Lemma 3.9. Let L = Lo @ L; be a superalgebra and D be a superderivation of de-
gree 0. Then Vx, y € L, D satisfies the rule

D" (xy) = D> _CyD* (x) D"* ().

k=0
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In particular if L is a Lie superalgebra, for any xo € L, x, y € L, we have

(adxo)" (xy) = D B} (adxo)* (x) (adxo)"~* (v).

k=0

Proof. As D is of degree 0, we have D (xy) = D (x) y + x D (y). This equality agrees
with the definition of a derivation of an algebra. Therefore, the foregoing proposition is
proven as the analogous one in an algebra. |

Lemma 3.10. Let L = Ly L be any Lie superalgebraover k andlet X € Lo, Y, Z €
L. Consider the (p + 1)-tuple of elements of L, (¥, X, ..., X, Z, X, ..., X) in which
X appears p — 1 times. Then

P -
Z(Y,X,...,X,Z,X,...,X):—(—I)YZ(Z,X,...,X,Y),
i=1

where in the ith summand on the left, Z is in the position i + 1.

Proof. As X € L then X =0andforall Y € L,[X,Y] = —[Y, X]. Using the
notation
(-xla-XZa"'a-xN) = [["'[[Xl,.xz],x3],"'],XN].
for any x1, x2,--- ,xy € T, we have forany n > 1,
n n—1
S WX,.. X Z,X,....X)=D> (V.X,...,X, Z,X,...,X)
i=1 j=0

n—1

= (ad (=X))/ | (ad (=X (1), 2.
j=0
n—1

= >~ (D" (@d (=X) |2, (ad (=x))""7T (1)]
j=0
Applying the lemma 2.1.9, we have
J

(ad (=X)) | Z, (ad (=307 (1) | = D04 [ (@d (=X ()., (@d (=)'~ (1)

k=0
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and

n

D (X, X.Z,X,....X)
i=1

3
|
_

— (=" C} [ (ad (=X} (2), (ad (=x))""7F ()]

Il
ML
M- IM-

s <
I
- o
o~
Il
- o

3
|

C4 [(ad (=)'~ (¥), (ad (-X))* (2)]

C4 | (@d (=x)" ' (1) (ad (X))} (2)].

k k

0

But by induction on n, we have

n—1
k _ pPk+1
2.0 =C,
j=k
SO
n n—1

ST X X, Z,X,...,X) = > 0kt [(ad (=X)""7k(¥), (ad (= X)) (Z)]
k=0

i=1

= > G [(ad (=X)"""(¥), (ad (X)) (Z)] :

i=1

For the particular case n = p, each binomial coefficient Eip, 1 <i < p, isdivisible by
p. Then,

M-

p
> WX X2 X, X) = > 0 [@d (X)), (ad (X)) T (2)]
i=l1

1

~

_ [Y, (ad (=X))P~! (Z)]
= (=" [@d(=x)"""(2), Y]
= —(=D"*(Z,X,...,X,Y)
and the lemma is proven. .

Lemma 3.11. Let T = Ty @ T; be a restricted Lie supertriple system over k, with [p]
operator a — a'?!, a e Ty. Assume in addition that Z (Tp) = 0 for Z (Tp) the Lie triple
system center of the Lie triple system Ty and 77 is a “faithful 7hp—module” that is for
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a € Ty,the bilinear maps [a, —, —] : To x T} = Ty and [a, —, —] : T} x Ty — Tj are
the zero maps if and only if @ = 0. Then forany D € D (T),

[a[”], D] = (ada)? (D)

Proof. We have Lp (T) := Ty @ Do(T) ® Ty ® Dy (T). Asa € Ty, a?! € Ty and
alPl = @ = 0 then we have [al?), D] = —D (a'??) by the definition of the superbracket
in Lp (T) . Also, using the notation (xq, x2, --- , xy) = [[- - [[x1, x2], x3], - - ], xn1,
we have

(ada)? (D) = (-1D)? (D (a),a,...,a)=—(D(a),a,...,a).
We then need to show that
D(a[p]) =(D(a),a,...,a).
By hypothesis, Z (Ty) = 0 and T is a “faithful” Ty—module that is [a, b, c] = O for all
beTy,ceTifandonlyifa =0and [a,b,c] =0forall b € T, c € Tp if and only if

a = 0. (Notice that 77 being a To—module, [a, b, c] = 0 forall b € Ty, ¢ € T1). Thus,
to show the equality above, it is enough to establish that for all b, ¢ € T1,

[D (a')),b,c]=(D(a),a,...,a,b,c).
Let us apply the superderivation D to [a), b, c] . We get:
D ([a"",b,c]) = [D (a'), b, c] + [P, D (), c] + (=1)P? [a"), b, D (¢)].
Hence,

[D (), b,c] = D([a",b,c]) = [a?), D®),c] - (=1)P" [a!"), b, D ()]
= =D ([b,a”,c]) + [D ®),a", c] + (=P [b, ), D (0)].
Using the property (3) of a restricted Lie triple system, we have the equalities

[b, alPl, c] = (b,a,...,a,c)

