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Abstract 

We study in this paper the scalar curvature equation on 𝕊2 . We give two explicit 

constructions of the scalar curvature functions by perturbing constant with 

suitable spherical harmonic polynomials. Multiplicity results for the 

corresponding scalar curvature equations are proved through the calculation of 

the topological degree of the associated map 𝐺  for each scalar curvature 

functions. 
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1 INTRODUCTION AND THE MAIN RESULT 

We will discuss in this paper some multiplicity results of the scalar curvature equation 

on the 2-sphere. We use the standard vector notation 𝑥⃗ = (𝑥1, 𝑥2, 𝑥3) to denote a point 

in ℝ3. It is well-known that the standard 2-sphere 𝕊2 = {𝑥⃗ ∈ ℝ3 |  ∑ 𝑥𝑖
23

𝑖=1 = 1} with 

its natural metric 𝑔0 = ∑ 𝑑𝑥𝑖
23

𝑖=1  has constant Gaussian curvature equals to 1. Under a 

conformal change of metric 

𝑔 = 𝑒2𝑢𝑔0 

                                                                 
* Corresponding Author, E-mail address: kaluen@eduhk.hk 



18 KA Luen Cheung 

where 𝑢 is a smooth function, the Gaussian curvature of 𝑔 can be written as 

𝐾𝑔 = 𝑒
−2𝑢(1 − Δ𝕊2𝑢)                     (1.1) 

where Δ𝕊2 is the Laplacian operator with respect to 𝑔0. For simplicity, we will write Δ 

for Δ𝕊2 , and ∇ for ∇𝕊2 , the gradient with respect to 𝑔0 on 𝕊2 when the content is clear. 

We recall the well-known prescribed scalar curvature problem on 𝕊2  originally 

proposed by L. Nirenberg around 1969-1970: 

 

Nirenberg Problem 

What function 𝐾 can be the Gaussian(scalar) curvature of a metric g on 𝕊2? 

 

In view of the uniformization theorem and (1.1), the question can be reduced to solving 

the following nonlinear partial diff erential equation: 

 

Δ𝑢 + 𝐾𝑒2𝑢 = 1       𝑜𝑛 𝕊2.                         (1.2) 

 

The conformal metric 𝑔 = 𝑒2𝑢𝑔0 will have the scalar curvature K. Equation (1.2) and 

its higher dimensional analogue have been studied extensively. Remarkable existence 

results for various 𝐾 are obtained in the recent publications [3], [5], [6]-[9], [10], [12], 

[15], [16], [18], [21], [23] and [24]. The reader is referred to the above works for the 

detailed descriptions of the development and up to date references. However, much less 

is known about the multiplicity of solutions. Using the symmetries of the spheres, 

Hebey-Vaugon obtained in [13] multiplicity results when K > 0 is invariant under two 

distinct groups of isometries on 𝑆𝑛, n ≥ 3. Recently, using delicate perturbation method 

in critical point theory, Ambrosetti-Malchiodi [1] have obtained multiplicity results for 

K on 𝑆𝑛, n ≥ 3. Their approach is rather abstract and technical, besides, not much is 

known especially for n = 2. 

 

Motivated from the Kazdan-Warner Condition [14]: if K, u satisfy (1.2) then 

∫ < ∇𝐾, ∇𝑥𝑖 > 𝑒
2𝑢 = 0      𝑓𝑜𝑟    𝑖 = 1,2,3. 

Chang-Yang [8] and Chang-Gursky-Yang [5] considered a map G associated to K 

defined using the action of the conformal group of 𝕊2 from the unit ball B of ℝ3 into 

itself. It is shown that when the function K satisfies the following non-degenercy 
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condition: 

Δ𝐾(𝑄) whenever ∇𝐾(𝑄) = 0.         (nd) 

 

G will not vanishes for large value of t and hence deg(G, B, 0), the degree of G is well 

defined. Actually, Chang-Gursky-Yang established in [5] 

 

Theorem (Chang-Gursky-Yang) On 𝕊2, suppose K > 0 is a smooth function satisfying 

the non-degeneracy condition (nd) and deg(G, B, 0)≠0, then the equation (1.2) has a 

solution. 

In fact, even more can be said, if | deg(G, B, 0)| > 1, we have multiplicity result for the 

equation (1.2). Along this line, we consider in this paper some special type of K(x) 

which is a perturbation of a positive constant 𝐾0 by a suitable combination of harmonic 

polynomials. We can show that the assumptions of the above theorem are satisfied and 

| deg(G, B, 0)| > 1. Hence we obtain multiplicity results of equation (1.2). Namely, we 

have 

 

Theorem A Let (𝑎, 𝑏) ∈ ℝ2 and 

𝐾1(𝑥⃗) = 𝐾0 + 𝑎(𝑥
4 − 6𝑥2𝑦2 + 𝑦4) + 𝑏(𝑦4 − 6𝑦2𝑧2 + 𝑧4) 

where 𝑥⃗ = (𝑥, 𝑦, 𝑧) ∈ 𝕊2 . Then there exists choices of a and b such that the 

corresponding deg(G, B, 0) can be ±3. 

 

Theorem B Let (𝑐, 𝑑) ∈ ℝ2 and 

𝐾2(𝑥⃗) = 𝐾0 + 𝑐(𝑥
6 − 15𝑥4𝑦2 + 15𝑥2𝑦4 − 𝑦6) + 𝑑(𝑧6 − 15𝑧4𝑦2 + 15𝑧2𝑦4 − 𝑦6) 

where 𝑥⃗ = (𝑥, 𝑦, 𝑧) ∈ 𝕊2 . Then there exists choices of a and b such that the 

corresponding deg(G, B, 0) can be ±5, ±9 and ±13. 

The details related to the choices of a and b in Theorem A, and the choices of c and d 

in Theorem B will be given in Section 3 of this paper. Our approach here is explicit and 

elementary compared to that of Ambrosetti-Malchiodi. 

The plan of paper is as the follows: In Section 2, we will introduce the map G(P, t) and 

explain its relation to the multiplicity result of (1.2). We will also study its asymptotic 

behavior for large t. In Section 3, we prove Theorem A and Theorem B. 
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2. THE MAP G AND RELATED RESULTS 

We begin by introducing some notations and useful concepts. In this chapter, we will 

use ‖𝑢‖𝑝 to represent the 𝐿𝑝-norm of a function u where 1 ≤ p ≤ ∞. Let 𝐻1(𝕊2) be the 

Sobolev Space of 𝐿2 functions on 𝕊2 whose gradients lie in 𝐿2 with norm: 

 

‖𝑢‖𝐻1 = (⨍|∇𝑢|
2 + 𝑢2𝑑μ)

1/2
. 

 

We adopt the notation ⨍𝑓 to mean the average integral of f over 𝕊2. 

 

 

Definition For 𝑢 ∈ 𝐻1(𝕊2), define the functionals by 

𝑆[𝑢] = ⨍|∇𝑢|2 + 2⨍𝑢, 

𝐹𝐾[𝑢] = 𝑙𝑜𝑔 ⨍𝐾𝑒2𝑢 − 𝑆[𝑢]. 

The critical points of 𝐹𝐾[𝑢] has critical points satisfying equation (1.2). 

We first remark that by integrating equation (1.2), we get 

⨍ 𝐾𝑒2𝑢

𝕊2
= 1. 

Thus K > 0 some where is a necessary condition for (1.2) to be solvable. 

 

For 𝑢 ∈ 𝐻1(𝕊2) , 𝑔 = 𝑒2𝑢𝑔0  gives rise to a conformal metric on 𝕊2 . A conformal 

transformation ϕ  of 𝕊2  acts on the set of conformal metrics 𝑔 = 𝑒𝑢𝑔0  by ϕ∗𝑔 =

𝑒2(𝑇ϕ𝑢)𝑔0 where 

𝑇ϕ𝑢 = 𝑢 ∘ ϕ +
1

2
𝑙𝑜𝑔 𝑑𝑒𝑡 |𝑑ϕ|. 

