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Abstract

We study in this paper the scalar curvature equation on $2 . We give two explicit
constructions of the scalar curvature functions by perturbing constant with
suitable spherical harmonic polynomials. Multiplicity results for the
corresponding scalar curvature equations are proved through the calculation of
the topological degree of the associated map G for each scalar curvature

functions.
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1 INTRODUCTION AND THE MAIN RESULT

We will discuss in this paper some multiplicity results of the scalar curvature equation
on the 2-sphere. We use the standard vector notation ¥ = (x;, x,, x3) to denote a point
in R3. It is well-known that the standard 2-sphere $? = {¥ € R® | ¥:7_, x? = 1} with
its natural metric g, = Y3_, dx? has constant Gaussian curvature equals to 1. Under a

conformal change of metric

2u

g=e"Yo
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where u is a smooth function, the Gaussian curvature of g can be written as
Ky = e™?*(1 — Ag2u) (1.1

where Agz is the Laplacian operator with respect to g,. For simplicity, we will write A
for Ag2 , and V for Vs , the gradient with respect to g, on $? when the content is clear.

We recall the well-known prescribed scalar curvature problem on $? originally
proposed by L. Nirenberg around 1969-1970:

Nirenberg Problem

What function K can be the Gaussian(scalar) curvature of a metric g on $2?

In view of the uniformization theorem and (1.1), the question can be reduced to solving
the following nonlinear partial diff erential equation:

Au+Ke?* =1 onS2 (1.2)

The conformal metric g = e?*g, will have the scalar curvature K. Equation (1.2) and
its higher dimensional analogue have been studied extensively. Remarkable existence
results for various K are obtained in the recent publications [3], [5], [6]-[9], [10], [12],
[15], [16], [18], [21], [23] and [24]. The reader is referred to the above works for the
detailed descriptions of the development and up to date references. However, much less
is known about the multiplicity of solutions. Using the symmetries of the spheres,
Hebey-Vaugon obtained in [13] multiplicity results when K > 0 is invariant under two
distinct groups of isometries on S™, n > 3. Recently, using delicate perturbation method
in critical point theory, Ambrosetti-Malchiodi [1] have obtained multiplicity results for
K on S™, n > 3. Their approach is rather abstract and technical, besides, not much is
known especially for n = 2.

Motivated from the Kazdan-Warner Condition [14]: if K, u satisfy (1.2) then
f <VK,Vx; >e?*=0 for i=123.

Chang-Yang [8] and Chang-Gursky-Yang [5] considered a map G associated to K
defined using the action of the conformal group of S2 from the unit ball B of R into
itself. It is shown that when the function K satisfies the following non-degenercy
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condition:

AK(Q) whenever VK(Q) = 0. (nd)

G will not vanishes for large value of t and hence deg(G, B, 0), the degree of G is well
defined. Actually, Chang-Gursky-Yang established in [5]

Theorem (Chang-Gursky-Yang) On $?, suppose K > 0 is a smooth function satisfying
the non-degeneracy condition (nd) and deg(G, B, 0)+0, then the equation (1.2) has a
solution.

In fact, even more can be said, if | deg(G, B, 0)] > 1, we have multiplicity result for the
equation (1.2). Along this line, we consider in this paper some special type of K(x)
which is a perturbation of a positive constant K, by a suitable combination of harmonic
polynomials. We can show that the assumptions of the above theorem are satisfied and
| deg(G, B, 0)| > 1. Hence we obtain multiplicity results of equation (1.2). Namely, we
have

Theorem A Let (a, b) € R? and
K, (X) = Ky + a(x* — 6x%y?% + y*) + b(y* — 6y2z% + z*)

where ¥ = (x,y,z) € S?. Then there exists choices of a and b such that the
corresponding deg(G, B, 0) can be %3.

Theorem B Let (¢, d) € R? and

K,;(X¥) = Ky + c(x® — 15x*y? + 15x%y* — y®) + d(2z° — 15z*y? + 15z2y* — y9)
where ¥ = (x,y,z) € S?. Then there exists choices of a and b such that the
corresponding deg(G, B, 0) can be +5, £9 and +13.

The details related to the choices of a and b in Theorem A, and the choices of c and d
in Theorem B will be given in Section 3 of this paper. Our approach here is explicit and
elementary compared to that of Ambrosetti-Malchiodi.

