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Abstract

The Gamma operators, constructed through the Gamma function, constitute
an important class of positive linear operators with notable approximation
properties. In this paper, we investigate the approximation behavior of these
operators and establish several quantitative estimates for their convergence.
In particular, error bounds are derived in terms of different moduli of
continuity, providing a precise description of the rate of approximation. The
obtained results contribute to the study of the direct approximation
properties of Gamma-type operators and extend the existing convergence
estimates in this framework.
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1. Introduction
The Gamma transform associated with a function f is given by

BE [©
I'(a) J,

Tapf = e PUue 1 f(w)dy,

where f € L, 1. (0,00) such that T, g|f| < 0. T, peo = 1,T, gey = % Ly 10 (0,0)

means the space of functions that are locally integrable on (0, ).

In general T,ge,. = (er, where e,.(u) =u",r =0,1,2,... and the Pochhammer

symbol (a)y =a(a+ 1) - (a+k—1),(a), =1 .The operator I,z preserves
constants, but it does not preserve the linear function e; (u) = u, unless a = .
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In order to preserve the linear functions, Mihesan in [9] considered f = a/x and the
Gamma operators take the following form:

1 0 g —
G (f,x) = (g) @ o u* e~ WX f(y)du.
(1.1)

As some of the special cases, if

If « = nx, it reduces to Rathore operators [12], defined as:

Ry(f,x) = “le™™ f(u)du.

I'(nx) J,

If « = n, we immediately have Post-Widder operators [5], defined as:

R0 =) | v Fwan

The classical Lupas and Baskakov operators can be obtained as compositions of the
Rathore-Széasz and Post-Widder—Szasz operators, respectively. In particular, the
relevant identities are typically written in the form:

Ln(F. 0= Ry S,)f = Z 2 8 (7

and

Bu(f,2):= (B o S,)f = 2 "N e )

where the Szasz operators are given as:

oo

siro=y el p (Y

v!
v=0

In recent years, considerable attention has been devoted to the study of approximation
properties and convergence behavior of various classes of linear positive operators.
The author has also contributed to this area through several related studies; see [13,
14, 15]. A substantial body of literature has been developed on this topic. For further
results concerning the convergence of linear positive operators, we refer the reader to
[2, 7,8, 11, 16, 17] and the references cited therein.
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2. Moment Estimations:
Lemma 2.1: The r-th order moment for r € N U {0}, is given by the following
relation:

Ga (er; x) =

(@)r-x"
a’

, Where e .(u)=1u". (2.1)

In particular,
G,(1,x) =1,Gy(e,x) = x

1,
Gy(eyx) = [1 +E]x
3 2
Gy (e, x) = [1 +E+ﬁ] x3
6 11 6
— 4
Ga(e4,x) = [1 +E+?+$]X

10 35 50 24

_ T T ialiall -
Gy(es,x) =1+ a+a2+a3+a4 x

Ga(e6,x) = 1+7+?+

15 85 225 274 120 p
3 + 7 5 ]x .
a a a

Furthermore, the moment-generating function associated with G, is given by:
o Ox\" ¢

Ga(e ,X) =(1- ?

ala+1)6%x? N ala+ 1) (a+2)03x3 N

T+bx+—7— PE 30

It follows from the above expansion that the k-th order moment G,(ex, x), k =
0,1,2, ... is given by the coefficient of 8% /k!. Consequently, using the linearity of G,
the corresponding central moments . (x) = G, ((u — x)¥, x), are given by:

2
X
Ha,o(x) = 1,/,ta,1(x) =0,Ug> (x) = ?,

3 6
,ua,zl-(x) = [? + ﬁ] x4,

15 130 120 P
HQ’G(X): E-I_?-i_? X",
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In this paper, we investigate the convergence properties of the Gamma operators
defined in (1.1). Several direct approximation results are established in terms of both
the usual and weighted moduli of continuity. Furthermore, a direct estimate is
obtained in terms of the modulus of continuity for functions with exponential growth.

3. Convergence Estimates

Let C5[0,0) denotes the space of all continuous and bounded functions on [0, =),
equipped with the norm ||f|| = sup{|f(x)]: x € [0, )}.