We have  

Δ𝑇ϕ𝑢 + (𝐾 ∘ ϕ)𝑒
2𝑇ϕ𝑢 = 1. 

We often identify 𝕊2 via the stereographic projection with the equatorial plane, ℝ2. If 

choose an orthonormal frame 𝑒1, 𝑒2, 𝑒3 = (0,0,1), of ℝ3, with Euclidean coordinates 

𝑥𝑗 = 𝑥⃗ ⋅ 𝑒𝑗, j=1,2,3. Then we have the stereographic coordinates: 

𝑦𝑖 =
𝑥𝑖

1 − 𝑥3
, 𝑖 = 1,2. 
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which has inverse transformation 

𝑥1 =
2𝑦1

|𝑦|2 + 1
, 𝑥2 =

2𝑦2
|𝑦|2 + 1

, 𝑥3 =
2𝑦3

|𝑦|2 + 1
. 

 

For our purpose we need the following set of conformal transformations of 𝕊2. Given 

𝑃 ∈ 𝕊2, 𝑡 ∈ [1,∞), rotate the coordinates so that P corresponds to the north pole (0, 0, 

1). Using the stereographic projection from P mapping the sphere to the equatorial plane 

on which we have the coordinate 𝑦 ∈ ℝ2 , we denote the transformation ϕ𝑃,𝑡 = 𝑡𝑦. 

Observe that ϕ𝑃,1 = the identity map, ϕ𝑃,𝑡 = ϕ−𝑃,𝑡−1  , hence this set of conformal 

transformations can be parametrized by the unit ball 𝐵 = 𝕊2 × [1,∞)/ 𝕊2 × 1. 

The following important necessity condition for the existence of solution discovered 

first by 

 

 

Kazdan and Warner [14]: 

 

Proposition (Kazdan-Warner Condition) If u satisfies (1.2), then 

⨍ < ∇𝐾, ∇𝑥𝑗 > 𝑒2𝑢 = 0             𝑗 = 1,2,3. 

We also introduce the following sapces with symmetries: 

 

Definition 

𝒜 = {𝑢 ∈ 𝐻1(𝕊2)| ⨍𝑒2𝑢𝑥⃗ = 0⃗⃗} 

and 

𝒜0 = {𝑢 ∈ 𝒜| ⨍ 𝑒2𝑢 = 1} 

 

Define the center of mass of the mass distribution 𝑒2𝑢 by 

𝐶.𝑀. (ϕ𝑃,𝑡) =
∫ 𝑒2𝑢 𝑥𝑗 ∘ ϕ𝑃,𝑡

−1

∫ 𝑒2𝑢
;    𝑗 = 1,2,3. 

The center of mass map may be considered as a map from B to B, it has a continuous 

extension to the boundary mapping P to −P. It follows from the Brouwer’s fixed point 

theorem [?] that there exists 𝑃 ∈ 𝕊2, 𝑡 ∈ [1,∞) for which 𝐶.𝑀. (ϕ𝑃.𝑡) = 0. Thus we 



22 KA Luen Cheung 

conclude that give 𝑢 ∈ 𝐻1(𝕊2), there exists a conformal transformation ϕ such that 

𝑇ϕ𝑢 ∈ 𝒜. 

 

We recall the following result of Aubin [2]. 

 

Proposition (Aubin's Inequality) If 𝑢\𝑖𝑛 𝒜, for all 𝜀 > 0 there is a constant Cε such 

that 

1

4π
∫ 𝑒2𝑢

𝑆2
≤ 𝐶𝜀 𝑒𝑥𝑝((

1

2
+ ε)

1

4π
∫ |∇𝑢|2

𝑆2
+ 2

1

4π
∫ 𝑢
𝑆2

). 

Motivated by the Kazdan-Warner Condition, for a given potential curvature function K, 

Chang and Yang introduced the following map 𝐺: 𝐵 → ℝ3 defined by1 

𝐺 (
𝑡 − 1

𝑡
𝑃) = ⨍(𝐾 ∘ ϕ𝑃.𝑡)

𝕊2
⋅ 𝑥⃗. 

We choose coordinates 𝑥1, 𝑥2, 𝑥3 so that P is the south pole P = (0, 0, −1) and let 𝑦1 

and 𝑦2 be the stereographic coordinates, i.e. (In the coordinate system y, ϕ𝑡(𝑦) =
1

𝑡
𝑦.) 

Expand K in Taylor series in y coordinates around P: 

𝐾(𝑦) = 𝐾(𝑃) +∑𝐾𝑗(𝑦)

∞

𝑗=1

 

Where 𝐾𝑗 is a homogenous polynomial in 𝑦1 and 𝑦2 of degree j, so that 

(𝐾 ∘ ϕ𝑃,𝑡)(𝑦) = 𝐾(𝑃) +∑𝐾𝑗(𝑦)𝑡
−𝑗

∞

𝑗=1

. 

We denote by 𝐾(α)(𝑦) = 𝐾(𝑃) + ∑ 𝐾𝑗(𝑦)
α
𝑗=1 , the truncated Taylor polynomial of order 

α. 

 

Definition We say K is non-degenerate at P of order α if 

(i) the truncated Taylor polynomial of order α has the form 

𝐾(α)(𝑦) = 𝐾(𝑃) + 𝐾α(𝑦), 

(ii) for t sufficiently large, the map 

                                                                 
1 A parallel argument works also for the higher dimensional setting. 
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𝐺(𝑃, 𝑡) = ⨍(𝐾(α) ∘ ϕ𝑃,𝑡)𝑥⃗ 

 Satisfies a lower bound: 

|𝐺(𝑃, 𝑡)| ≥ {
𝐶
1

𝑡
, α = 1,

𝐶
1

𝑡2
𝑙𝑜𝑔 𝑡 , α = 2.

 

At any point 𝑃 ∈ 𝕊2, one can examine this notion of non-degeneracy with some simple 

computations (as in introduction of [8]), we can verify: 

(1) At a point P where ∇𝐾(𝑃) ≠ 0, it is non-degenerate of order 1. 

(2) At a point P where ∇𝐾(𝑃) = 0 but Δ𝐾(𝑃) ≠ 0, it is non-degenerate of order 2. 

i.e., condition (nd) implies K satisfies the uniformly non-degenerate function of order 

2. 

We observe that for a function K uniformly non-degenerate of order α ≤ 2, the map G(P, 

t) is non-zero for 𝑡 ≥ 𝑡0, hence the restriction of G to the sphere {(𝑃, 𝑡), 𝑃 ∈ 𝕊2} are 

mutually homotopic for 𝑡 ≥ 𝑡0, and the degree deg(G, B, 0) is well defined. 

We begin with a striking perturbation result of Chang and Yang. They gave in [8] some 

sufficient conditions on K to solve the Nirenberg Problem in a neighborhood of the 

constant. 

Theorem (Chang & Yang) There exists constants ε∗ such that if K is a smooth function 

satisfying: 

(i) ‖𝐾 − 1‖∞ ≤ ε∗ ; 

(ii) K is a uniformly non-degenerate function of order α, where α ≤ 2; 

(iii) deg(G, B, 0) ≠ 0, 

then the equation (1.2) has a solution. 

Late on, using the method of continuity, Chang-Gursky-Yang in [5] was able to remove 

the assumption that ‖𝐾 − 1‖∞ ≤ ε∗ and obtain the following. 

Theorem (Chang-Gursky-Yang) On 𝕊2, suppose K > 0 is a smooth function satisfying 

the non-degeneracy condition (nd) and deg(G, B, 0) ≠ 0, then the equation (1.2) has a 

solution. 

In the proof of the above theorem, the theorem of Chang & Yang is essential in the 

starting process of the method of continuity. 

In view of the proof of the theorem of Chang & Yang, the following theorem is an 

immediate consequence of the above theorem of Chang-Gursky-Yang. 
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Theorem 2.1 With the same assumption as the theorem of Chang-Gursky-Yang, if | 

deg(G, B, 0)| > 1, we have the multiplicity result of (1.2), and the multiplicity of the 

solution is |deg(G, B, 0)|. 

