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Abstract
In this paper, an alternative way of proving the quasi-normed linear space is pro-
vided through binomial inequalities. The new quasi-boundedness constant K =
(α + β)

1
n ≥ 1, provides various ways for selecting values of quasi-boundedness

constant for a quasi-normed linear space. Notwithstanding, the establishment of
a subspace, quasi-product normed linear space, of the quasi-normed linear space
was observed. Also, we have showed that the quasi-normed linear space admits
quasi-Banach dilation mapping which is a Lipschitzian mapping.
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1. Introduction

Over the years, the notion of norm has been given serious attention in this contemporary
world. Norm is very useful in mathematical analysis since it provides vital information
about structures of the geometrical figures such as areas, perimeters and volumes. Norm
is used to establish functional spaces, as well as inequalities that are admissible in these
spaces.

Definition 1.1. Let X be a linear space over R. A norm on X is a real-valued function

‖ · ‖ : X → [0, ∞)

such that for any x1, x2 ∈ X and α ∈ R, the following axioms are met:

‖x‖ ≥ 0, and ‖x‖ = 0, iff x = 0

‖αx‖ = |α|‖x‖, ∀ x ∈ X and α ∈ R
‖x1 ± x2‖ ≤ ‖x1‖ + ‖x2‖, ∀ x1, x2 ∈ X.

See [1].

1Corresponding Author.
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The definition of the norm is not yet completely satisfactory as in many fields of study,
the norm enables the researcher to search for a solution of a functional equation in an
appropriate functional space. For example, a first-order linear differential equation with
the modulus of independent variable x as the nonhomogeneous term defined on R may
not have a solution in Hilbert space. Due to the continuity condition of the continuously
differentiability of |x| on R, one has to restrict the solution of such problem to Sobolev
spaces. Thus, the use of norm in Sobolev embedding theorems helps to establish the
continuity condition of continuously differentiability of |x| so as to have a solution of
the equation in these functional spaces.

It is worth mentioning that, there are different ways of finding a norm, as well as
different kinds of norms. Different kinds of norms are used to uncover the relationships
among functions and more importantly, deepen the understanding of these relationships
among the functions. In [2], the authors introduced the product-normed linear space
and obtained its functional properties such as completeness, continuity of operators and
admissible fixed point theorem in this linear space. The author in [3] observed that the
quasi-normed linear space is endowed with both completeness and bicompleteness prop-
erties. TheArens-Eells p-space was used to construct the separable quasi-Banach spaces,
see the authors in [4]. In [5], the authors established some findings on finite dimensional
generating spaces of the quasi-normed linear space. The interpolation functors was used
to construct the embedding theorems of the quasi-Banach spaces by the author in [6].

Interestingly, the subfunctional properties of the quasi-normed linear space has been
uncovered. The author in [7] showed the existence of infinite dimensional subspaces
of quasi-Banach space. In [8], author applied the quasi-Banach space endowed with
the p-norms for the construction of the stable quartic functional equation. Dislocated
quasi-normed linear spaces have been observed. For example, see [9].

It should be mentioned however that, although there are different ways of proving the
quasi-normed linear space, none of these methods provides the general way of proving
this linear space. In this paper, an alternative way of proving the quasi-normed linear
space is proved, which provides the various ways for selecting the quasi-boundedness
constant. The section one contains the introduction, the main findings are also provided
in sention two of this paper. In the last section, we summarize the findings.

2. Main Result

In this section, we provide an alternative way for proving the quasi-normed linear space.

Definition 2.1. [Inner product space] Let X be a linear space. An inner product on
X is a function that assigns to each ordered pair of vectors x, y ∈ X a real number α
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satisfying the following axioms:

(i) (x, y) ≥ 0 and (x, x) = 0 if and only if x = 0

(ii) (x, y) = (y, x), ∀ x, y ∈ X

(iii) (x + y, z) = (x, z) + (y, z), ∀ x, y, z ∈ X

(iv) (αx, y) = α(x, y), x, y ∈ X and α is a scalar.

See [10].

Definition 2.2. Let (X, ‖ · ‖q) be a quasi-normed linear space, and let {Xn}∞1 be a
sequence of points in X. A point x ∈ X is said to be the limit of the sequence {Xn}∞n=1,
if lim

n→∞ Xn = 0, and we say that the sequence is quasi-norm convergent to x or sequence

quasi-normed converges to x. See [11].

The finding on the construction of quasi-normed linear space is provided in theorem
2.3 below.