The plan of paper is as the follows: In Section 2, we will introduce the map G(P, t) and
explain its relation to the multiplicity result of (1.2). We will also study its asymptotic
behavior for large t. In Section 3, we prove Theorem A and Theorem B.
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2. THE MAP G AND RELATED RESULTS

We begin by introducing some notations and useful concepts. In this chapter, we will
use |[ull,, to represent the L,-norm of a function u where 1 <p <oo. Let H'(S?) be the
Sobolev Space of L? functions on $? whose gradients lie in L? with norm:

1/2
lully: = (FIVul? + u?dp) "

We adopt the notation § f to mean the average integral of f over $2.

Definition For u € H1(S?), define the functionals by
S[u] = f|vul? + 2fu,
Fy[u] = log f Ke?™ — S[u].
The critical points of Fi[u] has critical points satisfying equation (1.2).
We first remark that by integrating equation (1.2), we get
f Ke? =1.
§2

Thus K > 0 some where is a necessary condition for (1.2) to be solvable.

For u € H1(S?), g = e?*g, gives rise to a conformal metric on $?. A conformal
transformation ¢ of S$? acts on the set of conformal metrics g = e%g, by ¢*g =

e2(Teu) g where
1
Tou=uod+ Elog det |dd|.
We have
ATpu + (K o p)e® ot =1,

We often identify $? via the stereographic projection with the equatorial plane, R?. If
choose an orthonormal frame e;, e,, e; = (0,0,1), of R3, with Euclidean coordinates
xj = X - ¢j, ]=1,2,3. Then we have the stereographic coordinates:

X

= =12
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which has inverse transformation

Y = 2y, Y = 2y, Y = 2y3
VU4 yl2+ 17yl + 1

For our purpose we need the following set of conformal transformations of $2. Given
P € $?, t € [1, ), rotate the coordinates so that P corresponds to the north pole (0, 0,
1). Using the stereographic projection from P mapping the sphere to the equatorial plane
on which we have the coordinate y € R?, we denote the transformation ¢p, = ty.
Observe that ¢p; = the identity map, ¢p = ¢p_p -1, hence this set of conformal
transformations can be parametrized by the unit ball B = $2 x [1, )/ §? x 1.

The following important necessity condition for the existence of solution discovered
first by

Kazdan and Warner [14]:

Proposition (Kazdan-Warner Condition) If u satisfies (1.2), then
f <VK,Vx; >e? =0 j=123.

We also introduce the following sapces with symmetries:

Definition
A = {u € H'(S?)| fe? % = 0}
and
Ay ={u€eA|lfe?™ =1}

Define the center of mass of the mass distribution e% by

Je*xjodpr
C.M. (¢P,t)=f€+u”; j=123.

The center of mass map may be considered as a map from B to B, it has a continuous
extension to the boundary mapping P to —P. It follows from the Brouwer’s fixed point
theorem [?] that there exists P € S?, t € [1, o) for which C. M. (¢p,) = 0. Thus we
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conclude that give u € H(S?), there exists a conformal transformation ¢ such that
Tpu € A.

We recall the following result of Aubin [2].

Proposition (Aubin's Inequality) If u\in A, for all € > 0 there is a constant C; such
that

! M<C <1+)1 |V|2+21
41 Sze =PI T ) an 2 " 4mt Szu.

Motivated by the Kazdan-Warner Condition, for a given potential curvature function K,
Chang and Yang introduced the following map G: B —» R3 defined by*

6(5%1P)=33K0¢R0-i

We choose coordinates x, x,, x5 S0 that P is the south pole P = (0, 0, —1) and let y,
and y, be the stereographic coordinates, i.e. (In the coordinate systemy, ¢.(y) = %y.)
Expand K in Taylor series in y coordinates around P:

KO) = KP) + ) K0)
j=1
Where K; is a homogenous polynomial in y; and y, of degree j, so that
(Ko dp)0) = K(P) + ) Kt
j=1

We denote by K@ (y) = K(P) + 2j=1K;(y), the truncated Taylor polynomial of order
.

Definition We say K is non-degenerate at P of order o if

() the truncated Taylor polynomial of order o. has the form
K@) =K(P) + K. (),
(i) for t suffciently large, the map

A parallel argument works also for the higher dimensional setting.
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G(P, ) = (K@ o dpr)X

Satisfies a lower bound:

C—,a=1,

|G(P,6)| =
Ct—zlog t,oa=2.

At any point P € $2, one can examine this notion of non-degeneracy with some simple
computations (as in introduction of [8]), we can verify:
(1) Atapoint P where VK(P) # 0, it is non-degenerate of order 1.

(2) At apoint P where VK(P) = 0 but AK(P) # 0, it is non-degenerate of order 2.
i.e., condition (nd) implies K satisfies the uniformly non-degenerate function of order
2.