To proceed further, we have to understand the asymptotic behavior of G(P, t) which 

help us in simplifying the calculation of deg(G, B, 0). We start to compute the 

asymptotic expansion of G around a point P when 𝑡 → ∞. To do this, we follow closely 

to [5], we compare asymptotically the quantities 

𝐴(𝑃, 𝑡) = ∫ < ∇𝐾 ∘ ϕ𝑃,𝑡, ∇𝑥⃗ > 𝑒2𝑤

𝕊2
 

G(P, t) =
1

K(P)
∫ (𝐾 ∘ ϕ𝑃,𝑡)𝑥⃗
𝕊2

 

where we use w to denote 𝑤𝑝 defined in the proof of the theorem of Chang & Yang for 

convenience. We 

work again in the stereographic coordinates y, centered at P as the south pole and choose 

ε sufficiently small so that the error term in the Taylor expansion 

𝐾(𝑦) = 𝐾(𝑃) +∑𝐾𝑘(𝑦)

2

𝑘=1

+ 𝑂(|𝑦|3) 

is uniformly small, say 𝑂(|𝑦|) ≤ |𝑦|5/2 for |𝑦| < δ. We then write 

𝐴(𝑃, 𝑡) = 𝐺(𝑃, 𝑡) + 𝐼 + 𝐼𝐼                                   (2.1) 

where 

𝐼 = 2∫(𝐾 ∘ ϕ𝑃,𝑡 − 𝐾(𝑃)) 𝑥⃗ (𝑒
2𝑤 −

1

𝐾(𝑃)
),                  (2.2) 

𝐼𝐼 = 2∫(𝐾 ∘ ϕ𝑃,𝑡 − 𝐾(𝑃)) < ∇𝑥⃗, ∇𝑤 > 𝑒2𝑤.            (2.3) 

Let Ω𝑡̃ = {𝑦 ∈ ℝ2 | |𝑦| ≤ δ𝑡}. Let Ω𝑡 be its image under the inverse of stereographic 

projection of Ω𝑡. We observe that the area of of the set 𝕊2 − Ω𝑡 is less than 𝐶/𝑡2, and 

it suffices to bounded the part of the integration in I and II over Ω𝑡 as 

|∫ (𝐾 ∘ ϕ𝑃,𝑡 − 𝐾(𝑃)) 𝑥⃗ (𝑒
2𝑤 −

1

𝐾(𝑃)
)

Ω𝑡

| 

≤ (∫ (K ∘ ϕP,t − K(P))
2

Ωt

)

1/2

‖𝑒2𝑤 −
1

𝐾(𝑃)
‖
2

,           (2.4) 

and 
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|∫ (𝐾 ∘ ϕ𝑃,𝑡 − 𝐾(𝑃)) < ∇x⃗⃗, ∇w > e2w

Ω𝑡

| 

≤ C(∫ (K ∘ ϕP,t − K(P))
2

Ωt

)

1/2

(∫ |∇𝑤|2

𝕊2
)

1/2

.         (2.5) 

 

There are two cases to consider according to whether α = 1 or α = 2, where α is the 

order of non-degeneracy in our assumption about K. We have the following proposition 

in [8]. 

 

Proposition 2.2  

 

(a)  

∫ (K ∘ ϕP,t − K(P))
2

Ωt

≤ {
𝐶
1

𝑡2
𝑙𝑜𝑔 𝑡 , α = 1,

𝐶
1

𝑡2
,        α = 2.

                    (2.6) 

(b)  

∫|∇𝑤|2 ≤ O(‖𝐾 ∘ ϕ𝑃,𝑡 − 𝐾(𝑃)‖1) ≤ {
𝐶
1

𝑡
, 𝛼 = 1,

𝐶
1

𝑡2
𝑙𝑜𝑔 𝑡, 𝛼 = 2.

(2.7) 

(c) 

 

‖𝑒2𝑤 −
1

𝐾(𝑃)
‖
2

2

≤ O(‖𝐾 ∘ ϕ𝑃,𝑡 − 𝐾(𝑃)‖1) ≤ {
𝐶
1

𝑡
, 𝛼 = 1,

𝐶
1

𝑡2
𝑙𝑜𝑔 𝑡, 𝛼 = 2.

          (2.8) 

In the above C represents various constants. 

We refer [8] for the details of proof. We should point out that Aubin’s inequality and a 

variant of Onofri’s inequality play a crucial role here. 

From now on, we impose the following assumption on K. 
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 Assumption K satisfies the condition (nd), therefore, K is uniformly non-degenerate 

function of order 2. 

 For simplicity, we denote ϕ𝑃,𝑡 by ϕ𝑡 and 

𝐴𝑡 = 𝐴(𝑃, 𝑡) = ∫ < ∇(𝐾 ∘ ϕ𝑡), ∇𝑥⃗ > 𝑒2𝑤, 

𝐵𝑡 = ∫ < ∇𝐾 ∘ ϕ𝑡, ∇𝑥⃗ > = 2∫(𝐾 ∘ ϕ𝑡 − 1)𝑥⃗. 

Proposition 2.3 Under the assumptions (nd), with ϕ𝑡 = ϕ𝑃,𝑡, t →∞, K(P) = 1 we have 

𝐴𝑡 = 𝐵𝑡 + 𝐶𝑡   𝑤𝑖𝑡ℎ    |𝐶𝑡| = {
𝑜 (
1

𝑡
)    𝑖𝑓   ∇𝐾(𝑃) ≠ 0,

𝑜 (
1

𝑡2
𝑙𝑜𝑔

1

𝑡
)    𝑖𝑓   ∇𝐾(𝑃) = 0.

                        (2.9) 

Let 𝐵𝑡
(𝑖)

denote the i-th component of 𝐵𝑡, 1 ≤ 𝑖 ≤ 3, then 

{
𝐵𝑡
(𝑖) = 𝑐1𝑎𝑖

1

𝑡
+ 𝑂 (

1

𝑡2
) ,   𝑖 = 1,2;

𝐵𝑡
(3) = 𝑐2(𝑏11 + 𝑏22)

1

𝑡2
𝑙𝑜𝑔 𝑡 + 𝑂 (

1

𝑡2
)

                                 (2.10) 

where 𝑐1, 𝑐2 are dimensional constants. Also, constants 𝑎𝑖 and 𝑏𝑖𝑗, 1 ≤ i, j ≤ 2 will be 

defined in equation (2.11). 

 

Proof of Proposition 2.3 To prove (2.9) and (2.10) we first write 

𝐴𝑡 = ∫ < ∇𝐾 ∘ ϕ𝑡, ∇𝑥⃗ > 𝑒
2𝑤 

= ∫ < ∇(𝐾 ∘ ϕ𝑡 − 1), ∇𝑥⃗ > 𝑒2𝑤 

= −∫(𝐾 ∘ ϕ𝑡 − 1)Δ𝑥⃗ 𝑒
2𝑤 −∫(𝐾 ∘ ϕ𝑡 − 1) < ∇𝑥⃗, ∇𝑒2𝑤 > 

= 2∫(𝐾 ∘ ϕ𝑡 − 1)𝑥⃗ + 2∫(𝐾 ∘ ϕ𝑡 − 1)𝑥⃗(𝑒
2𝑤 − 1) 

−2∫(𝐾 ∘ ϕ𝑡 − 1) < ∇𝑥⃗, ∇𝑤 > 𝑒2𝑤. 

