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Abstract 

In this paper, we introduce the notions of pseudo-Wajsberg implicative ideal 

(PWI-ideal) and pseudo lattice ideal in lattice pseudo-Wajsberg algebra. Also, 

we investigate some of their related properties. Moreover, we define 

homomorphism and kernel of lattice pseudo-Wajsberg algebra and obtained 

some properties with illustrations. 
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1. INTRODUCTION 

Mordchaj Wajsberg [9] introduced the concept of Wajsberg algebras in 1935 and 

studied by Font, Rodriguez and Torrenns [2]. Also, they [2] defined lattice structure of 

Wajsberg algebras. Further, they [2] introduced the notion of an implicative filter of 

lattice Wajsberg algebras and discussed some properties. Pseudo-Wajsberg algebras are 

generalizations of Wajsberg algebras. Pseudo-Wajsberg algebras were introduced by 

Rodica Ceterchi [7] with the explicit purpose of providing a concept categorically 

equivalent to that of pseudo-MV algebras and which will have the same relationship 

with Wajsberg algebras as pseudo-Wajsberg algebras. Some interesting properties of 

pseudo-Wajsberg algebras emerged, especially related to their order structure. Rodica 

Ceterchi [8] introduced the lattice structure of pseudo-Wajsberg algebras and discussed 
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some results in generalized pseudo-Wajsberg alebras. Two implications of pseudo-

Wajsberg algebras appear as the right and left residual of monoid structure. All the 

above results motivate us to further investigate the relations between algebras and 

ideals.  

In the present paper, we introduce the notion of pseudo-Wajsberg implicative ideal 

(PWI-ideal) and pseudo lattice ideal in lattice pseudo-Wajsberg algebra and discuss 

some of their properties with examples. Further, we define the homomorphism and 

kernel of lattice pseudo-Wajsberg algebra. Finally, we obtained the quotient structure 

by using PWI-ideal and investigate the properties of PWI-ideals related to 

homomorphism. 

 

2. PRELIMINARIES 

In this section, we recall some basic definitions and its properties that are needful for 

developing the main results. 

Definition 2.1[2]. An algebra (𝐴, ⟶  , −  ,1) with a binary operation " ⟶ " and a quasi-

complement " − " is called a Wajsberg algebra if it satisfies the following axioms for 

all 𝑥, 𝑦, 𝑧 ∈ 𝐴, 

(i)     1 ⟶ 𝑥 = 𝑥 

(ii)    (𝑥 ⟶ 𝑦) ⟶ 𝑦 = (𝑦 ⟶ 𝑥) ⟶ 𝑥 

(iii)   (𝑥 ⟶ 𝑦) ⟶ ((𝑦 ⟶ 𝑧) ⟶ (𝑥 ⟶ 𝑧)) = 1 

(iv)   (𝑥− ⟶ 𝑦−) ⟶ (𝑦 ⟶ 𝑥) = 1. 

 

Definition 2.2[7]. An algebra (𝐴, ⟶  , ↝, −  , ~, 1) with a binary operations "⟶", " ↝
" and quasi complements" − " , "~"  is called a pseudo-Wajsberg algebra if it satisfies 

the following axioms for all 𝑥, 𝑦, 𝑧 ∈ 𝐴, 

(i)   (a) 1 ⟶ 𝑥 = 𝑥 

       (b) 1 ↝ 𝑥 = 𝑥 

(ii)        (𝑥 ↝ 𝑦) ⟶ 𝑦 = (𝑦 ↝ 𝑥) ⟶ 𝑥 = (𝑦 ⟶ 𝑥) ↝ 𝑥 = (𝑥 ⟶ 𝑦) ↝ 𝑦 

(iii) (a) (𝑥 ⟶ 𝑦) ⟶ ((𝑦 ⟶ 𝑧) ↝ (𝑥 ⟶ 𝑧)) = 1 

       (b) (𝑥 ↝ 𝑦)  ↝  ((𝑦 ↝ 𝑧) ⟶ (𝑥 ↝ 𝑧)) = 1 

(iv)        1− = 1~ = 0 

(v) (a) (𝑥− ↝ 𝑦−) ⟶ (𝑦 ⟶ 𝑥) = 1 

      (b) (𝑥~ ⟶ 𝑦~)  ↝ (𝑦 ↝ 𝑥) = 1 

(vi)       (𝑥 ⟶ 𝑦−)~ = (𝑦 ↝ 𝑥~)−. 
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Definition 2.3[8]. An algebra (𝐴, ∧, ∨, ⟶  , ↝, −  , ~, 1) is called a lattice pseudo-