We observe that for a function K uniformly non-degenerate of order a <2, the map G(P,
t) is non-zero for t > t,, hence the restriction of G to the sphere {(P,t),P € $%} are
mutually homotopic for t > t,, and the degree deg(G, B, 0) is well defined.

We begin with a striking perturbation result of Chang and Yang. They gave in [8] some
sufficient conditions on K to solve the Nirenberg Problem in a neighborhood of the
constant.

Theorem (Chang & Yang) There exists constants €* such that if K is a smooth function
satisfying:

i) NIK=1lle <€ ;

(i) K is a uniformly non-degenerate function of order a, where o <2;
(i) deg(G, B, 0) # 0,

then the equation (1.2) has a solution.

Late on, using the method of continuity, Chang-Gursky-Yang in [5] was able to remove
the assumption that ||[K — 1]|,, < € and obtain the following.

Theorem (Chang-Gursky-Yang) On $?, suppose K > 0 is a smooth function satisfying
the non-degeneracy condition (nd) and deg(G, B, 0) # 0, then the equation (1.2) has a
solution.

In the proof of the above theorem, the theorem of Chang & Yang is essential in the
starting process of the method of continuity.

In view of the proof of the theorem of Chang & Yang, the following theorem is an
immediate consequence of the above theorem of Chang-Gursky-Yang.
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Theorem 2.1 With the same assumption as the theorem of Chang-Gursky-Yang, if |
deg(G, B, 0)| > 1, we have the multiplicity result of (1.2), and the multiplicity of the
solution is |deg(G, B, 0)].

To proceed further, we have to understand the asymptotic behavior of G(P, t) which
help us in simplifying the calculation of deg(G, B, 0). We start to compute the
asymptotic expansion of G around a point P when t — co. To do this, we follow closely
to [5], we compare asymptotically the quantities

A(P,t) = f < VK o dpy, VX > eV
§2

1 ,
G(P,t) = @LZ(K o bp.)¥

where we use w to denote w,, defined in the proof of the theorem of Chang & Yang for
convenience. We

work again in the stereographic coordinates y, centered at P as the south pole and choose
¢ sufficiently small so that the error term in the Taylor expansion

2
KO) =K(P)+ ) K +0(yl)
k=1

is uniformly small, say O(|y|) < |y|>/? for |y| < 8. We then write

AP, t) = G(P,t) + 1 +1I (2.1)
where
=2 f (K o bp, — K(p)) ¥ (ezw - ﬁ) (2.2)
=2 f (K ° §p,e = K(P)) < VZ,Vw > e2¥. (2.3)

Let O, = {y € R? | |y| < &t}. Let Q, be its image under the inverse of stereographic
projection of Q.. We observe that the area of of the set $? — Q, is less than € /t2, and
it suffices to bounded the part of the integration in I and Il over Q; as

fﬂt (K o b = KCP)) 7 (2 = ﬁ)‘

\1/2
< < fﬂt (Ko bp — K(P)) )

5 1
eV — —-—
K(P)

. @4

and
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f (K o dpe — K(P)) < VX, Vw > 2V
Q

t

2 1/2 1/2
(Kocbp,t—K(P))) < |Vw|2> . @)
S§2

o]

There are two cases to consider according to whether « = 1 or o = 2, where « is the
order of non-degeneracy in our assumption about K. We have the following proposition
in [8].

t

Proposition 2.2

@
1
2 Ct—zlog t,a=1,
[ (Keon-xm@) =] 8 26)
O C—, a=2.
t2
(b)
1
C?,a = 1,
f|VW|2 <0 (||K o dpy — K(P)||1) <J 2.7)
Ct—zlog t,a = 2.
(c)
1
2 C?,a =1,
™ -zl <O (ko dpe—KPI,) <3 (2.8)
2 Ct—zlog t,a = 2.

In the above C represents various constants.

We refer [8] for the details of proof. We should point out that Aubin’s inequality and a
variant of Onofti’s inequality play a crucial role here.

From now on, we impose the following assumption on K.
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Assumption K satisfies the condition (nd), therefore, K is uniformly non-degenerate
function of order 2.

For simplicity, we denote ¢p, by ¢, and

1%=MR0=f<VMO@)W>eW,

Btzf<VK°¢t,v5é>=2f(K°q)t_1)f.