Thus 𝐴𝑡 = 𝐵𝑡 + 𝐶𝑡, where 

𝐶𝑡 = 2∫(𝐾 ∘ ϕ𝑡 − 1)𝑥⃗(𝑒
2𝑤 − 1) − 2∫(𝐾 ∘ ϕ𝑡 − 1) < ∇𝑥⃗, ∇𝑤 > 𝑒2𝑤. 
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To verify (2.10), we will use the stereographic projection coordinates of 𝕊2 to compute 

𝐵𝑡 in terms of the  

Taylor series expansion of K. To do this, denote 𝑄 = (𝑥1, 𝑥2, 𝑥3) ∈ 𝕊
2  and let 𝑦 =

(𝑦1, 𝑦2) be the stereographic projection from 𝕊2 to the equatorial plane ℝ2 sending the 

north pole N = (0, 0, 1) to ∞. We can also w.l.o.g. identify the point P as the north pole 

N. Thus 𝑥𝑖 =
2𝑦𝑖

1+|𝑦|2
 for 1 ≤ 𝑖 ≤ 2 , and 𝑥3 =

|𝑦|2−1

|𝑦|2+1
. We assume the Taylor series 

expansion of K around N is given by 

 

𝐾(𝑥1, 𝑥2, 𝑥3) = 𝐾(𝑥1, 𝑥2)

= 𝐾(𝑁) +∑𝑎𝑖𝑥𝑖

2

𝑖=1

+ ∑ 𝑏𝑖𝑗

2

𝑖,𝑗=1

𝑥𝑖𝑥𝑗 + 𝑜(∑𝑥𝑖
2

2

𝑖=1

)              (2.11) 

And (2.11) holds in a neighborhood 𝐷̃ = {𝑦 ∈ 𝑅2, |𝑦| ≥ 𝑀} of N, for some 𝑀 > 0 

large. Notice in this notation ϕ𝑡(𝑦) = 𝑡𝑦 . Denote 𝐷𝑡 = {𝑦 ∈ 𝑅
2, |𝑦| ≥

𝑀

𝑡
} , then 

ϕ𝑡(𝐷𝑡) = 𝐷̃. To estimate 𝐵𝑡, let 𝑑𝐴(𝑦) =
1

π

𝑑|𝑦|2

(1+|𝑦|2)2
𝑑θ denote the area form, then 

∫ 𝑑𝐴(𝑦)
𝐷𝑡
𝑐

= 2∫
𝑑|𝑦|2

(1 + |𝑦|2)2

𝑀
𝑡

0

=
𝑀2

𝑡2 +𝑀2
= 𝑂 (

1

𝑡2
)    𝑎𝑠   𝑡 → ∞. 

Thus 

𝐵𝑡 = 2∫(𝐾 ∘ ϕ𝑡 − 1)𝑥⃗ 

= 2∫ (𝐾 ∘ ϕ𝑡 − 1)𝑥⃗
𝐷𝑡

+ 𝑂 (
1

𝑡2
). 

Next we notice that by circular symmetry, 

∫ 𝑥𝑖(𝑡𝑦)𝑥𝑗(𝑦)𝑑𝐴(𝑦)
𝐷𝑡

= 0   𝑖𝑓   𝑖 ≠ 𝑗; 1 ≤ 𝑖, 𝑗 ≤ 3. 

Hence, 

𝐵𝑡
(𝑖) = ∫ 𝑎𝑖

𝐷𝑡

𝑥𝑖(𝑡𝑦)𝑥𝑖(𝑦)𝑑𝐴(𝑦) + 2∫ (∑ 𝑏𝑗𝑙

2

𝑗,𝑙=1

𝑥𝑗(𝑦)𝑥𝑙(𝑡𝑦))𝑥𝑖(𝑦)𝑑𝐴(𝑦)
𝐷𝑡

 

+𝐸𝑡
𝑖 + 𝑂 (

1

𝑡2
)    for   𝑖 = 1,2,3, 
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where 

𝐸𝑡
(𝑖) = 𝑂(∫ (

|𝑡𝑦|

1 + |𝑡𝑦|2
)

3

|𝑥𝑖(𝑦)|𝑑𝐴(𝑦)
𝐷𝑡

) , 𝑖 = 1,2,3, 

and 

𝐵𝑡
(3) = 2∫(∑ 𝑏𝑗𝑙

2

𝑗,𝑙=1

𝑥𝑗(𝑦)𝑥𝑙(𝑡𝑦))𝑥3(𝑦)𝑑𝐴(𝑦) + 𝐸𝑡
(3) + 𝑂 (

1

𝑡2
). 

Similarly we define 𝐶𝑡
(𝑖)

 for i = 1, 2, 3 to be the components of 𝐶𝑡, and 𝐵𝑡
(𝑖)

 for i = 1, 2, 

3 to be the components of 𝐵𝑡. (2.9) and (2.10) will be consequences of the following 

lemma which can be verified by direct computation. 

 

Lemma 2.4 

∫ 𝑥𝑖(𝑡𝑦)𝑥𝑖(𝑦)𝑑𝐴(𝑦)
𝐷𝑡

∼
1

t
   as   t → ∞.                                 (2.12) 

∫ 𝑥𝑗(𝑡𝑦)𝑥𝑙(𝑡𝑦)𝑥𝑖(𝑦)𝑑𝐴(𝑦)
𝐷𝑡

= {

0,       1 ≤  𝑖, 𝑗, 𝑙 ≤  2;
0, 𝑖 = 3, 𝑗 ≠  𝑙;

1

𝑡2
𝑙𝑜𝑔 𝑡 , 𝑖 = 3, 1 ≤  𝑗 = 𝑙 ≤ 2.

                 (2.13) 

|𝐸𝑡
𝑖| = 𝑂 (

1

𝑡2
) , 𝑖 = 1,2,3.                                    (2.14) 

We conclude from (2.12), (2.13) that 

{
𝐵𝑡
(𝑖) = 𝑐1𝑎𝑖

1

𝑡
+ 𝑂 (

1

𝑡2
) , 𝑖 = 1,2,

𝐵𝑡
(3) = 𝑐2(𝑏11 + 𝑏22)

1

𝑡2
𝑙𝑜𝑔 𝑡 + 𝑂 (

1

𝑡2
)

                      (2.15) 

With 𝑐1 > 0, 𝑐2 > 0 dimensional constants. 

 

By using Proposition 2.2, Cauchy-Schwarz and the Aubin’s inequality, we see that 

|𝐶𝑡
(𝑖)| ≤

{
 
 

 
 
𝐶
(𝑙𝑜𝑔 𝑡)

1
2

𝑡
3
2

, α = 1,

𝐶
(𝑙𝑜𝑔 𝑡)

1
2

𝑡2
, α = 2.

                         (2.16) 
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Then (2.9), (2.10) are direct consequences of (2.15), (2.16). We have thus finished the 

proof of our Proposition 2.3. 

Finally, combining (2.1)-(2.8), Proposition 2.3, we obtain the following asymptotic 

expansion of the map G(P, t). 

 

Proposition 2.5 Suppose the K satisfies (nd), we have 

𝐺(𝑃, 𝑡) =
1

𝑡
(∇𝕊2𝐾 + 𝑐(𝑡)Δ𝕊2𝐾𝑥⃗) + 𝑂(β(𝑡))                        (2.17) 

where 𝑐(𝑡) =
𝑙𝑜𝑔 𝑡

𝑡
 and 

β(𝑡) =

{
 
 

 
 (𝑙𝑜𝑔 𝑡)

1
2

𝑡
3
2

, 𝑖𝑓 ∇𝐾(𝑃) ≠ 0,

(𝑙𝑜𝑔 𝑡)
1
2

𝑡2
, 𝑖𝑓 ∇𝐾(𝑃) = 0

 

when 𝑡 → ∞.  

 The following corollary is a simple consequence of the above proposition. 