Theorem 2.3. [quasi-normed Linear Space] Let X be a linear space over R. A linear
space with a quasi-norm x → ‖x‖ satisfying real-valued function ‖ · ‖,

‖ · ‖q : X → [0, ∞),

such that for arbitrary x, y ∈ X the following axioms are satisfied:

P1. ‖x‖ ≥ 0, and ‖x‖ = 0, if and only if x = 0

P2. ‖αx‖ = |α|‖x‖, ∀x ∈ X and α ∈ R
P3. ‖x + y‖q ≤ K

(‖x‖ + ‖y‖), ∀x, y ∈ X,

where, K = (α + β)
1
n ≥ 1, is called a quasi-boundedness constant.

Proof. To prove axiom P 1, we set x = 0, then

‖x‖2
q = 〈0, 0〉

⇒ ‖x‖2
q = 0

⇒ ‖x‖q = 0.

On the other hand, if ‖x‖q = 0, then

‖x‖2
q = 〈x, x〉

⇒ 0 = 〈x, x〉.
⇒ x = 0.

Hence, ‖x‖ = 0, if and only if, x = 0.

‖x‖2
q = 〈x, x〉.
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It follows from the axiom one of the inner product space, 〈x, x〉 > 0. This implies that
‖x‖q > 0. Thus, P 1 is satisfied.

In order to prove axiom P 2, we consider the expression on the left-hand side of
second axiom, we have:

‖αx‖2 = 〈αx, αx〉
⇒ ‖αx‖2 = |α|2〈x, x〉
⇒ ‖αx‖2 = |α|2‖x‖2

⇒ ‖αx‖2 = (|α|‖x‖)2

⇒ ‖αx‖ = |α|‖x‖.

The third axiom of the quasi-normed linear space is proved by introducing an ex-

pression for K . By induction, we set α, β ∈
[

1

2
, ∞

)
and for a positive integer n = 1,

we see that:

‖x + y, z‖q ≤ α‖x + y, z‖ + β‖x + y, z‖
⇒ ‖x + y, z‖q = α

{‖x, z‖ + ‖y, z‖} + β
{‖x, z‖ + ‖y, z‖}

⇒ ‖x + y, z‖q = (α + β)‖x, z‖ + (α + β)‖y, z‖
⇒ ‖x + y, z‖q = (α + β)

{‖x, z‖ + ‖y, z‖}
⇒ ‖x + y, z‖q ≤ K

{‖x, z‖ + ‖y, z‖}, |K| ≥ 1

For n = 2, we see that:

‖x + y, z‖2
q ≤ α‖x + y, z‖2 + β‖x + y, z‖2

⇒ ‖x + y, z‖2
q = α

{〈x + y, z〉〈x + y, z〉} + β
{〈x + y, z〉〈x + y, z〉}

⇒ ‖x + y, z‖2
q = α

{|〈x, z〉|2 + 2|〈x, y〉||〈z, z〉| + |〈y, z〉|2}
+ β

{|〈x, z〉|2 + 2|〈x, y〉||〈z, z〉| + |〈y, z〉|2}
⇒ ‖x + y, z‖2

q ≤ α{‖x‖2‖z‖2 + 2‖x‖‖y‖‖z‖2 + ‖y‖2‖z‖2}
+ β{‖x‖2‖z‖2 + 2‖x‖‖y‖‖z‖2 + ‖y‖2‖z‖2}

⇒ ‖x + y, z‖2
q = (α + β)

{‖z‖(‖x‖ + ‖y‖)
}2

⇒ ‖x + y, z‖q = (α + β)
1
2
{‖z‖(‖x‖ + ‖y‖)

}
⇒ ‖x + y, z‖q ≤ K

(‖x, z‖ + ‖y, z‖),

where, K = (α + β)
1
2 .
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For any integer n, we observe the following result:

‖x + y, z‖n
q ≤ α‖x + y, z‖n + β‖x + y, z‖n

⇒ ‖x + y, z‖n
q = α

{〈x + y, z〉〈x + y, z〉} n
2 + β

{〈x + y, z〉〈x + y, z〉} n
2

⇒ ‖x + y, z‖n
q ≤ α

{|〈x, z〉|n +n C1|〈x, x〉| n−2
2 |〈x, x〉| 1

2 |〈y, y〉| 1
2 |〈z, z〉| n

2

+ nC2|〈x, x〉| n−2
2 |〈y, y〉||〈z, z〉| n

2

+ nC3|〈x, x〉| n−4
2 |〈x, x〉| 1

2 |〈y, y〉| 3
2 |〈z, z〉| n

2

+ . . . + |〈y, z〉| n
2
}

+ β
{|〈x, z〉|n + nC1|〈x, x〉| n−2

2 |〈x, x〉| 1
2 |〈y, y〉| 1

2 |〈z, z〉| n
2

+ nC2|〈x, x〉| n−2
2 |〈y, y〉||〈z, z〉| n

2

+ nC3|〈x, x〉| n−4
2 |〈x, x〉| 1

2 |〈y, y〉| 3
2 |〈z, z〉| n

2

+ . . . + |〈y, z〉| n
2
}
.

⇒ ‖x + y, z‖n
q = α

{‖x‖n‖z‖n +n C1‖x‖n−1‖y‖‖z‖n + nC2‖x‖n−2‖y‖2‖z‖n

+ nC3‖x‖n−3‖y‖3‖z‖n + . . . + ‖y‖n‖z‖n
}

+ β
{‖x‖n‖z‖n +n C1‖x‖n−1‖y‖‖z‖n + nC2‖x‖n−2‖y‖2‖z‖n

+ nC3‖x‖n−3‖y‖3‖z‖n + . . . + ‖y‖n‖z‖n
}

⇒ ‖x + y, z‖n
q = (α + β)

{‖z‖(‖x‖ + ‖y‖)
}n

⇒ ‖x + y, z‖q = (α + β)
1
n

{‖z‖(‖x‖ + ‖y‖)
}

⇒ ‖x + y, z‖q ≤ K
(‖x, z‖ + ‖y, z‖),

where the quasi-boundedness constant K = (α + β)
1
n . �

Proposition 2.4. Let T : X → X be a self-mapping in a quasi-normed linear space
(quasi-Banach space). T is a quasi-Banach (Lipschitzian) mapping if,

‖T (x1) − T (x2)‖ ≤ K‖x1 − x2‖, x1, x2 ∈ X and K = (α + β)
1
n , α, β ∈ [

1

2
, ∞),

is a quasi-boundedness constant.

Proposition 2.5. A self mapping in proposition 2.4 is dilation mapping if,

‖T (x1) − T (x2)‖ ≤ K‖x1 − x2‖, x1, x2 ∈ X α >
1

2
, and β >

1

2

is a quasi-boundedness constant.

Proof. This follows from theorem 2.3. Thus, setting α, β ∈ (
1

2
, ∞), we observed that K

lies in the interval [1, ∞), for any positive integer n. �
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Theorem 2.6. Let T : X → X be a quasi-normed linear space from X onto X, where
X ∈ [0, 2]. T is a quasi-product-normed linear space if, theorem 2.3 holds, in addition
to, the following axiom

‖x1‖‖x2‖ ≤ ‖x1‖ + ‖x2‖, ∀ x1, x2 ∈ X.

Proof. See the articles by the authors in [2, 12]. Thus, setting

(x + y)n ≥ 0

⇒ 〈x, x〉 n
2 + nC1〈x, y〉〈x, x〉 n−2

2 + nC2〈x, x〉 n−2
2 〈y, y〉 + nC3〈x, x〉 n−4

2 〈y, y〉〈x, y〉
+ nC4〈x, x〉 n−4

2 〈y, y〉2 + nC5〈x, x〉 n−6
2 〈y, y〉2〈x, y〉 + nC6〈x, x〉 n−6

2 〈y, y〉3

+ nC7〈x, x〉 n−8
2 〈y, y〉3〈x, y〉 + . . . + nCn

2
〈x, x〉 n

4 〈y, y〉 n
4 + . . . + 〈x, x〉 n

2 ≥ 0

⇒ − nCn
2
〈x, x〉 n

4 〈y, y〉 n
4 ≤ {〈x, x〉 n

2 + nC1〈x, y〉〈x, x〉 n−2
2 + nC2〈x, x〉 n−2

2 〈y, y〉
+ nC3〈x, x〉 n−4

2 〈y, y〉〈x, y〉 + nC4〈x, x〉 n−4
2 〈y, y〉2 + nC5〈x, x〉 n−6

2 〈y, y〉2〈x, y〉
+ nC6〈x, x〉 n−6

2 〈y, y〉3 + nC7〈x, x〉 n−8
2 〈y, y〉3〈x, y〉 + . . . + 〈x, x〉 n

2 }
⇒ − nCn

2
(x, x)

n
4 (y, y)

n
4 ≤ {

(x, x)
n
2 + nC1(x, y)(x, x)

n−2
2 + nC2(x, x)

n−2
2 (y, y)