Proposition 2.3 Under the assumptions (nd), with ¢, = ¢pp ¢, t —00, K(P) = 1 we have

1
o@)#vmmia
Ao =B+ C, with |Cl=1{ t . (2.9)
) (t—zlog?) if VK(P)=0.
Let B denote the i-th component of B,, 1 < i < 3, then
; 1 1
Bt(l) =ca—+0 (—2), i =1,2;
t t (2.10)

B® =c,(by  + b )il t+0(~
t = €011 22) 2 0g )

where ¢y, ¢, are dimensional constants. Also, constants a; and b;;, 1 <14, j <2 will be
defined in equation (2.11).

Proof of Proposition 2.3 To prove (2.9) and (2.10) we first write

At=J<VKo¢t,V£>e2W
=j<V(Koc|>t—1),Va?>e2W
=—f(Koq)t—1)Afe2W—f(Ko¢t—1)<V£,Ve2W>
=zj(l(oq)t—1)9?+2J(Ko¢t—1)5c’(e2‘”—1)

—ZJ(Ko o — 1) < VX, Vw > e?”,
Thus A; = B; + C;, where

Ct=ZJ(Kocl)t—1)5c’(e2W—1)—2J(K0(1)t—1)<Vf,VW>eZW.
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To verify (2.10), we will use the stereographic projection coordinates of $? to compute
B; in terms of the

Taylor series expansion of K. To do this, denote Q = (x;,x,,x3) € S? and let y =
(v1,y,) be the stereographic projection from $? to the equatorial plane R? sending the
north pole N = (0, 0, 1) to co. We can also w.l.0.g. identify the point P as the north pole

2y . 21
N. Thus x; = oz for 1< i< 2, and xs =:";:T+1

expansion of K around N is given by

. We assume the Taylor series

K(leXZ'x3) = K(xpxz)

2 2 2

i=1 ij=1 i=1
And (2.11) holds in a neighborhood D = {y € R?,|y| = M} of N, for some M > 0
large. Notice in this notation ¢.(y) =ty . Denote D, = {y € R?,|y| = %}, then

_5 - _1_ady?
¢.(D;) = D. To estimate B,, let dA(y) = e CPNDE d6 denote the area form, then
dAGy) = 2 dlyl” M o(1> ¢
= = = —_— — 00,
D¢ Y o (T+yl®»?z t2+M? ) *

Thus

Btzzf(l(oq)t—l)a‘c’

=2 (Ko¢t—1)f+o(ti2>.

D¢

Next we notice that by circular symmetry,

f x;(ty)x(y)dA(y) =0 if i#;1<ij<3.
D

t

2
B = f a; % (ty)x(y)dAR) + 2 f D b)) |x()dA)

t\ jl=1

) 1
+E{+0 (—2) for i =1,2,3,
t
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where

3
M _ 154 ' .
t

and

2
B® =2 b, x; dA E® 4o (2
h X (x(ty) |xs(VdAQY) + E;™ + )
ji=1

Similarly we define Ct(i) fori=1, 2, 3 to be the components of C;, and Bt(i) fori=1,2,
3 to be the components of B,. (2.9) and (2.10) will be consequences of the following
lemma which can be verified by direct computation.

Lemma 2.4

1
j x(t)x;()dAQY) ~ - as to . (2.12)
D

t

f X (£9)x(69)x: (V) dA(Y) = 2.13)

t t—zlogt,i=3, 1<j=1l<2.

. 1
|Ef| =0 (t—z),i =1,2,3. (2.14)
We conclude from (2.12), (2.13) that

Bt =C1ai_+0(_>;1=1;2'
t t?
. 1 1 (2.15)
Bt == CZ(bll + bzz)t_zlog t+ 0 (t_z)
With ¢; > 0, c, > 0 dimensional constants.

By using Proposition 2.2, Cauchy-Schwarz and the Aubin’s inequality, we see that

( 1
(log t)2
C 3
<) @

1
logt)2
kC( 9 ,o= 2.

t2

,oao=1,
(2.16)
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Then (2.9), (2.10) are direct consequences of (2.15), (2.16). We have thus finished the
proof of our Proposition 2.3.

Finally, combining (2.1)-(2.8), Proposition 2.3, we obtain the following asymptotic
expansion of the map G(P, t).