Corollary 2.6 

𝑑𝑒𝑔(𝐺(𝑃, 𝑡), 𝐵, 0) = 𝑑𝑒𝑔(𝐺̂(𝑃, 𝑡), 𝐵, 0)    𝑓𝑜𝑟 𝑙𝑎𝑟𝑔𝑒 𝑡 

where 

𝐺̂(𝑥⃗, 𝑡) ≡ ∇𝕊2K(x⃗⃗) + c(t)Δ𝕊2Kx⃗⃗.                             (2.18) 

 

3.  MULTIPLICITY RESULTS 

In this section, we are ready to present our multiplicity results. We consider the 

following form of scalar curvature function: 

𝐾(𝑥⃗) = 𝐾0 + 𝑌(𝑥⃗)(3.1) 

where 𝐾0 is a positive constant and Y is a homogeneous harmonic polynomial. We shall 

construct explicit Y and calculate the corresponding deg(G, B, 0) and show that |deg(G, 

B, 0)| > 1. We have observed in Corollary 2.6 that it suffices to calculate deg(G, B, 0) 

for large t. The following proposition will further simplify the calculation when K 

assume the form described in (3.1). 
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Proposition 3.1 If K = 𝐾0 + Y, where 𝐾0 is a constant and Y polynomial of degree k, if 

K satisfies the condition (nd), then 

𝑑𝑒𝑔(𝐺̂, 𝐵, 0) = 𝑖𝑛𝑑𝑒𝑥(∇𝑌, 0).                    (3.2) 

 

 

Proof  In the proof, we use ∇𝕊2  to denote the gradient on 𝕊2and ∇  to denote the 

gradient on ℝ3. Since Y is a degree k harmonic polynomial, Y is well defined on ℝ3, 

thus we can extend 𝐺̂ to the whole of ℝ3. Also, for 𝑥⃗ = (𝑥, 𝑦, 𝑧) in ℝ3 we write 𝑟 =

|𝑥⃗| = √𝑥2 + 𝑦2 + 𝑧2 and 𝑤⃗⃗⃗ =
1

𝑟
𝑥⃗. 

We have 

𝐺̂(𝑥⃗, 𝑡) ≡ ∇𝕊2𝐾(𝑥⃗) + 𝑐(𝑡)Δ𝕊2𝐾𝑥⃗ 

= ∇𝕊2𝑌(𝑥⃗) + 𝑐(𝑡)Δ𝕊2𝑌𝑥⃗                             (3.3) 

= ∇𝑌(𝑥⃗) − (∇𝑌 ⋅ 𝑥⃗)𝑥⃗ − 𝑐(𝑡)𝑘(𝑘 + 𝑡)𝑌𝑥⃗. 

 

For simplicity, write 𝐺̂(𝑥⃗)  for 𝐺̂(𝑥⃗, 𝑡) . Let 𝑥0⃗⃗⃗⃗⃗ = 𝑟0ω0⃗⃗⃗⃗⃗⃗ , ω0⃗⃗⃗⃗⃗⃗ ∈ 𝕊
2  be a solution of 

𝐺̂(𝑥⃗) = 0. 

Let 𝑣⃗ be such that 𝑣⃗ ⋅ 𝑥0⃗⃗⃗⃗⃗ = 0. We have 

0 = 𝑣⃗ ⋅ 𝐺̂(𝑥0⃗⃗⃗⃗⃗) = ∇𝕊2𝐾 ⋅ 𝑣⃗ = 𝑟0
𝑘−1∇𝕊2𝑌(ω0⃗⃗⃗⃗⃗⃗ ) ⋅ 𝑣⃗. 

Thus we conclude that at a zero 𝑟0𝜔0⃗⃗⃗⃗⃗⃗  of 𝐺̂ 

∇𝕊2𝑌(𝜔0⃗⃗⃗⃗⃗⃗ ) = 0. 

We have also from the condition (nd) that 

∇𝕊2𝑌(𝜔0⃗⃗⃗⃗⃗⃗ ) = −𝑘(𝑘 + 1)𝑌(ω0⃗⃗⃗⃗⃗⃗ ) ≠ 0. 

Now, 𝐺̂(𝑥0⃗⃗⃗⃗⃗) ⋅ ω0⃗⃗⃗⃗⃗⃗ = 0 implies that 

𝑟0 = [
1

1 + (𝑘 + 1)𝑐(𝑡)
]

1
2
< 1 

as c(t) and k are positive. i.e., such zero is inside B. Hence, we obtain 

𝑑𝑒𝑔(𝐺̂, 𝐵, 0) = 𝑑𝑒𝑔(𝐺̂, 𝕊2, 0) 

= ∑ index(zero of 𝐺̂)

inside 𝕊2
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= index(𝐺̂, 0) 

+ ∑ index(𝐺̂, 𝑟0ω0⃗⃗⃗⃗⃗⃗ )

0<𝑟0<1,   ω0⃗⃗⃗⃗⃗⃗⃗∈Ω+

 

+ ∑ index(𝐺̂, 𝑟0𝜔0⃗⃗⃗⃗⃗⃗ )

0<𝑟0<1,   𝜔0⃗⃗ ⃗⃗ ⃗⃗ ∈Ω−

 

where 

𝕊2\{𝜔⃗⃗⃗|𝑌(𝜔⃗⃗⃗) = 0} = Ω+ ∪ Ω−, 

with Ω+ = {𝜔⃗⃗⃗ | 𝑌(𝜔⃗⃗⃗) > 0} and Ω− = {𝜔⃗⃗⃗ | 𝑌(𝜔⃗⃗⃗) < 0}. 

 Moreover, since 

𝐺̂(𝑟ω⃗⃗⃗) = 𝑟𝑘−1[∇𝕊2𝑌(𝜔⃗⃗⃗) − 𝑐(𝑡)𝑘(𝑘 + 1)𝑟
2𝑌(𝜔⃗⃗⃗)𝜔⃗⃗⃗]. 

At a zero 𝑥0⃗⃗⃗⃗⃗ = 𝑟0𝜔0⃗⃗⃗⃗⃗⃗ , we have 

𝐺̂(𝑟0ω0⃗⃗⃗⃗⃗⃗ ) ⋅ ω0⃗⃗⃗⃗⃗⃗ = −𝑘(𝑘 + 1)𝑐(𝑡)𝑟0
𝑘+1𝑌(𝜔0⃗⃗⃗⃗⃗⃗ ) 

and  

∂𝐺̂

∂𝑟
|
𝑟0ω0⃗⃗⃗⃗⃗⃗⃗

⋅ ω0⃗⃗⃗⃗⃗⃗ = −𝑘(𝑘 + 1)
2𝑟0

𝑘𝑌(ω0⃗⃗⃗⃗⃗⃗ ), 

 

we have at 𝑥0⃗⃗⃗⃗⃗ = 𝑟0𝜔0⃗⃗⃗⃗⃗⃗ , the Jocobian of 𝐺̂ can be written in form of 

|(
−α𝑌(ω0⃗⃗⃗⃗⃗⃗ ) 0 . . . 0

𝑋 𝑋 . . . 𝑋
𝑋 𝑋 . . . 𝑋

)| 

where α is a positive constant, therefore, we have 

index(𝐺, 𝑟0ω0⃗⃗⃗⃗⃗⃗ ) = −sign𝑌(ω0⃗⃗⃗⃗⃗⃗ )index(∇𝕊2𝑌,ω0⃗⃗⃗⃗⃗⃗ ). 

Observe that on ∂Ω+  (resp. ∂Ω− ) the boundary of Ω+  (resp. Ω− ), ∇𝕊2𝑌  will never 

vanish and keep pointing outward (resp. inward). Thus, we conclude that 

∑ index(𝐺̂, 𝑟0ω0⃗⃗⃗⃗⃗⃗ )

0<𝑟0<1,   ω0⃗⃗⃗⃗⃗⃗⃗∈Ω+

+ ∑ index(𝐺̂, 𝑟0𝜔0⃗⃗⃗⃗⃗⃗ )

0<𝑟0<1,   𝜔0⃗⃗ ⃗⃗ ⃗⃗ ∈Ω−

 

= ∑ index

ω0⃗⃗⃗⃗⃗⃗⃗∈Ω+

(∇𝕊2𝑌,ω0⃗⃗⃗⃗⃗⃗ ) + ∑ index

ω0⃗⃗⃗⃗⃗⃗⃗∈Ω−

(∇𝕊2𝑌,ω0⃗⃗⃗⃗⃗⃗ ) 

= −no of components of Ω+ + no of components of Ω− 

= 0. 
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Thus, (3.4) can be written as 

𝑑𝑒𝑔(𝐺̂, 𝐵, 0) = index(𝐺̂, 0)                               (3.5) 

= index(∇𝕊2𝑌, 0). 