Wajsberg algebras if it satisfies the following axioms for all 𝑥, 𝑦 ∈ 𝐴, 

(i) A partial ordering “≤” on a lattice pseudo-Wajsberg algebra A such that x ≤ y if and 

only if  𝑥 ⟶ 𝑦 = 1 ⇔ 𝑥 ↝ 𝑦 = 1  

(ii) 𝑥 ∨ 𝑦 = (𝑥 ⟶ 𝑦) ↝ 𝑦 = (𝑦 ⟶ 𝑥) ↝ 𝑥 = (𝑥 ↝ 𝑦) ⟶ 𝑦 = (𝑦 ⟶ 𝑥) ⟶ 𝑥 

(iii) 𝑥 ∧ 𝑦 = (𝑥 ↝  (𝑥 ⟶ 𝑦)~)− = ((𝑥 ⟶ 𝑦) ⟶ 𝑥−)
~

 

                 =  (𝑦 ⟶ (𝑦 ↝ 𝑥)−)~ = ((𝑦 ↝ 𝑥) ↝ 𝑦~)
−

 

                 = (𝑦 ↝ (𝑦 ⟶ 𝑥)~)−  = ((𝑦 ⟶ 𝑥) ⟶ 𝑦−)
~

 

                 = (𝑥 ⟶ (𝑥 ↝ 𝑦)−)~  =  ((𝑥 ↝  𝑦) ↝  𝑥~)
−

. 

 

Proposition 2.4[8]. In lattice pseudo-Wajsberg algebra (𝐴, ⟶  , ↝, −  , ~, 1) which 

satisfies the following for all 𝑥, 𝑦, 𝑧 ∈ 𝐴, 

(i)  (a) 𝑥 ⟶ 𝑥 = 1 

      (b) 𝑥 ↝ 𝑥 = 1 

(ii)  (a) 𝐼𝑓 𝑥 ⟶ 𝑦 = 1 𝑎𝑛𝑑 𝑦 ⟶ 𝑥 = 1, 𝑡ℎ𝑒𝑛 𝑥 = 𝑦 

       (b) 𝐼𝑓 𝑥 ↝ 𝑦 = 1 𝑎𝑛𝑑 𝑦 ↝ 𝑥 = 1,    𝑡ℎ𝑒𝑛 𝑥 = 𝑦 

       (c) 𝐼𝑓 𝑥 ⟶ 𝑦 = 1 𝑎𝑛𝑑 𝑦 ↝ 𝑥 = 1,   𝑡ℎ𝑒𝑛 𝑥 = 𝑦 

(iii) (a) (𝑥 ⟶ 1) ↝ 1 = 1 

       (b) (𝑥 ↝ 1) ⟶ 1 = 1 

(iv) (a) 𝑥 ⟶ 1 = 1 

       (b) 𝑥 ↝ 1 = 1 

(v)  (a) 𝐼𝑓 𝑥 ⟶ 𝑦 = 1 𝑎𝑛𝑑 𝑦 ⟶ 𝑧 = 1, 𝑡ℎ𝑒𝑛 𝑥 ⟶ 𝑧 = 1 

       (b) 𝐼𝑓 𝑥 ↝  𝑦 = 1 𝑎𝑛𝑑 𝑦 ↝  𝑧 = 1,   𝑡ℎ𝑒𝑛 𝑥 ↝ 𝑧 = 1 

(vi)  (a) 𝑥 ⟶ (𝑦 ↝ 𝑥) = 1 

        (b) 𝑥 ↝ (𝑦 ⟶ 𝑥) = 1 

(vii)       𝑥 ⟶ (𝑦 ↝ 𝑧) = 1 ⇔ 𝑦 ↝ (𝑥 ⟶ 𝑧) = 1 

(viii) (a) (𝑥 ⟶ 𝑦) ↝ ((𝑧 ⟶ 𝑥) ⟶ (𝑧 ⟶ 𝑦)) = 1 

         (b) (𝑥 ↝ 𝑦) ⟶ ((𝑧 ↝ 𝑥)  ↝  (𝑧 ↝ 𝑦)) = 1 

(ix)          𝑥 ⟶ (𝑦 ↝  𝑧) = 𝑦 ↝ (𝑥 ⟶ 𝑧). 
 