Proposition 2.5 Suppose the K satisfies (nd), we have

G(P,t) = %(VSZK + c()As2K%) + 0(B(D)) (2.17)
where c(t) = lotgt and
{(109 t)% .
—3 if VK(P) #+ 0,
B ={ ¢
I((lotgzt)z, if VK(P) = 0
when t — oo,

The following corollary is a simple consequence of the above proposition.
Corollary 2.6

deg(G(P,t),B,0) = deg(@(P, t), B, 0) forlarget
where

G(X,t) = V2 KX) + c(t)Ag2 KX (2.18)

3. MULTIPLICITY RESULTS

In this section, we are ready to present our multiplicity results. We consider the
following form of scalar curvature function:

K@) = Ky + Y(®)(3.1)

where K, is a positive constant and Y is a homogeneous harmonic polynomial. We shall
construct explicit Y and calculate the corresponding deg(G, B, 0) and show that |deg(G,
B, 0)] > 1. We have observed in Corollary 2.6 that it suffices to calculate deg(G, B, 0)
for large t. The following proposition will further simplify the calculation when K
assume the form described in (3.1).
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Proposition 3.1 If K = K, + Y, where K, is a constant and Y polynomial of degree k, if
K satisfies the condition (nd), then

deg(G,B,0) = index(VY,0). (3.2)

Proof In the proof, we use Vs to denote the gradient on S?and V to denote the
gradient on R3. Since Y is a degree k harmonic polynomial, Y is well defined on R3,
thus we can extend G to the whole of R3. Also, for ¥ = (x,y,z) in R® we write r =

|£|=\/mandw’=%£. -
We have
G(X,t) = Ve K(X) + c(t)Aq2 K%
= VgV (X) + c(t)Ag2 Y X (3.3)
=VY(x) — (VY - X)X — c()k(k + t)YX.

For simplicity, write G(¥) for G(%,t). Let Xy = row,, W, € S? be a solution of
G =0.
Let ¥ be such that ¥ - x; = 0. We have
0=7-G(x;) = V2K - ¥ = 1rf7 VY (@) - V.
Thus we conclude that at a zero ryw, of G
VseY (wg) = 0.
We have also from the condition (nd) that
VseY(wg) = —k(k + 1)Y(wg) # 0.

Now, G (xg) - @y = 0 implies that

1
1 2 1
= <
o [1 Tkt 1)c(t)]
as c(t) and k are positive. i.e., such zero is inside B. Hence, we obtain
deg(ﬁ,B, O) = deg(ﬁ, SZ,O)

= Z index(zero of@)

inside $2
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= index(@, 0)

+ Z index(G, rowg)

0<ry<1, wgeQt
+ Z index(G, rowg)
0<19<1, WoEN™
where
SA\{@|Y (@) =0} =0t uQ-,
with Q* = {w | Y(w) > 0}and Q™ = {& | Y(w) < 0}.
Moreover, since
Gr®) = r*VeY(@) — c()k(k + Dr?Y(@)d)].
At a zero x, = ryw,, We have
G (rowo) - wg = —k(k + Dc(®)rg*Y (@)
and
oG
ar

‘g = —k(k + D)*rfy(wy),

ToWo

we have at X = 1wy, the Jocobian of G can be written in form of

—aY(wg) 0 ... 0

X X ... X

X X ... X
where a is a positive constant, therefore, we have

index (G, rywgy) = —signY (wy)index(Vs2Y, wg).

Observe that on 9Q* (resp. 9Q~) the boundary of Q* (resp. Q7), VszY will never
vanish and keep pointing outward (resp. inward). Thus, we conclude that

index(G, o) + Z index(G, rowg)

0<19<1, WoeN™* 0<19<1, WoEN™
= E index (Vg2 Y, wg) + Z index (Vs2Y, @g)
woeNT WeEN™

= —no of components of Q* + no of components of Q™

=0.
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Thus, (3.4) can be written as
deg(@, B, 0) = index(@, 0) (3.5)
= index(Vg2Y, 0).

This completes the proof of the proposition.

Construction |
Consider the following degree 4 homogeneous harmonic polynomial:
Y;(X) = a(x* — 6x%y? + y*) + b(y* — 6222 + z%) (3.6)

where X = (X, Y, z) with a and b two non-zero numbers. Denote by K; the corresponding
curvature defined by (3.1)

Proposition 3.2 There exists choice of (a, b)€ R? such that K; satisfies (nd)

Proof Since
4ax(x? — 3y?)
VK, = VY, = | 4y[a(y? — 3x?) + b(y? — 3z?)]
4bz(z% — 3y?)
and

ASZKl == ASZYI = —20Y1.
For (a, b) € R?, we define the following subsets in R?:

L={@b)|la=0} L={ab)|[8a—-b =0}
l;:={(ab)|a — 8b = 0},

l, ={(a,b)|b = 0}, Is == {(a,b)|a + b = 0},

5
e, = R?\ U L.
i=1

A straight forward calculation shows that K; satisfies (nd) on C;.

