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Abstract 

We present a cover-up approach to solve linear homogeneous recurrence 

relation with initial conditions. This approach does not involve generating 

function techniques or solving a system of linear equations to determine the 

unknown coefficients involved in the solution. Some illustrative examples are 

provided. 
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1. INTRODUCTION 

Vandermonde matrix (VDM) has important applications in polynomial interpolations, 

signal processing, curve fitting, statistics, coding theory and control theory [1, 3, 4, 5, 7, 

9], etc. In this paper, we introduce a cover up approach to solve linear homogeneous 

recurrence relation with initial conditions via the computation of the inverse of the 

associated VDM. This approach has the advantage that it does not involve generating 

function techniques or solving a system of linear equations directly in order to 

determine the unknown coefficients involved in the solution [2].  

The whole paper is organized as follows. The mathematical background of the cover-up 

approach is described in the sections 2 and 3. Some examples and final remarks are 

provided in the sections 4 and 5. 
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2. THE INVERSE OF VANDERMONDE MATRIX 

Consider the polynomial 
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where ai and i are constants. If i are distinct, the associated Vandermonde matrix of f 
(x) is defined as follows: 
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According to [10, 11], the closed form of V-1  is given by 
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As described in [11], we can easily determine the numerators of the entries in each row 

of V-1, which are equal to the coefficients of  fi (x) when expanding in ascending order of 

x, where fi (x) = f (x) / (x  i). On the other hand, the common denominator of the 

entries in each row of V-1 is given by fi (i), which can be determined by simple 

substitution. In other words, the numerators of the entries in each row of V-1 can be 

obtained by covering up the factor (x  i) in f (x), followed by substituting x = i in fi (x) 

to obtain the common denominator of the entries in the same row of V-1. The whole 

process is analogous to the cover-up approach used for computing the partial fraction 

expansion of a rational function with simple poles [2, 6, 8]. 
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3. LINEAR HOMOGENEOUS RECURRENCE RELATIONS 

Consider a linear homogeneous recurrence relation with constant coefficients and 

initial conditions as follows: 
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 If the roots ix  of the auxiliary equation are distinct, then the 

solution of the linear homogeneous recurrence relation is given by 
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where ci are unknown coefficients to be determined. Using the given initial conditions, 

we can solve the following equation to determine the unknown coefficients ci. 
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. 

Since the matrix appeared in the left hand side is a Vandermonde matrix, so we can 

apply the cover-up approach described above to obtain the matrix inverse and then the 

solution of the given linear homogeneous recurrence relation. 

 

4. EXAMPLES 

Example 1. Solve the linear homogeneous recurrence relation 
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Solution. Consider the auxiliary equation ).1)(4(432  xxxx  

By covering up the factor (x + 1), we get f1(x) = (x  4) and f1 (-1) = -5. So, the first row 

of 1V is given by (4/5  -1/5). Similarly, by covering up the factor (x  4), we get f2(x) = 

(x + 1) and f2 (4) = 5. So, the second row of 1V is given by (1/5  1/5). Hence,  
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Hence, the solution of the given recurrence relation 

is ]4)1[(
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Example 2. Solve the linear homogeneous recurrence relation 
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Solution. Consider the auxiliary equation .0)3)(2)(1(6116 23  xxxxxx  

By covering up the factor (x  1), we get f1 (x) = (x  2) (x  3) = x2  5x + 6 and f1 (1) = 

2. So, the first row of 1V is given by (3   -5/2   1/2). Similarly, by covering up the factor 

(x  2), we get f2 (x) = (x  1) (x  3) = x2  4x + 3 and f2 (2) = -1. So, the second row of 
1V is given by (-3   4   -1). Finally, by covering up the factor (x  3), we get f3 (x) = (x  

1) (x  2) = x2  3x + 2 and f3 (3) = 2. So, the third row of 1V is given by (1   -3/2   1/2). 

Hence,   
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Hence, the solution of the given recurrence relation is .3253)2(4)1(5 2 nnnnn  
 

 

5. FINAL REMARKS 

A simple cover-up approach to solving linear homogeneous recursive relations is 

introduced. This approach does not involve generating function techniques or solving a 

system of linear equations (see [2, 7]) in order to determine the unknown coefficients of 

the solution. Thus, it is very suitable for hand calculation or machine computation for 

solving linear homogeneous recursive relations. 
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