Proposition 2.5[8]. In lattice pseudo-Wajsberg algebra (𝐴, ⟶  , ↝, −  , ~, 1) which 

satisfies the following for all 𝑥, 𝑦 ∈ 𝐴, 
(i)   (a) (𝑥− ↝ 0) ⟶ 𝑥 = 1 

       (b) (𝑥~ ⟶ 0) ↝ 𝑥 = 1 
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(ii)         0 ⟶ 𝑥 = 1 = 0 ↝ 𝑥 

(iii)  (a)  𝑥 ⟶ 0 = 𝑥− 

        (b)  𝑥 ↝ 0 = 𝑥~ 

(iv)         (𝑥−)~ = 𝑥 = (𝑥~)−  

(v)   (a)  𝑥~ ⟶ 𝑦~ = 𝑦 ↝ 𝑥 

        (b)  𝑥− ↝ 𝑦− = 𝑦 ⟶ 𝑥 

(vi)         𝑥~ ⟶ 𝑦 = 𝑦− ↝ 𝑥 

(vii)       𝑥 ≤ 𝑦      ⟺     𝑦− ≤ 𝑥−  ⟺      𝑦~ ≤ 𝑥~ 

(viii) (a) (𝑥 ⟶ 𝑦)~ = (𝑦~ ↝ 𝑥~)− 

         (b) (𝑥 ↝ 𝑦)− = (𝑦− ⟶ 𝑥−)~. 

 

Definition 2.6[4]. A non-empty subset I of a Wajsberg algebra A is called an ideal if it 

satisfies the following axioms for all 𝑥, 𝑦 ∈ 𝐴,  

(i) 0 ∈ 𝐼 

(ii) 𝑥 ∈ 𝐼 and 𝑦 ≤ 𝑥 imply 𝑦 ∈ 𝐼 

(iii) 𝑥, 𝑦 ∈ 𝐼 imply  𝑥− ⟶ 𝑦 ∈ 𝐼. 

 

Definition 2.7[5]. Let A be a lattice Wajsberg algebra. Let I be a nonempty subset of A. 

Then, I is called a WI-ideal of A satisfies the following axioms for all 𝑥, 𝑦 ∈ 𝐴, 

(i) 0 ∈ 𝐼 

(ii) (𝑥 ⟶ 𝑦)− ∈ 𝐼 and 𝑦 ∈ 𝐼 imply 𝑥 ∈ 𝐼. 

 

Definition 2.8[5]. A binary relation " ≈ " on lattice Wajsberg A is defined as follows, 

𝑥 ≈ 𝑦 if and only if 𝑥 ⟶ 𝑦 and 𝑦 ⟶ 𝑥 for all 𝑥, 𝑦 ∈ 𝐴. 

 

3.  MAIN RESULTS 

3.1. Pseudo-Wajsberg implicative ideal (PWI-ideal) 

In this section, we define PWI-ideal of lattice pseudo-Wajsberg algebra and obtain some 

useful results with illustrations. 

 

Definition 3.1.1. Let A be lattice pseudo-Wajsberg algebra. Let F be non-empty subset 

of A is called a PWI- ideal of A if it satisfies the following axioms for all 𝑥, 𝑦 ∈ 𝐴, 

(i) 0 ∈ 𝐹 

(ii) 𝑦 ∈ 𝐹 and (𝑥 ⟶ 𝑦)− ∈ 𝐹 imply 𝑥 ∈ 𝐹 

(iii) 𝑦 ∈ 𝐹 and (𝑥 ↝ 𝑦)~ ∈ 𝐹 imply 𝑥 ∈ 𝐹. 
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Example 3.1.2.Consider a set 𝐴 = {0, 𝑎, 𝑏, 𝑐, 1}. Define a partial ordering " < ” on 𝐴, 
such that 0 < 𝑎 < 𝑏 < 𝑐 < 1 and the binary operations "⟶" , " ↝ " and quasi 

complements" − " , "~" given by the following tables (1), (2), (3) and (4). 