and

Calculation of Degree

By Proposition 3.1, and homotopy invariance of index, our goal will be to calculate the
corresponding index of (VY;(%,t),B,0.) , where 0 is the vector (0, ¢, 0), e — 0 and
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show that there exists choice of a and b such that the absolute value of the index of Y;
is greater than 1. Our result for the multiplicity will thus follow from Proposition 3.1,
Proposition 3.2, Corollary 2.6 and Theorem 2.1. We split the calculation of such index
into the following steps:

Step 1. We extend the Y; in R3 and solve the equation VY; = 0.. By the
homotopy invariance property of index, it suffices to consider the following equations:

4ax(x? — 3y?) 0
VY, = | 4yla(y? —3x%) + b(y? — 32%)] | = <e>
4bz(z* — 3y?) 0
Thus, we get

4ax(x* —3y?) =0,
4yla(y? —3x%) + b(y* — 32%)] = ¢,
4bz(z? —3y?) = 0.

Casel.x =z =0.
We have

1

€ 3

4y(ay? + by?) = =[—]
y(ay* + by“) =€ or y 1@+ D)

1
€ 3 .
Thus <O, [4(a+b)] ,O) is a root.

Case2.x#* 0andz = 0.

We have
x? =3y% = x = +/3y,
and
1
4ylay” =3x2) +by?l =g » y = [ ===
4(b —8a)l -
Thus

(i\/§ [4(b j 8a)]§' [4(b i 8a)]§' 0)

are the two roots.

Case3.x=0andz # 0.
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We have
z2 = 3y2 = z = +/3y,
and
1
4ylay? + b(y? - 3z°)| =e=>y = [;]3
4(a—8b)] -
Thus

(0' = [qa;_sb)]g)

are the two roots.
Case4.x+0andz # 0.
We have x? = 3y?2, z2 = 3y? and
1
4yla(y? —3x*) + b(y* —3z)] =e=>y = — [mr.
Thus

1 1 1
<i\/§ [32(ag+ b)]3 ’ [32(ag+ b)]3 V3 [m]g )

are the four roots.
Step 2. We calculate J(VY;), the Jacobian of VY;. If VY; = (H,, H,, H3), we have

J(VY1)

dH, 0H, OHs
‘ox  ox  ox
dH, 0H, OHs
oy oy ay
0H, 0H, OHs
0z 0z oz

a(12)(x? — y?) —24axy 0
= —24axy 12[a(y? — x2) + b(y? — z?)] —24byz
0 —24byz 12b(z2 — y?)

=(12)3ab{[(x* — y*)(z* — yD)]la(y? — z2)] — 4b(x* — yH)y?z* — 4a(z* — y*)x%y?}.
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We obtain sign(J (VY;)), the sign of J(VY;).

( sign[a®b(a+b)],  whenx =z = 0(with 1root);
. _ | sign[ab(8b — a)], when x = 0,z # 0(with 2 roots);
51gn(](VY1)) B { sign[ab(8a — b)], when x # 0,z = 0(with 2 roots);
—sign[ab(a + b)], when x # 0,z # 0(with 4 roots);

Observe that ¢; has 10 connected components. We obtain by routine calculations that
the index of VY; in these 10 diff erent regions are given by:

Region Characterization Index(VY;)
I {a>0}N{8a—b<0} -3
N [{8a—b>0}N{a—8b<0} +1
i {a—8b>0}N{b>0} -3
\V {b<0}n{a+b>0} +3
\V/ {a+b<0}nN{a>0} -3
Vi {a<0}N{8a—b>0} +3
VIl |{8a—b<0}N{a—8b<0} -1
VIII {a -8b<0}N{b<0} +3
IX {b>0tNn{a+b<0} -3
X {a+tb>0}Nn{a<0} +3
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Figure 1, the connected components of C;
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Thus it follows from Theorem 2.1, Corollary 2.6 and Proposition 3.1 that we obtain the
first theorem on the multiplicity of solutions:

Theorem A Let (a, b) € R? and
Ky (%) = Ko + a(x* — 6x7° + y*) + b(y* — 6222 + 2*)

where X = (x,y,z) € S2. Then the corresponding deg(G,B,0) is given by the following
table for various a and b that K; satisfies (nd) :