This completes the proof of the proposition. 

 

Construction I 

Consider the following degree 4 homogeneous harmonic polynomial:  

𝑌1(𝑥⃗) = 𝑎(𝑥
4 − 6𝑥2𝑦2 + 𝑦4) + 𝑏(𝑦4 − 6𝑦2𝑧2 + 𝑧4)                      (3.6) 

where 𝑥⃗ = (x, y, z) with a and b two non-zero numbers. Denote by 𝐾1 the corresponding 

curvature defined by (3.1) 

Proposition 3.2 There exists choice of (a, b)∈ ℝ2 such that 𝐾1 satisfies (nd) 

Proof Since 

∇𝐾1 = ∇𝑌1 = (

4𝑎𝑥(𝑥2 − 3𝑦2)

4𝑦[𝑎(𝑦2 − 3𝑥2) + 𝑏(𝑦2 − 3𝑧2)]

4𝑏𝑧(𝑧2 − 3𝑦2)

) 

and 

Δ𝕊2𝐾1 = Δ𝕊2𝑌1 = −20𝑌1. 

For (a, b) ∈ ℝ2, we define the following subsets in ℝ2: 

𝑙1 ≔ {(𝑎, 𝑏) | 𝑎 =  0}, 𝑙2 ≔ {(𝑎, 𝑏) | 8𝑎 −  𝑏 =  0},

𝑙3 ≔ {(𝑎, 𝑏) | 𝑎 −  8𝑏 =  0}, 

𝑙4 ≔ {(𝑎, 𝑏)|𝑏 = 0}, l5 ≔ {(𝑎, 𝑏)|𝑎 + 𝑏 = 0}, 

and 

𝒞1 ≔ ℝ2\⋃ 𝑙𝑖
5

𝑖=1
. 

 

A straight forward calculation shows that 𝐾1 satisfies (nd) on 𝒞1. 

 

Calculation of Degree 

By Proposition 3.1, and homotopy invariance of index, our goal will be to calculate the 

corresponding index of (∇𝑌1(𝑥⃗, 𝑡), 𝐵, 0ε) , where 0ε is the vector (0, ε, 0), ε → 0 and 
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show that there exists choice of a and b such that the absolute value of the index of 𝑌1 

is greater than 1. Our result for the multiplicity will thus follow from Proposition 3.1, 

Proposition 3.2, Corollary 2.6 and Theorem 2.1. We split the calculation of such index 

into the following steps: 

 

Step 1.  We extend the 𝑌1  in ℝ3  and solve the equation ∇𝑌1 = 0ε . By the 

homotopy invariance property of index, it suffices to consider the following equations: 

∇𝑌1 = (

4𝑎𝑥(𝑥2 − 3𝑦2)

4𝑦[𝑎(𝑦2 − 3𝑥2) + 𝑏(𝑦2 − 3𝑧2)]

4𝑏𝑧(𝑧2 − 3𝑦2)

) = (
0
ε
0
). 

 Thus, we get 

{

4𝑎𝑥(𝑥2 − 3𝑦2) = 0,

4𝑦[𝑎(𝑦2 − 3𝑥2) + 𝑏(𝑦2 − 3𝑧2)] = ε,

4𝑏𝑧(𝑧2 − 3𝑦2) = 0.

 

 Case 1. 𝑥 = 𝑧 = 0. 

 We have 

4𝑦(𝑎𝑦2 + 𝑏𝑦2) = ε   or   𝑦 = [
ε

4(𝑎 + 𝑏)
]

1
3
. 

 Thus (0, [
ε

4(𝑎+𝑏)
]

1

3
, 0) is a root. 

Case 2. x ≠ 0 and 𝑧 = 0. 

We have 

𝑥2 = 3𝑦2 ⇒ 𝑥 = ±√3𝑦, 

and 

4𝑦[𝑎(𝑦2 − 3𝑥2) + 𝑏𝑦2] = ε ⇒ 𝑦 = [
ε

4(𝑏 − 8𝑎)
]

1
3
. 

Thus 

(±√3 [
ε

4(𝑏 − 8𝑎)
]

1
3
, [

ε

4(𝑏 − 8𝑎)
]

1
3
, 0) 

are the two roots. 

Case 3. x = 0 and z ≠ 0. 
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We have  

𝑧2 = 3𝑦2 ⇒ 𝑧 = ±√3𝑦, 

and 

4𝑦[𝑎𝑦2 + 𝑏(𝑦2 − 3𝑧2)] = ε ⇒ 𝑦 = [
ε

4(𝑎 − 8𝑏)
]

1
3
. 

Thus 

(0, [
ε

4(𝑎 − 8𝑏)
]

1
3
, ±√3 [

ε

4(𝑎 − 8𝑏)
]

1
3
) 

 

are the two roots. 

Case 4. x ≠ 0 and z ≠ 0. 

We have 𝑥2 = 3𝑦2, 𝑧2 = 3𝑦2 and  

4𝑦[𝑎(𝑦2 − 3𝑥2) + 𝑏(𝑦2 − 3𝑧2)] = ε ⇒ 𝑦 = − [
ε

32(𝑎 + 𝑏)
]

1
3
. 

Thus 

(±√3 [
𝜀

32(𝑎 + 𝑏)
]

1
3
, [

𝜀

32(𝑎 + 𝑏)
]

1
3
, ±√3 [

𝜀

32(𝑎 + 𝑏)
]

1
3
 ) 

are the four roots. 

Step 2. We calculate 𝐽(∇𝑌1), the Jacobian of ∇𝑌1. If ∇𝑌1 = (𝐻1, 𝐻2, 𝐻3), we have 

  

𝐽(∇𝑌1) 

=|
|

𝜕𝐻1

𝜕𝑥

𝜕𝐻2

𝜕𝑥

𝜕𝐻3

𝜕𝑥
𝜕𝐻1

𝜕𝑦

𝜕𝐻2

𝜕𝑦

𝜕𝐻3

𝜕𝑦

𝜕𝐻1

𝜕𝑧

𝜕𝐻2

𝜕𝑧

𝜕𝐻3

𝜕𝑧

|
| 

 =|

𝑎(12)(𝑥2 − 𝑦2) −24𝑎𝑥𝑦 0

−24𝑎𝑥𝑦 12[𝑎(𝑦2 − 𝑥2) + 𝑏(𝑦2 − 𝑧2)] −24𝑏𝑦𝑧

0 −24𝑏𝑦𝑧 12𝑏(𝑧2 − 𝑦2)

| 

 =(12)3𝑎𝑏{[(𝑥2 − 𝑦2)(𝑧2 − 𝑦2)][𝑎(𝑦2 − 𝑧2)] − 4𝑏(𝑥2 − 𝑦2)𝑦2𝑧2 − 4𝑎(𝑧2 − 𝑦2)𝑥2𝑦2}. 
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We obtain sign(𝐽(∇𝑌1)), the sign of 𝐽(∇𝑌1). 