Furthermore, we consider the following K-functional:

K(f,6)= _inf ){Ilf—hll+5llh”ll},

hecj[o,00

where § >0 and C3[0,0) = {h € Cz[0,00):h',h" € C5[0,0)} . By [3], the
following inequality holds:

K(f,8) < Cw,(f,V5),8 > 0.
(3.1)
Theorem 3.1: Let f € C5[0, =), then we have:

6, 2) = fC0)| < Caa (£, 5=
Proof: For h € C3[0, ) and x, u € [0, ®), Taylor’s expansion yields:
u
h(uw) = h(x) + (u—x)h'(x) + f (u—t)h"(t)dt.
X

Then using Lemma 2.1, we have:

|Go (R, x) — h(x)| =

G, <fu (u —t)h'"'(t)dt, x)

< a2 IR = (IR,
(3.2)
We have:

|G (f, )] < IfI.
(3.3)

Hence, by (3.2) and (3.3), we have:

1Ga(f, ) — FOO < 1Go(f —hx) — (f — h)(xgl +1Go (h, x) — h(x)]
X "
< 2\If = hll + 2 IR
(3.4)
Taking infimum over all h € C3[0, ), and using (3.1), we get the desired result.
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Corollary 3.2: As special cases, and following Theorem 3.1, we have
(1) For ¢ = n, the corresponding operators reduce to the Post-Widder operators.
Consequently

X
IP.(f, %) — f()] < Cav, (f,ﬁ).

(2) For the particular choice @ = nx , we obtain the Rathore operators, which satisfy

@
IRa(f,2) = f()] < Cooz <f. \E)

Following [10], we define the weighted modulus w, (f; g), as

we(fig) = sup_ |f(x)=f)I
x-yl=go(5Z
x20,y20,g20

where (p(x)=1ﬁk, [0,0),k € N,k > 2. Aral et al. [1] established a

Voronovskaja-type asymptotic formula associated with this weighted modulus of
continuity. In the present work, we consider the class of functions satisfying the
following property:

limaw,(f; 9) =0,

whenever f o e, is uniformly continuous on [0, 1] and f oe,,r = szT is uniformly
continuous on [1, ), e,(x) = x",x = 0. We denote by W, [0, ), the subspace of
all real-valued functions defined on [0, ), satisfying the above conditions. Further,
let E' denotes the subspace of C[0, o), such that C,,[0, o) c E, where m = max{k +
r+1,2r+ 2,2k} and

C|0,0) = {f € C[0, ), there exists Q > 0: |[f(x)| < Q(1 + x™),Vx = 0},m € N.

In [19], the following quantitative asymptotic formula was obtained.
Theorem 3.3: [19] Let L,: E - C[0, ), C,,[0, ) € E,m = max{k + 3, 6,2k} be a
sequence of linear positive operators, reproducing the linear functions. If f €
C?[0,00) N E and f" € W,[0, ), then we have for x € (0, o) that:

1
La(f,2) = FGO) = 5 £ Gk 29|

[ N L o\1/2
S%i#hz(")"‘ﬁ L, <l1+(x+|u;x|)kl ;x)iwq, (f”; <%> />

My (X) = L ((u — ), x)
As an application of Theorem 3.3, we present the following exact estimate for the
Gamma operators.
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Theorem 3.4: Assuming the conditions of Theorem 3.3, we obtain the following
result for the family G, of linear positive operators.

xZ
G (f, %) —f(X)—ﬁf”(X)‘

s%{%ﬂﬁ Gq ([1 + (x+ Iu;xl)kr;xﬂ

, (115 130 1201 \'?
(1)4, f ;(;-{' +?x> .

a’

Corollary 3.5: In view of the assumptions of Theorem 3.4, we have:

(1) In the special case a = n, the proposed operators coincide with the Post-Widder
operators, and hence

x2
Pa(f2) = f () = o f" (%)

k2
BN p,,([H(H'u;x')] )

, (115 130 1207 \'?
oo (15 ([ + 55 ) )

(2) When a = nx, we obtain the Rathore operators, for which the following relation
holds:

[Raf ) = f @) = o ()|
| 2\ |
S%F+\/§ Rn<l1+(x+|u;x|)kl ;x>J|

1
L ([15x% 130x 120])\2
wy | [ + + :

n3 nt ns
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Theorem 3.6: [19] Let L,:E - C[0,),C,,[0,0) € E,m = max{k + 3,4} be
sequence of linear positive operators, retaining the linear functions. If f € C?[0, ) N
E and f" € W, [0, %), then we have for x € (0, o) that:

1
Ln(f,) = () = 3 £ (W 209

1 V2 o i, 4(2)
Zlﬂnz(x)+\/—lin2(x) CnZk(x)l Wo ‘1‘,['[71"1,2(96) '

k

' Qﬁ,gl(x) 3 (:l) xkom w_

m=0

where

Cn,Z,k(x) =1

We suppose for the operators L,, that

L
%’2’",4 <m <k, is a bounded ratio for fixed x and k, when n » o and Q}, =

n,3
L,(Ju—x|", x).
The estimate

Ln((u=x)™, x) = 0(n71m+D/21) 1 — oo,

implies that C,,,,(x) is bounded for fixed x and k as n — oo. Hence, applying
Theorem 3.6, we obtain the following result for G,,.
Theorem 3.7: Assuming the conditions of Theorem 3.6, we obtain the following
result for the family G, of linear positive operators:

x2
Go(f, ) = fO) = f7 (%)

S i (5 2)
< %Lt F Cazn@| 0| £ (Z+7) |
where
Qam+3(x)
C x) = ( ) k—m )
a,Z,k( ) Qa3( ) Zm
We consider

Q"Zm,4 <m<k,
Qa3
is a bounded ratio for fixed x and k, when ¢ — oo and

Q(li,r = Ga(lu - xlr’x)'



98 Prerna Sharma

Corollary 3.8: If f and f" satisfy the same assumptions as those stated in Theorem
3.7, then, for x € (0, ) we have:

2
lim alGe(f, ) — (] = 5 £ ().

For continuous functions on [0, ) with exponential growth satisfying ||f]|4:=

sup |f(x)e ™*| < o0, A > 0, the first-order modulus of continuity [18] is defined
X€[0,00)

as follows
wi(f,8,A)= sup |f(x)—f(x+g)le™?.

|g|=8,0sx<c0

A similar form of the second-order modulus of continuity was introduced by Ditzian
in [4].
Remark 3.9: [18] For every positive number g > 0 and m € N, the following holds
true

w1(f,mg,A) <m - A4, (f, g, A).

Our main result, expressed in terms of the exponential modulus of continuity, is stated
in the following theorem.

Theorem 3.10: Let G,, be a family of linear positive operators. If f € C?[0,0) N E
and f"" € Lip(B,A), where 0 < 8 < 1, then, for « > 2Ax and x € [0, o0),we have:

2
|GalF0) = F(0) == F" ()
C(A,x)  C(24,x) Ha,a(X)
< 2Ax . . " g A
= |e + 2 + 2 HO!,Z('X) w1 f ) ‘ua,Z (x) ) )
where p, 5 (x) and u, 4(x) are given in Lemma 2.1. Here,
C(A,x) = 22(Ax+D) (1 + Az—x) and the spaces Lip(B8, 4),0 < B < 1, denote the class of

all functions f satisfying w,(f,8,4) < Q58P forall § < 1.
Proof: Let f € C2[0, ), then, the Taylor expansion of f about the point x € [0, o)
is given by:

Fa) = £0) + @—0f ) + L 00 + 5w, 0),
(3.5)
where

£ (1, x) = ) ;f”(x) (= x)2.

Also ¢ lies between x and u. Applying the operator G, to both sides of (3.5) and
using Lemma 2.1, we obtain:

Go(f, %) = f(%) —gf”(x) < Go(le2(u, %), x).

(3.6)
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To complete the proof of the theorem, we need to estimate G,(|&,(u, x)|,x). By
straightforward computations, we obtain:

lu — x|

1 2Ax Au " 2
Je2( )] < 5 (€4 + ) (14— ) 0, (f", g, ) — xI2.

Consequently,

Ga(le2(u, X)), ) < %lGa <(e2Ax +et) (ju—x|? + %) ; x)l w1 (f", 9, 4).