Region Characterization deg(G, B, 0)
I {a>0}N{8a—-b<0} -3
] {8a—-bH>0}N{a—8b<0} +1
i {a—-8b>0}N{b>0} -3
IV {b<0}n{a+b>0} +3
Vv {a+b<0}nN{a>0} -3
VI {a<0}N{8a—5b>0} +3
VII {8a-b<0}N{a—8b<0} -1
VIHI {a—8b<0}N{b<0} +3
IX {b>0}N{a+b<0} -3
X {a+tb>0}Nn{a<0} +3

Here a and b are chosen to be sufftiently small so that K; > 0.
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Construction |1

We consider the K in form of (3.1) with Y equals to the following combination of degree
6 homogeneous harmonic polynomials:

Y,(X) = c(x® — 15x*y? + 15x%y* — )
+ d(z% — 15z%y? + 15z%y* — y°) (3.7)

where ¢ and d are two non-zero numbers.

Proposition 3.3 There exists some ¢ and d such that K, satisfies (nd)

Proof Since

c(6x> — 60x3y? + 30xy*)
VK, = VY, = | c(=30x*y + 60x2y3 — 6y°) + d(—30z*y + 60z%y3 — 6y°)
d(6z° — 60z3y? + 30zy*)
and

ASZKZ = ASZYZ = _42Y2

For (c, d) € R?, let j, = (5+2V5)" — 1 and p, = (5 — 2v5)” — 1. We define the
following subsets in R?:

L = {(c,d)| c =0}, L ={(c,d)| mc+p,d=0}, I3 :={(c,d)| 4pp c +d = 0},
L={cd|c+apd=0}, Ils={Ccdlmpc+md=0} I:={cd)|d=0}

Li={cdlctamd=0}, Ig={cdlc+d=0}

ly = {(c,d)| 4ppc +d = 0},

and

9
Cz = RZ\ U l_i.
i=1

A straight forward calculation shows that K, satisfies (nd) on C,.
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Calculation of Degree

Step 1. As before, we extend the ¥, in R3 and solve the following equations:

c(6x> — 60x3y? + 30xy*) 0
VY, = | c(—30x*y + 60x2y3 — 6y°) + d(—30z*y + 6022y — 6y°) | = (s)

d(6z° — 60z3y? + 30zy*) 0

Thus, we get

—6y[c(5x* — 10x%y2 + y*) + d(5z* — 10z%y? + y*)] = ¢,

{ 6x(x* — 10x%y? + 5y*) =0,
6z(z* — 10z%2y% + 5y%) = 0.

Casel.x =z =0.

We have

1
—6(c+d)y>=cory=-— [ﬁ]s

1
€ 5 .
Thus <O, - [W] ,0) is a root.

Case2.x#* 0andz = 0.
We have

x* —10x%y% + 5y* = 0 = x? = (5 £ 2V5)y?.
Also,
—6y[c(5x* — 10x%y? + y*) + d(5z* — 10z%y? + yH)] = ¢
= —6y[c(5x%2(x? = 2y?) +y) + dy*] = ¢
= —6y{c[5(5 £ 2Vd)y?(3 £ 2V5)y? + y*| + dy*} = ¢

5 —E&

" 6([5(5 £ 2v5)(3+ 2V5) + 1|c + d}

=Yy
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Thus, we find

"= (6[(5(35 +16v5) + 1)c + d]) '

Y2 = (6[(5(35 —16V5) + 1)c + d]) '

Therefore, the four roots are ((5 + 2\/3)1/2y1,y1,0) ) (—(5 — 2\/§)1/Zy1,y1,0),

((5+2v5)"*y2,7,,0) and (=(5 — 2V5) *,,7,,0).

Case3.x=0andz # 0.
We have

z* —102%y% + 5y* = 0 = 2% = (5 + 2V5)y2

Follow a similar calculation as in the above case, we obtain:
5 —&

“6{c +[5(5 + 2v5)(3 £ 2V5) + 1]d)

y

Thus, we find the four roots are (O, ys, (5 + 2\/5)1/2313) ) (0, y3,—(5— 2\/3)1/2313),

(0, va (5 + 2\/3)1/2y4) and (O, Var—(5— 2\/3)1/23/4) where

= (e wmon)

)

Y <6[c +(5(35 — 16v5) + 1)d]> '
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Case4.x #0and z = 0.