 

𝑥 𝑥− 

0 1 

a b 
b a 
c a 
1 0 

      

                          Table (1)                              Table (2) 

 

𝑥  𝑥~ 

0 1 

a c 
b a 
c 0 

1 0 

                         Table (3)                               Table (4) 

Then, 𝐴 = (𝐴, ∧ , ∨, ⟶, ↝, 0, 1) is a lattice pseudo-Wajsberg algebra and consider 

the subset 𝐹1 = {0, 𝑎}, then easily verify that 𝐹1 is a PWI-ideal of A. But, 𝐹2 = {0, 𝑐} is 

not a PWI-ideal of A,  

Since (𝑐 ⟶ 0)− = 𝑎− = 𝑏 ∉  𝐹2  and (𝑐 ↝ 0)~ = 0~ = 1 ∉  𝐹2. 

 

Proposition 3.1.3. Let F be a PWI-ideal of lattice pseudo-Wajsberg algebra and let 

 𝑥 ∈ 𝐹 if  𝑦 ≤ 𝑥, then  𝑦 ∈ 𝐹 for all  𝑦 ∈ 𝐴. 

Proof. Let F be a PWI-ideal of lattice pseudo-Wajsberg algebra A, and 𝑥 ∈ 𝐹 then 

(𝑥 ⟶ 𝑦)− ∈ 𝐹, (𝑥 ↝ 𝑦)~ ∈ 𝐹 and 𝑥 ∈ 𝐹  for all 𝑥, 𝑦 ∈ 𝐴                     (1) 

 If 𝑦 ≤ 𝑥, then (𝑦 ⟶ 𝑥)− = (𝑦 ↝ 𝑥)~ =  1− = 1~ = 0 ∈ 𝐹                  (2)                    

From (1) and (2) we have 𝑦 ∈ 𝐹.      

 

Definition 3.1.4. Let A be a lattice pseudo-Wajsberg algebra. A PWI-ideal F of A is a 

nonempty subset of A is called a pseudo lattice ideal if it satisfies the following axioms 

for all 𝑥, 𝑦 ∈ 𝐴,  

  ⟶ 0 a b c 1 

0 1 1 1 1 1 

a b 1 1 1 1 

b a a 1 1 1 

c a a b 1 1 

1 0 a b c 1 

↝ 0 a b c 1 

0 1 1 1 1 1 

a c 1 1 1 1 

b a a 1 1 1 

c 0 a b 1 1 

1 0 a b c 1 
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(i)  0 ∈ 𝐹 

(ii) 𝑥 ∈ 𝐹 and 𝑦 ≤ 𝑥 imply 𝑦 ∈ 𝐹 

(iii) 𝑥, 𝑦 ∈ 𝐹 imply 𝑥 ∨ 𝑦 ∈ 𝐹. 

Example 3.1.5. Consider a set 𝐴 = {0, 𝑎, 𝑏, 𝑐, 1}. Define a partial ordering " < " on A, 
such that 0 < 𝑎 < 𝑏 < 𝑐 < 1 and the binary operations "⟶" , " ↝ " and quasi 

complements " − " , "~" given by the following tables (5), (6), (7) and (8).  

 

 

 

 

 

                 Table (5)                                                  Table (6) 

 

 

 

 

 

 

                 Table (7)                                                  Table (8) 

Then, 𝐴 = (𝐴, ∧ , ∨, ⟶, ↝, 0, 1) is a lattice pseudo-Wajsberg algebra and 𝐹1 = {0, 𝑏} 

is a pseudo lattice ideal of A. But, 𝐹2 = {0, 𝑎} is not a pseudo lattice ideal of A.  