(3.7)
Along with operators (1.1), we have:

G, (uked™ x) = (%)a F(Fk(;)a) (g - )_k_a,Ax < a.

(3.8)
By using (3.8), we get:

a -a—2

Go((u—x)%e4%, x) = (%) (g - A) (4%x* + a)
&) (1 s

=(1-9)" (1 kea

X
a

(3.9)
For a > 2Ax, (3.9) becomes:

Ga (1 — %)%, x) < 2200540 (14 Z5) 1 ()1 = C(A, )t 2 ().
(3.10)
Applying, Cauchy-Schwarz inequality we get:

Ga(lu - x|3eAu, x) < \/Ga((u - x)ZeZAu,x) : \/.uaA(x)

< JCQRA e () - \JHaa(X).
(3.11)

Substituting g = /% in (3.7) and combining (3.6), (3.10) and (3.11), we obtain
a,2

the desired result.

In the following convergence estimate, let C*[0, o), denotes the linear space of all
real-valued continuous functions on [0, o) such that:

;i_r){)lof(x) exists and is finite, endowed with the uniform norm. Furthermore, for every

& = 0, the modulus of continuity of f (see [6]) is defined by
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W (£,8) = sup ()~ fQ.

le=X¥—e~U|<§

Theorem 3.11: Let f, f" € C*[0, o), then, for x € [0, o), the following inequality
holds:

XZ
alGe(f, ) = fFOl = f7(x)

* i -1/2
<) lxz ex [EED g (oo eu)‘*,x)]lﬂ].

Proof: Applying Taylor’s formula, we obtain:

— I zf”(x) 2
f@W =7+ @-0f )+ w-x""——+g(x)(u-x)7

where ¢ lies between x and u and

_O-f®

g€, x): 5

On applying the operator G, to the above equality and invoking Lemma 2.1, we
obtain:

1
G (f, %) = a0 () f (%) = b, (O (%) = 5 Ha2 (D" (%)

=[G (g (&, ) (u — )%, ).

Hence, we get:

alGe(f,2) = (O] =5 £ ()| = laGalg (€, ) = )%, )1

By using the properties of w*(., §) and the Cauchy—Schwarz inequality, we get:

aGa(19(€ )| (u —x)%, x)
a

<
262

(A)*(f”, (S)

N =

aw"(f", 6)pq,z (x) +

[Ga((e™ = )%, %) - pga(0)]?
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* ”,6 3 2 4 1/2
< # X%+ % Gy ((e7* — e™¥)* x) - <(“Z—3)x>l .

Choosing § = a~%/2, we finally get the desired result.

4. Graphical and Numerical presentation: In this section, we provide a numerical
section that directly verifies the theoretical results, especially the convergence as a —
oo, given in section 3.

Approximation of f(x) = e~ by Gamma operators

1.0 4 — (X)) =&
G1olf, x)
— Golf.x)
0.8 1 —— Gsolf,x)
— Gioolf, x)
v
= 0.6 A
©
>
c
=l
g
Z 0.4
0.2
0.0 1
0 1 2 3 4 5

Figure 1: Approximation for f(x) = e

Pointwise approximation error

102 4

10-3 4

1074 4

|Galf, x) = f(x)]

10> 4

107% 4

Figure 2: Pointwise approximation error
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Following table gives E,(x) = |G, (f,x) — f(x)|

Prerna Sharma

X a Ga(f:x) |Ga(f1x)_f(x)|
0.5 10 0.613913 0.007383
0.5 20 0.610271 0.003740
0.5 50 0.608039 0.001508
0.5 100 0.607287 0.000756
1 10 0.385543 0.017664
1 20 0.376889 0.009010
1 50 0.371528 0.003648
1 100 0.369711 0.001832
2 10 0.161506 0.026170
2 20 0.148644 0.013308
2 50 0.140713 0.005377
2 100 0.138033 0.002698
3 10 0.072538 0.022751
3 20 0.061100 0.011313
3 50 0.054288 0.004501
3 100 0.052033 0.002246
Table: 1

Since (x) = e™*, the table clearly shows that, G,(f,x) = f(x) as a — oo.
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