We have x2 = (5 + 2V5)y?, z2 = (5 + 2v/5)y?2. A routine calculation gives 16 roots:
((5+2v8) " yuy (5 +2v8) 7y,
((5 t 2‘/3)1/2%»3’1': —(5- 2‘/5)1/2371),
(~(5 - 2v8) "3 (5 + 2v5) %)),
(_(5 - 2‘/5)1/23’1',3’1', -(5- 2‘/5)1/2371'),

i € {5,6,7,8} where

il =

—&
yi= (6[5(5 +p;2V5)(3 + p;2V5) + 1]c + 6[5(5 + 5;2V5)(3 + p:2V5) + 1]d)

with

'_{+1, i=05,6 and ,,._{-l-]_, i=57
Pi=1-1, =78 Pi=l-1, =68,
Step 2. We calculate J(VY,), the Jacobian of VY, and obtain
J(VY,)
30c(x* — 6x2y? + y*) 120cxy(y? — x?%) 0
120cxy(y? — x?) —30[c(x* — 6x2y? + y*) + b(z* — 622y? + y*)] 120dxy(y? — z%)
0 120dxy(y? — z2) 30d(z* — 6z%y? + y*)
We obtain sign(J(VY,)) corresponding to the above four cases:
sign(J(VY,))
sign(—(30)3y*2(c + d)cd), x = z = 0(with 1 root);

[ sign (_4(30)3(5 + 2\/§)y12cd [c +4 ((5 + 2\/5)2 - 1) d]), x = 0,z # 0(with 4 roots);

- sign (—4(30)3(5 +2V5)y'2cd [4- ((5 + 2\/5)2 - 1) c+ d]), x # 0,z = 0(with 4 roots);

Lsign (~(120)%y%2(5 + 2V5) cd(c[(5+ 2V5) — 1] +d[(5+2V5) ~1]}),  x # 0,2 # 0(with 16 roots).
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Observe that C, has 18 connected components. We obtain by routine calculations that
the index of VY, in these 18 diff erent regions are given by:

Region Characterization index(VY,)
I {c>0} N {wc+p,d<0} +5
I {u,c+p,d>0}N{4p,c+d<0} -13
i {4p,c+d >0} N {c +4p,d >0} -9
v {c +4p,d <0} N {u,c + p,d >0} -13
\Y {u,c + p,d <0} N {d >0} -5
VI {d <0} Nn{c+4p,d>0} +5
VIl {c+4p,d<0}nN{c+d=>0} +1

VIl {c+d<0}N{4p,c+d>0} -1
IX {4p,c+d <0} N {c>0} -5
X {c <0} N {yc+pd >0} +5
XI {u,c + p,d <0} N {4p,c +d >0} +13
XIl {4p,c+d <0} N{c+4pu,d <0} +9

X1 {c +4p,d >0} N {u,c+ p,d <0} +13

XV {u,c +p,d >0} N{d<0} +5
XV {d >0} N {c + 4, d >0} -5
XVI {c+4pd<0}N{c+d<0} -1

XVII {c+d>0} N {4p,c+d <0} +1

XV {4p,c+d>0}N{c<0} +5
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Figure 2, the connected components of C,
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Now, it follows from Theorem 2.1, Corollary 2.6 and Proposition 3.1 again that we
obtain the second theorem on the multiplicity of the solutions:

Theorem B Let (¢, d) € R? and

K,(X¥) = Ky + c(x® — 15x*y? + 15x2y*

— %) +d(z% — 15z*y? + 152%y* — y©)

where % = (x,,7). Let oy = (5+2v5) —1and p, = (5 —2v5)" — 1. Then the
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corresponding deg(G, B, 0) is given by the following table for various ¢ and d that K,
satisfies (nd):

Region Characterization deg(G, B, 0)
I {c>0} N {yc+p,d<0} +5
I {wc+ p,d>0}N{4p,c+d<0} -13
1T {4p,c +d >0} N {c + 4p,d > 0} -9
Y {c +4p,d <0} N {u,c + p,d >0} -13
\Y {u,c + pd <0} N {d >0} -5
VI {d <0} N{c+4p,d >0} +5
VI {c+4pn,d<0}N{c+d>0} +1
VIII {c+d <0} N{4p,c+d>0} -1
IX {4p,c +d <0} N {c >0} -5
X {c <0} N {p,c+ p,d >0} +5
Xl {u,c + p,d <0} N {4p,c+d >0} +13
Xl [{4p,c+d<0}N{c+4p,d<0} +9
Xl [{c+4p,d >0} N {u,c+pd<0} +13
X1V {u,c +pd >0} N {d<0} +5
XV {d >0} N {c +4u,d >0} -5
XVI {c+4n,d<0}N{c+d<0} -1
XVII {c+d>0} N{4p,c+d<0} +1
XVIll | {4p,c+d>0}N{c<0} +5

Here ¢ and d are chosen to be su/tiently small so that K, > 0.
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