 

sign(𝐽(∇𝑌1)) =

{
 

 
sign[𝑎2𝑏(𝑎 + 𝑏)], when 𝑥 = 𝑧 = 0(with 1 root);

sign[𝑎𝑏(8𝑏 − 𝑎)], when 𝑥 = 0, 𝑧 ≠ 0(with 2 roots);

sign[𝑎𝑏(8𝑎 − 𝑏)], when 𝑥 ≠ 0, 𝑧 = 0(with 2 roots);

−sign[𝑎𝑏(𝑎 + 𝑏)], when 𝑥 ≠ 0, 𝑧 ≠ 0(with 4 roots);

 

 

Observe that 𝒞1 has 10 connected components. We obtain by routine calculations that 

the index of ∇𝑌1 in these 10 diff erent regions are given by:  

 

 Region Characterization  Index(∇𝑌1)  

 I {a > 0} ∩ {8a − b < 0}   -3  

 II {8a − b > 0} ∩ {a − 8b < 0}   +1  

 III {a − 8b > 0} ∩ {b > 0}   -3  

 IV {b < 0} ∩ {a + b > 0}   +3  

 V {a + b < 0} ∩ {a > 0}   -3  

 VI {a < 0} ∩ {8a − b > 0}   +3  

 VII {8a − b < 0} ∩ {a − 8b < 0}   -1  

 VIII {a − 8b < 0} ∩ {b < 0}   +3  

 IX {b > 0} ∩ {a + b < 0}   -3  

 X {a + b > 0} ∩ {a < 0}   +3  
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Figure 1, the connected components of 𝒞1 
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Thus it follows from Theorem 2.1, Corollary 2.6 and Proposition 3.1 that we obtain the 

first theorem on the multiplicity of solutions: 

  

 Theorem A Let (𝑎, 𝑏) ∈ ℝ2 and 

𝐾1(𝑥⃗) = 𝐾0 + 𝑎(𝑥
4 − 6𝑥𝑦

2
+ 𝑦4) + 𝑏(𝑦4 − 6𝑦2𝑧2 + 𝑧4) 

where 𝑥⃗ = (𝑥, 𝑦, 𝑧) ∈ 𝕊2. Then the corresponding deg(G,B,0) is given by the following 

table for various a and b that 𝐾1 satisfies (nd) : 

     

 Region Characterization deg(G, B, 0)  

     

 I {a > 0} ∩ {8a − b < 0} -3  

 II {8a − b > 0} ∩ {a − 8b < 0} +1  

 III {a − 8b > 0} ∩ {b > 0} -3  

 IV {b < 0} ∩ {a + b > 0} +3  

 

V {a + b < 0} ∩ {a > 0} -3 

. 

  

 VI {a < 0} ∩ {8a − b > 0} +3  

 VII {8a − b < 0} ∩ {a − 8b < 0} -1  

 VIII {a − 8b < 0} ∩ {b < 0} +3  

 IX {b > 0} ∩ {a + b < 0} -3  

 X {a + b > 0} ∩ {a < 0} +3  

 

Here a and b are chosen to be sufficiently small so that 𝐾1 > 0. 
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Construction II 

We consider the K in form of (3.1) with Y equals to the following combination of degree 

6 homogeneous harmonic polynomials: 

 

𝑌2(𝑥⃗) = 𝑐(𝑥6 − 15𝑥4𝑦2 + 15𝑥2𝑦4 − 𝑦6)

+ 𝑑(𝑧6 − 15𝑧4𝑦2 + 15𝑧2𝑦4 − 𝑦6)           (3.7) 

 

where c and d are two non-zero numbers. 

 

Proposition 3.3 There exists some c and d such that 𝐾2 satisfies (nd) 

Proof  Since 

∇𝐾2 = ∇𝑌2 = (

𝑐(6𝑥5 − 60𝑥3𝑦2 + 30𝑥𝑦4)

𝑐(−30𝑥4𝑦 + 60𝑥2𝑦3 − 6𝑦5) + 𝑑(−30𝑧4𝑦 + 60𝑧2𝑦3 − 6𝑦5)

𝑑(6𝑧5 − 60𝑧3𝑦2 + 30𝑧𝑦4)

) 

and 

Δ𝕊2𝐾2 = Δ𝕊2𝑌2 = −42𝑌2. 

For (c, d) ∈ ℝ2, let μ1 = (5 + 2√5)
2
− 1 and μ2 = (5 − 2√5)

2
− 1. We define the 

following subsets in ℝ2: 

𝑙1̅ ≔ {(𝑐, 𝑑)| 𝑐 = 0}, 𝑙2̅ ≔ {(𝑐, 𝑑)|  μ1𝑐 + μ2 𝑑 = 0}, 𝑙3̅ ≔ {(𝑐, 𝑑)| 4μ2 𝑐 + 𝑑 = 0}, 

𝑙4̅ ≔ {(𝑐, 𝑑)| 𝑐 + 4μ2𝑑 = 0}, 𝑙5̅ ≔ {(𝑐, 𝑑)| μ2𝑐 + μ1𝑑 = 0}, 𝑙6̅ ≔ {(𝑐, 𝑑)| 𝑑 = 0}, 

𝑙7̅ ≔ {(𝑐, 𝑑)| 𝑐 + 4μ1𝑑 = 0}, 𝑙8̅ ≔ {(𝑐, 𝑑)| 𝑐 + 𝑑 = 0},

𝑙9̅ ≔ {(𝑐, 𝑑)| 4μ2𝑐 + 𝑑 = 0}, 

and 

𝒞2 ≔ ℝ2\⋃ 𝑙𝑖̅
9

𝑖=1
. 

A straight forward calculation shows that 𝐾2 satisfies (nd) on 𝒞2. 
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Calculation of Degree 

Step 1.  As before, we extend the 𝑌2 in ℝ3 and solve the following equations: 

∇𝑌2 = (

𝑐(6𝑥5 − 60𝑥3𝑦2 + 30𝑥𝑦4)

𝑐(−30𝑥4𝑦 + 60𝑥2𝑦3 − 6𝑦5) + 𝑑(−30𝑧4𝑦 + 60𝑧2𝑦3 − 6𝑦5)

𝑑(6𝑧5 − 60𝑧3𝑦2 + 30𝑧𝑦4)

) = (
0
ε
0
). 

  

Thus, we get 

{

6𝑥(𝑥4 − 10𝑥2𝑦2 + 5𝑦4) = 0,

−6𝑦[𝑐(5𝑥4 − 10𝑥2𝑦2 + 𝑦4) + 𝑑(5𝑧4 − 10𝑧2𝑦2 + 𝑦4)] = ε,

6𝑧(𝑧4 − 10𝑧2𝑦2 + 5𝑦4) = 0.

 

 Case 1. 𝑥 = 𝑧 = 0. 

 We have 

−6(𝑐 + 𝑑)𝑦5 = ε  or  𝑦 = − [
ε

6(𝑐 + 𝑑)
]

1
5
. 

 Thus (0,− [
ε

6(𝑐+𝑑)
]

1

5
, 0) is a root. 

 

Case 2. x ≠ 0 and 𝑧 = 0. 

We have 

𝑥4 − 10𝑥2𝑦2 + 5𝑦4 = 0 ⇒ 𝑥2 = (5 ± 2√5)𝑦2. 

 

Also, 

−6𝑦[𝑐(5𝑥4 − 10𝑥2𝑦2 + 𝑦4) + 𝑑(5𝑧4 − 10𝑧2𝑦2 + 𝑦4)] = ε 

⇒ −6𝑦[𝑐(5𝑥2(𝑥2 − 2𝑦2) + 𝑦4) + 𝑑𝑦4] = ε 

⇒ −6𝑦{𝑐[5(5 ± 2√𝑑)𝑦2(3 ± 2√5)𝑦2 + 𝑦4] + 𝑑𝑦4} = ε 

⇒ 𝑦5 =
−ε

6{[5(5 ± 2√5)(3 ± 2√5) + 1]𝑐 + 𝑑}
. 
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Thus, we find 

𝑦1 = (
ε

6[(5(35 + 16√5) + 1)𝑐 + 𝑑]
)

1
5

, 

𝑦2 = (
ε

6[(5(35 − 16√5) + 1)𝑐 + 𝑑]
)

1
5

. 

 

Therefore, the four roots are ((5 + 2√5)
1/2
𝑦1, 𝑦1,0) , (−(5 − 2√5)

1/2
𝑦1, 𝑦1,0), 

((5 + 2√5)
1/2
𝑦2, 𝑦2,0) and (−(5 − 2√5)

1/2
𝑦2, 𝑦2,0). 

 

Case 3. x = 0 and z ≠ 0. 

We have  

𝑧4 − 10𝑧2𝑦2 + 5𝑦4 = 0 ⇒ 𝑧2 = (5 ± 2√5)𝑦2. 

 

Follow a similar calculation as in the above case, we obtain: 

𝑦5 =
−ε

6{𝑐 + [5(5 ± 2√5)(3 ± 2√5) + 1]𝑑}
. 