Since,0 ∨ 𝑎 = (0 ⟶ 𝑎) ↝ 𝑎 = (𝑎 ⟶ 0) ↝ 0 = (0 ↝ 𝑎) ⟶ 𝑎 = 𝑎;  

but (𝑎 ↝ 0) ⟶ 0 = 𝑐 ∉  𝐹2. 

Proposition 3.1.6. Let A be lattice pseudo-Wajsberg algebra. Every PWI-ideal of A is 

a pseudo lattice ideal. 

Proof. Let F be a PWI-ideal of A. Proposition 3.1.3 shows that F satisfies (ii) of 

definition 3.1.4. Let 𝑥, 𝑦 ∈ 𝐴 then,  

((𝑥 ∨ 𝑦) ⟶ 𝑦)− = (((𝑥 ⟶ 𝑦) ↝ 𝑦) ⟶ 𝑦)− = (𝑥 ⟶ 𝑦)− ≤ (𝑥−)~ = 𝑥 

((𝑥 ∨ 𝑦)  ↝  𝑦)~ = (((𝑥 ↝ 𝑦) ⟶ 𝑦) ↝  𝑦)~ = (𝑥 ↝ 𝑦)~ ≤ (𝑥~)− = 𝑥 

If 𝑥, 𝑦 ∈ 𝐴, then ((𝑥 ∨ 𝑦) ⟶ 𝑦)− and ((𝑥 ∨ 𝑦) ↝ 𝑦)~ ∈ 𝐹 and hence 𝑥 ∨ 𝑦 ∈ 𝐹. We 

have from (ii) and (iii) of definition 3.1.1, we have F is a pseudo lattice ideal. 

⟶ 0 a b c 1 

0 1 1 1 1 1 

a b 1 1 1 1 

b c c 1 c 1 

c 0 b b 1 1 

1 0 a b c 1 

𝑥 𝑥− 

0 1 

a b 
 b c 
c 0 

1 0 

𝑥  𝑥~ 

0 1 

a b 
b a 
c b 
1 0 

↝ 0 a b c 1 

0 1 1 1 1 1 

a b 1 1 1 1 

b a c 1 c 1 

c b b b 1 1 

1 0 a b c 1 
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Remark 3.1.7. The converse of Proposition 3.1.6 may not be true. In Example 3.1.5, 

𝐹 = {0, 𝑏} is a pseudo lattice ideal of A. But, it is not a PWI-ideal of lattice pseudo-

Wajsberg algebra.  

Since, (𝑏 ⟶ 𝑐)− = 𝑐− = 0 ∈ 𝐹 but 𝑐 ∉ 𝐹  and  (𝑏 ↝ 𝑐)~ = 𝑐~ = 𝑏 ∈ 𝐹 but 𝑐 ∉ 𝐹. 

 

Definition 3.1.8. Let F be non-empty subset of a lattice pseudo-Wajsberg algebra A, 

we define a complement subset 𝐹∗ of F in A define as 𝐹∗ = {𝑎− = 𝑎~/ 𝑎 ∈ 𝐹}. 

 

Definition 3.1.9. Let F be a PWI-ideal of lattice pseudo-Wajsberg algebra A, define a 

binary relation " ≈ " on A as follows: 𝑥 ≈ 𝑦 if and only if for all 𝑥, 𝑦 ∈ 𝐴, 

(i) (𝑥 ⟶ 𝑦)− ∈ 𝐹 and (𝑦 ⟶ 𝑥)− ∈ 𝐹  

(ii) (𝑥 ↝  𝑦)~ ∈ 𝐹 and (𝑦 ↝  𝑥)~ ∈ 𝐹.  

 

Example 3.1.10. Consider a set 𝐴 = {0, 𝑎, 𝑏, 𝑐, 𝑑, 1}. Define a partial ordering " < " on 

A, such that 0 < 𝑎, 𝑏 < 𝑐 < 𝑑 < 1. Where "𝑎" and "𝑏" are incomparable and the binary 

operations "⟶", " ↝ " and quasi complements " − " , "~" given by the following tables 

(9), (10), (11) and (12).  