.[D(b),a[p],c] =(Db),a,...,a,c)
[b, )] (c)] = (b,a,...,a,D(c))
where a appears p times. Then
[D(a[p]),b,c] =-D[(b,a,...,a,c)]+(D®),a,...,a,c)
+(=DP2 b,a,...,a,D ().
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Applying the superderivation D,we get

p _
[D(a[p]),b,c] =-|:(D(b),a,...,a,c)+Z(—1)Db(b,a,...,D(a),a,c)

i=1
+ (—1)55 (b,a,...,a,D (C))i|

L (Db),a,...,a,¢)+(=DP b, a,...,a,D ().
That is p
[D (a[p]) , b, c] = —Z(—I)DB (b,a,...,D(a),a,c)
i=1

where in
p

> (=P’ (b,a,....D(a),a,c)

i=1
the ith summand is determined by the appearance of D (a) in position i + 1. By the
lemma 2.1.10, we have

p _
[D(a[p]),b,c]:—Z(—I)Db(b,a,...,D(a),a,c):(D(a),a,...,a,b,c)

i=1
and the lemma is proven. [

Lemma 3.12. Let T = Ty & T} be a restricted Lie supertriple system over k, with [p]
operator a — a'?!,a € Ty. Then forallb € T,

[a'”), b] = (ada)? (b)
in the Lie superalgebra Lp (T) =Ty @ Do (T) D Ty & D (T).

Proof. Asa € Ty, ad a is a superderivation of degree O of Lp (7). By the lemma 2.1.9,
we have

14
(ad a)” (xy) = > _C (ad a)* (x) (ad a)? ™" (y) = (ad a)" (x) y + x (ad a)” (y)
k=0

that is (ad a)? is also a superderivation of degree 0 of Lp (7). The remainder of the
proof is as in Lie triple system case (see, [1]). [

Theorem 3.13. Let T = Ty & T) be a restricted Lie supertriple system and Lp (T) :=
To® Do (T)® Ty & Dy (T). Assume

1. Z (Ty) = 0 for Z (Tp) the Lie triple system center of the Lie triple system T7j.
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2. T is a “faithful” To—module” that is for a € Tjy,the bilinear maps [a, —, —] :
To x Ty — Ty and [a, —, —] : T1 x To — T; are the zero maps if and only if
a = 0. Then Lp (T) is arestricted Lie superalgebra.

Proof. First of all, let us show that Ty @ Dg (T) is a restricted Lie algebra. Since Tp &
Do (T) is a Lie algebra, it suffices to show that (ad X)!P! = (ad X)P for X in a basis B
of To ® Do (T') (see [3]). Let B be a union of bases By, for Tp and Bpr) for Do (T).
Let us consider the case when X = D € Dy (T)andY = D' +b, D' € Dy (T), b € T.
Then

[D'!, D’ + b] = D), D'] + D', b].

By the proposition 2.1.8, Do (T') is a restricted Lie algebra with a p-th power map
D +— D?,D e Dy (T) then

[D'”), D] = (adD)” (D)

and

[D'?),b] = D? (b) = (ad D)? (b).
Thus

[D'”), D' + b] = (adD)” (D' + b)
and

(adX)'P) = (ad X)P
if X € Bp,(r). Now suppose X € By,. As before, we take ¥ = D’ + b. Here,

[X[P], Y] — [X[P], D’ +b] — [X[P], D/] + [X[p],b].
We have, by Lemma 2.1.11,
[x!P), D'] = adX? (D).

Since Ty is a restricted Lie triple system and Z (Ty) = 0, Lp (Tp) is a restricted Lie
algebra and [X[p], b] = (adX)? (b). Thus [X[p], Y] = (adX)? (Y). To complete the
proof, we need to show that 71 @ D (T) is a restricted Top @ Dg (T') module that is for
any

XeTo®Dy(T),Y €Ty ® Dy (T),[XP, Y] = (@dX)" (V).

Put
X = Xo + Do, X" = (Xo + Do)P' = X' + D, Y = Y1 + Dy,

X() (S T(), D() € D()(T),Y1 (S Tl,Dl € D (T)
We have:

[X[p], Y] — I:Xép] + DP) Yl + Dl]

= [X([)p], Yl] + [X([)p], Dl] +[D§. 1]+ [Df., D1].
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We have obviously
[DY, Di] = (ad Do)? (D)

as Dy (T) is arestricted Do (T)-module and [ D{, Y1 | = (ad Do) (Y1) by the definition
of the Lie superbracket in Lp (T) . As T is a restricted Tp-module,

(X 11| = @axor ().
Also, by Lemma 2.1.11,
(X", D1 = (@axo)” (Dy).

Thus,
[XP1 Y] = (@dX)? ()

and the theorem is proven. |

References
[1] T.L. Hodge, Lie triple systems, restricted Lie triple systems and algebraic groups,
J. Algebra, 244 (2001), 53-580.

[2] T.L. Hodge and B.J. Parshall, On the representation theory of Lie triple sytems,
Trans. Amer. Math. Soc, 354 (2002), 4359-4391.

[3] N.Jacobson, “Lie Algebras”, Interscience, New York, 1962.

[4] G.B. Seligman, “Modular lie Algebras”, Springer-Verlag, Berlin/Heidelberg/New
York, 1967

[5] S. Oubo, Jordan-Lie superalgebra and Jordan-Lie triple system, Journal of algebra,
198, (1997) 388—411.

[6] B. Shuand W. Wang, Modular representations of the ortho-symplectic supergroups,
Proc. London Math. Soc., 96 (2008), 251-271.

[7] H. Tilgner, A graded generalization of Lie Triples, J. Algebra, 47 (1977), 190-196.

[8] Z. Zhiscue and J. Peipei, The killing forms and decomposition theorems of Lie
supertriple systems, Acta Mathematica Scientia, (2009), 29B (2), 360-370.

[9] PL. Zoungrana and N.B. Pilabre, On Lie superalgebras involutions and Lie super-
triple systems, Int. Jr. of Mathematical Sciences and Applications, Vol. 4, No. 1
(2014), 53-71.






	b.pdf
	Page 1