 

Thus, we find the four roots are (0, 𝑦3, (5 + 2√5)
1/2
𝑦3) , (0, 𝑦3, −(5 − 2√5)

1/2
𝑦3), 

(0, 𝑦4, (5 + 2√5)
1/2
𝑦4) and (0, 𝑦4, −(5 − 2√5)

1/2
𝑦4) where 

𝑦3 = (
ε

6[𝑐 + (5(35 + 16√5) + 1)𝑑]
)

1
5

, 

𝑦4 = (
ε

6[𝑐 + (5(35 − 16√5) + 1)𝑑]
)

1
5

. 
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Case 4. x ≠ 0 and z ≠ 0. 

We have 𝑥2 = (5 ± 2√5)𝑦2, 𝑧2 = (5 ± 2√5)𝑦2. A routine calculation gives 16 roots: 

((5 + 2√5)
1/2
𝑦𝑖, 𝑦𝑖, (5 + 2√5)

1/2
𝑦𝑖), 

((5 + 2√5)
1/2
𝑦𝑖, 𝑦𝑖 , −(5 − 2√5)

1/2
𝑦𝑖), 

(−(5 − 2√5)
1/2
𝑦𝑖, 𝑦𝑖, (5 + 2√5)

1/2
𝑦𝑖), 

(−(5 − 2√5)
1/2
𝑦𝑖, 𝑦𝑖, −(5 − 2√5)

1/2
𝑦𝑖), 

𝑖 ∈ {5,6,7,8} where 

𝑦𝑖 = (
−ε

6[5(5 + ρ𝑖2√5)(3 + ρ𝑖2√5) + 1]𝑐 + 6[5(5 + 𝜌̃𝑖2√5)(3 + 𝜌̃𝑖2√5) + 1]𝑑
)

1
5

 

with 

ρ𝑖 = {
+1, 𝑖 = 5, 6
−1, 𝑖 = 7, 8

   and   𝜌̃𝑖 = {
+1, 𝑖 = 5, 7
−1, 𝑖 = 6, 8.

 

 

Step 2. We calculate 𝐽(∇𝑌2), the Jacobian of ∇𝑌2 and obtain 

 

𝐽(∇𝑌2) 

= 

|

30𝑐(𝑥4 − 6𝑥2𝑦2 + 𝑦4) 120𝑐𝑥𝑦(𝑦2 − 𝑥2) 0

120𝑐𝑥𝑦(𝑦2 − 𝑥2) −30[𝑐(𝑥4 − 6𝑥2𝑦2 + 𝑦4) + 𝑏(𝑧4 − 6𝑧2𝑦2 + 𝑦4)] 120𝑑𝑥𝑦(𝑦2 − 𝑧2)

0 120𝑑𝑥𝑦(𝑦2 − 𝑧2) 30𝑑(𝑧4 − 6𝑧2𝑦2 + 𝑦4)

|

. 

 

We obtain sign(𝐽(∇𝑌2)) corresponding to the above four cases: 

 

sign(𝐽(∇𝑌1)) 

=

{
  
 

  
 

sign(−(30)3y12(c + d)cd), 𝑥 = 𝑧 = 0(with 1 root);

sign (−4(30)3(5 ± 2√5)y12cd [c + 4 ((5 ± 2√5)
2
− 1)d]) , 𝑥 = 0, 𝑧 ≠ 0(with 4 roots);

sign (−4(30)3(5 ± 2√5)y12cd [4 ((5 ± 2√5)
2
− 1)𝑐 + d]) , 𝑥 ≠ 0, 𝑧 = 0(with 4 roots);

sign (−(120)3y12(5 ± 2√5)
2
cd{c [(5 ± 2√5)

2
− 1] + d [(5 ± 2√5)

2
− 1]}) , 𝑥 ≠ 0, 𝑧 ≠ 0(with 16 roots).
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Observe that 𝒞2 has 18 connected components. We obtain by routine calculations that 

the index of ∇𝑌2 in these 18 diff erent regions are given by: 

 

 Region Characterization index(∇𝑌2) 

 I {c > 0} ∩ {μ1c + μ2d < 0} +5 

 II {μ1c + μ2d > 0} ∩ {4μ2c + d < 0} -13 

 III {4μ2c + d > 0} ∩ {c + 4μ2d > 0} -9 

 IV {c + 4μ2d < 0} ∩ {μ2c + μ1d > 0} -13 

 V {μ2c + μ1d < 0} ∩ {d > 0} -5 

 VI {d < 0} ∩ {c + 4μ2d > 0} +5 

 VII {c + 4μ2d < 0} ∩ {c + d > 0} +1 

 VIII {c + d < 0} ∩ {4μ1c + d > 0} -1 

 IX {4μ1c + d < 0} ∩ {c > 0} -5 

 X {c < 0} ∩ {μ1c + µ2d > 0} +5 

 XI {μ1c + μ2d < 0} ∩ {4μ2c + d > 0} +13 

 XII {4μ2c + d < 0} ∩ {c + 4μ2d < 0} +9 

 XIII {c + 4μ2d > 0} ∩ {μ2c + μ1d < 0} +13 

 XIV {μ2c + μ1d > 0} ∩ {d < 0} +5 

 XV {d > 0} ∩ {c + 4μ1d > 0} -5 

 XVI {c + 4μ1d < 0} ∩ {c + d < 0} -1 

 XVII {c + d > 0} ∩ {4μ1c + d < 0} +1 

 XVIII {4μ1c + d > 0} ∩ {c < 0} +5 
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Figure 2, the connected components of 𝒞2 

 

Now, it follows from Theorem 2.1, Corollary 2.6 and Proposition 3.1 again that we 

obtain the second theorem on the multiplicity of the solutions: 

 

Theorem B Let (𝑐, 𝑑) ∈ ℝ2 and 

𝐾2(𝑥⃗) = 𝐾0 + 𝑐(𝑥
6 − 15𝑥4𝑦2 + 15𝑥2𝑦4 − 𝑦6) + 𝑑(𝑧6 − 15𝑧4𝑦2 + 15𝑧2𝑦4 − 𝑦6) 

where 𝑥⃗ = (𝑥, 𝑦, 𝑧) . Let μ1 = (5 + 2√5)
2
− 1  and μ2 = (5 − 2√5)

2
− 1 . Then the 
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corresponding deg(G, B, 0) is given by the following table for various c and d that 𝐾2 

satisfies (nd): 

               

 Region      Characterization       deg(G, B, 0) 

                 

  I      {c > 0} ∩ {μ1c + μ2d < 0}        +5 

 II {μ1c + μ2d > 0} ∩ {4μ2c + d < 0}      -13 

 III   {4μ2c + d > 0} ∩ {c + 4μ2d > 0}        -9 

 IV {c + 4μ2d < 0} ∩ {μ2c + μ1d > 0}      -13 

 V      {μ2c + μ1d < 0} ∩ {d > 0}         -5 

 VI     {d < 0} ∩ {c + 4μ2d > 0}        +5 

 VII    {c + 4μ2d < 0} ∩ {c + d > 0}       +1 

 VIII    {c + d < 0} ∩ {4μ1c + d > 0}        -1 

 IX     {4μ1c + d < 0} ∩ {c > 0}         -5 

 X      {c < 0} ∩ {μ1c + μ2d > 0}        +5 

 XI {μ1c + μ2d < 0} ∩ {4μ2c + d > 0}      +13 

 XII {4μ2c + d < 0} ∩ {c + 4μ2d < 0}       +9 

 XIII {c + 4μ2d > 0} ∩ {μ2c + μ1d < 0}      +13 

 XIV     {μ2c + μ1d > 0} ∩ {d < 0}        +5 

 XV     {d > 0} ∩ {c + 4μ1d > 0}         -5 

 XVI    {c + 4μ1d < 0} ∩ {c + d < 0}        -1 

 XVII    {c + d > 0} ∩ {4μ1c + d < 0}       +1 

 XVIII     {4μ1c + d > 0} ∩ {c < 0}        +5 

 

Here c and d are chosen to be sufficiently small so that 𝐾2 > 0. 
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