 

 

 

 

 

 

                        Table (9)                                             Table (10) 

 

 

 

 

 

 

                        Table (11)                                       Table (12) 

⟶ 0 a b c d 1 

0 1 1 1 1 1 1 

a d 1 d 1 1 1 

b d d 1 1 1 1 

c d d d 1 1 1 

d d a b c 1 1 

1 0 a b c d 1 

𝑥   𝑥− 

0 1 

a d 
b d 
c d 
d d 
1 0 

↝ 0 a b c d 1 

0 1 1 1 1 1 1 

a c 1 c 1 1 1 

b c c 1 1 1 1 

c c c c 1 1 1 

d c c c c 1 1 

1 0 a b c d 1 

𝑥   𝑥~ 

0 1 

a c 
b c 
c c 
d c 
1 0 
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Consider the PWI-ideal  𝐹 = {0, 𝑎, 𝑐, 𝑑} of A, we define a binary relation" ≈ " on F as 

follows:  

If 0 ≈ 𝑎 then, (0 ⟶ 𝑎)− = 1− = 0 ∈ 𝐹 and (𝑎 ⟶ 0)− = 𝑑− = 𝑑 ∈ 𝐹, 

                        (0 ↝  𝑎)~ = 1~ = 0 ∈ 𝐹 and  (𝑎 ↝  0)~ = 𝑐~ = 𝑐 ∈ 𝐹. 

Similarly, for 𝑎 ≈ 0,  𝑎 ≈ 𝑑 and 0 ≈ 𝑑. 

Proposition 3.1.11. A binary relation " ≈ " is an equivalence relation on A. 

Proof. From the definitions of 2.9 and example 3.1.11, a binary relation " ≈ " is both 

reflexive and symmetric.  

To prove: " ≈ " is a transitive 

 If 𝑥 ≈ 𝑦 and 𝑦 ≈ 𝑧 for all 𝑥, 𝑦, 𝑧 ∈ 𝐴 then, 

(i) (𝑥 ⟶ 𝑦)− ∈ 𝐹 𝑎𝑛𝑑 (𝑦 ⟶ 𝑥)− ∈ 𝐹, (𝑦 ⟶ 𝑧)− ∈ 𝐹 𝑎𝑛𝑑 (𝑧 ⟶ 𝑦)− ∈ 𝐹 

(ii) (𝑥 ↝  𝑦)~ ∈ 𝐹 𝑎𝑛𝑑 (𝑦 ↝  𝑥)~ ∈ 𝐹, (𝑦 ↝  𝑧)~ ∈ 𝐹 𝑎𝑛𝑑 (𝑦 ↝  𝑧)~ ∈ 𝐹  

Since,       ((𝑥 ⟶ 𝑧)− ⟶ (𝑥 ⟶ 𝑦)−)− ≤ ((𝑥 ⟶ 𝑦) ⟶ (𝑥 ⟶ 𝑧))− ≤ (𝑦 ⟶ 𝑧)−     

and also,  ((𝑥 ↝  𝑧)~ ↝  (𝑥 ↝  𝑦)~)~ ≤ ((𝑥 ↝  𝑦)  ↝  (𝑥 ↝  𝑧))~ ≤ (𝑦 ↝  𝑧)~  

It follows from proposition 3.1.3 that ((𝑥 ⟶ 𝑧)− ⟶ (𝑥 ⟶ 𝑦)−)− ∈ 𝐹 so that 

(𝑥 ⟶ 𝑧)− ∈ 𝐹 because (𝑥 ⟶ 𝑦)− ∈ 𝐹 and F is a PWI-ideal. Same as ((𝑥 ↝  𝑧)~ ↝

 (𝑥 ↝  𝑦)~)~ ∈ 𝐹 so that (𝑥 ↝  𝑧)~ ∈ 𝐹 because (𝑥 ↝  𝑦)~ ∈ 𝐹 and F is a PWI-ideal. 

Similarly, (𝑧 ⟶ 𝑥)− and (𝑧 ↝ 𝑥)~ ∈ 𝐹 and hence, 𝑥 ≈ 𝑧. Therefore, " ≈ " is an 

equivalence relation on A in F. 