+ nC3(x, x)
n−4

2 (y, y)(x, y) + nC4(x, x)
n−4

2 (y, y)2 + nC5(x, x)
n−6

2 (y, y)2(x, y)

+ nC6(x, x)
n−6

2 (y, y)3 + nC7(x, x)
n−8

2 (y, y)3(x, y) + . . . + nCn
2
(x, x)

n
4 (y, y)

n
4

+ . . . + (x, x)
n
2
}

⇒ − nCn
2
(x, x)

n
4 (y, y)

n
4

1
nCn

2

(x, x)
n
4 (y, y)

n
4 ≤ (x + y)n

⇒ ‖ − (x, x)
n
2 (y, y)

n
2 ‖ = ‖(x + y)n‖

⇒ {‖x‖‖y‖}n = ‖(x + y)‖n

⇒ ‖x‖‖y‖ ≤ ‖x‖ + ‖y‖, ∀ x, y ∈ [0, 2].

�

Theorem 2.7. [Completeness of the quasi-product-normed linear space] The quasi-
product-normed linear space (X, ‖ · ‖qn) is complete.

Proof. Let {Xn}∞n=1 be a sequence in (X, ‖ · ‖qn) and x ∈ X. For every ε > 0, there
exists an integer no > N such that ‖Xn − X‖ < ε, for all n > no, then {Xn}∞n=1
converges x. Thus, lim

n→∞ ‖Xn − x‖qn = 0. Also, we see that for every ε > 0, there

exists integers m, n > N such that lim
m,n→∞ ‖Xm − Xn‖qn = 0. In this case, we see that

every Cauchy sequence converges to a point (X, ‖ · ‖qn), then (X, ‖ · ‖qn) is a complete
quasi-product-normed linear space. �

Theorem 2.8. [A Unique Fixed Point in Quasi-product normed linear space] Let(
X, ‖ · ‖qn

)
be a quasi-product-normed linear space and setting T : X → X be a

contractive mapping, where X ∈ [0, 2]. Then T has a unique fixed point x̄ ∈ X.
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Proof. Setting xo ∈ X, then

Xn = T (Xn)

⇒ Xn = Tn(xo), ∀ n ∈ N.

Setting {X}∞n a Cauchy sequence in
(
X, ‖ · ‖qn

)
. Since

(
X, ‖ · ‖qn

)
is a complete, which

implies that x ∈ X such that

lim
n→∞ Xn = x.

Again, we see that T is a contractive mapping, then it is continuous. Thus,

lim
n→∞ T (Xn) = T x.

We can see that

T x = lim
n→∞ T (Xn)

⇒ T x = lim
n→∞ Xn+1

⇒ T x = x.

Hence, x is a fixed point of the mapping T .
In addition, we show that the fixed point is unique in

(
X, ‖ · ‖qn

)
. By contradiction,

we set x1, x2 ∈ X be the fixed points of T , then

‖T (x1) − T (x2)‖qn = ‖x1 − x2‖qn. (2)

Also, we see that:

‖T (x1) − T (x2)‖pn ≤ K‖x1 − x2‖qn, ∀ K = 1 (3)

Substituting equation (2) into inequality (3) yields

(
1 − K

)‖x1 − x2‖qn ≤ 0

⇒ ‖x1 − x2‖qn = 0.

The above equation holds if x1 = x2. Hence, the fixed point x is unique in a quasi-
product-normed linear space. �

The quasi-product normed linear space is a subspace of the quasi-normed linear
space, which is also a subspace of the Banach space. In each of these spaces a sequence
of points in that space converges to a point in the space. Thus, every Cauchy sequence
converges to a point in each of these spaces.
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3. Conclusion

In a nutshell, we have showed in this paper that, the quasi-normed linear space is obtained
through binomial inequalities, which is an alternative way. The new quasi-boundedness

constant expression K = (α + β)
1
n ≥ 1, provides various ways for selecting values of

K . This new method enables establishment of subspace such as quasi-product-normed
linear space which admits a lot of functional properties. The quasi-normed linear space
can only be a dilation mapping.
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>> setdistillerparams
<<
  /HWResolution [2400 2400]
  /PageSize [612.000 792.000]
>> setpagedevice