Definition 3.1.12. Let 𝐹𝑥 be the equivalence class containing 𝑥 and by 𝐴/𝐹 the set of 

all equivalence classes of A with respect to " ≈ " that is, 𝐹𝑥 = {𝑦 ∈ 𝐴/ 𝑥 ≈ 𝑦} 

and  𝐴/𝐹 = {𝐹𝑥/𝑥 ∈ 𝐴}. 

Remark 3.1.13. It is clear that 𝐹0 = 𝐹 and 𝐹1 = {𝑦 ∈ 𝐴/ 𝑦−, 𝑦~ ∈ 𝐹}. Define binary 

operations "⊔" , " ⊓ " , " ⟹ " and unary operation "𝑁" on 𝐴/𝐹 as follows: 

𝐹𝑥 ⊔ 𝐹𝑦 = 𝐹𝑥∨𝑦 ;   𝐹𝑥 ⊓ 𝐹𝑦 = 𝐹𝑥∧𝑦 ;  𝐹𝑥 ⟹ 𝐹𝑦 = 𝐹𝑥𝑦  ;     𝐹𝑥
𝑁 = 𝐹𝑥

− ;     𝐹𝑥
𝑁 = 𝐹𝑥

~ 

for all 𝐹𝑥 , 𝐹𝑦 ∈ 𝐴/𝐹. It can be easily verified that (𝐴/𝐹 ,⊔, ⊓,  𝐹0,   𝐹1) is a bounded 

lattice. Moreover 𝐴/𝐹 is a lattice pseudo-Wajsberg algebra, which is called the lattice 

pseudo Wajsberg quotient algebra of A by the PWI-ideal of F. 
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3.2. Properties of homomorphism and kernel 

In this section, we define the notions of homomorphism and kernel of lattice pseudo-

Wajsberg algebra. Further, we investigate some of their properties. 

 

Definition 3.2.1. Let A and B be two lattice pseudo-Wajsberg algebras. A function        

ℎ ∶ 𝐴 ⟶ 𝐵 is a homomorphism if and only if it satisfies the following axioms for  

all 𝑥, 𝑦 ∈ 𝐴, 

(i)  ℎ(0) = 0 

(ii) ℎ(𝑥 ⟶ 𝑦) = ℎ(𝑥) ⟶ ℎ(𝑦) 

(iii) ℎ(𝑥 ↝ 𝑦) = ℎ(𝑥) ↝ ℎ(𝑦) 

(iv) ℎ(𝑥−) = (ℎ(𝑥))− 

(v) ℎ(𝑥~) = (ℎ(𝑥))~. 

Remark 3.2.2. If ℎ ∶  𝐴 ⟶ 𝐵  is one to one then ℎ is an injective homomorphism. If 

the homomorphism ℎ ∶  𝐴 ⟶ 𝐵 is onto then ℎ is surjective. If ℎ is one to one and onto 

then ℎ is an isomorphism. 

Definition 3.2.3. Let A and B be two lattice pseudo-Wajsberg algebras. A function        

ℎ ∶ 𝐴 ⟶ 𝐵 is a lattice homomorphism if it satisfies the following axioms for 

all    𝑥, 𝑦 ∈ 𝐴, 

(i) ℎ is a homomorphism 

(ii) ℎ(1) = 1 

(iii) ℎ(𝑥 ∨ 𝑦) = ℎ(𝑥) ∨ ℎ(𝑦) 

(iv) ℎ(𝑥 ∧ 𝑦) = ℎ(𝑥) ∧ ℎ(𝑦). 

Proposition 3.2.4. If a homomorphism ℎ ∶  𝐴 ⟶ 𝐵 satisfies ℎ(0) = 0,  then ℎ is a 

lattice homomorphism. 

Proof.  Let ℎ(0) = 0  for all 𝑥, 𝑦 ∈ 𝐴 

ℎ(𝑥−) = ℎ(𝑥 ⟶ 0) = ℎ(𝑥) ⟶ ℎ(0) = ℎ(𝑥) ⟶ 0 = (ℎ(𝑥))− 

ℎ(𝑥~) = ℎ(𝑥 ↝  0) = ℎ(𝑥) ↝  ℎ(0) = ℎ(𝑥) ↝  0 = (ℎ(𝑥))~ 

ℎ(𝑥 ∨ 𝑦)  =  ℎ((𝑥 ⟶ 𝑦) ↝ 𝑦)                                  [from (ii) of definition 2.3] 

                =   ℎ(𝑥 ⟶ 𝑦) ↝ ℎ(𝑦)                           [from (iii) of definition 3.2.1] 

                =  (ℎ(𝑥) ⟶ ℎ(𝑦)) ↝ ℎ(𝑦)  

                  = ℎ(𝑥) ∨ ℎ(𝑦).                         [from (ii) of definitions 3.2.1 and 2.3] 
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ℎ(𝑥 ∧ 𝑦)  =   ℎ(𝑥 ↝  (𝑥 ⟶ 𝑦)~)−                              [from (iii) of definition  2.3] 

                =   (ℎ(𝑥 ↝ (𝑥 ⟶ 𝑦)~))
−

                           [from (iv) of definition 3.2.1] 

                =  (ℎ(𝑥)  ↝ ℎ(𝑥 ⟶ 𝑦)~)−                          [from (iii) of definition 3.2.1] 

                = ((ℎ(𝑥 ⟶ 𝑦)~)− ⟶ (ℎ(𝑥))
−

)
~

        [from (viii)(b) of proposition 2.5]                

                  =  (ℎ(𝑥 ⟶ 𝑦) ⟶ (ℎ(𝑥))
−

)
~

                      [from (iv) of proposition 2.5] 

                = ((ℎ(𝑥) ⟶ ℎ(𝑦)) ⟶ ℎ(𝑥)−)
~

                  [from (iii) of  definition 2.3] 

               = ℎ(𝑥) ∧ ℎ(𝑦). 

Definition 3.2.5. Let A and B be two lattice pseudo-Wajsberg algebras. The kernel of a 

homomorphism ℎ ∶  𝐴 ⟶ 𝐵 is the set  𝐾𝑒𝑟(ℎ) = {𝑥 ∈ 𝐴/ℎ(𝑥) = 0}. 

 

Proposition 3.2.6. Let ℎ ∶  𝐴 ⟶ 𝐵 be homomorphism of lattice pseudo-Wajsberg 

algebras. If 𝐾𝑒𝑟 (ℎ) ≠ ∅, then 0 ∈ 𝐾𝑒𝑟(ℎ). 

Proof. If 𝐾𝑒𝑟(ℎ) ≠ ∅, then there exist 𝑥 ∈ 𝐴 such that ℎ(𝑥) = 0. If 0 ∈ 𝐴, then   

ℎ(0) = 0 Hence, 0 ∈ 𝐾𝑒𝑟(ℎ). 

 

Proposition 3.2.7. Let ℎ ∶  𝐴 ⟶ 𝐵 be homomorphism of lattice pseudo-Wajsberg 

algebras. If  𝐾𝑒𝑟(ℎ) ≠ ∅, then 𝐾𝑒𝑟(ℎ)  is a PWI-ideal of A. 

Proof. Let 𝐾𝑒𝑟(ℎ) ≠ ∅, it follows from the proposition 3.2.6 that 0 ∈ 𝐾𝑒𝑟(ℎ). 

Let (𝑥 ⟶ 𝑦)~ ∈ 𝐾𝑒𝑟(ℎ) and 𝑦 ∈ 𝐾𝑒𝑟(ℎ) then ℎ((𝑥 ⟶ 𝑦)~) = 0 and ℎ(𝑦) = 0 

Hence,    0 =   ℎ((𝑥 ⟶ 𝑦)~) 

                   =  (ℎ(𝑥 ⟶ 𝑦))~                                         [from (v) of definition 3.2.1] 

                   =  (ℎ(𝑥) ⟶ ℎ(𝑦))~                                   [from (ii) of  definition 3.2.1] 

                   =  (ℎ(𝑥) ⟶ 0)~ 

                   =  (ℎ(𝑥)−)~                                            [from (iii)(a) of proposition 2.5] 

                   =  ℎ(𝑥)                                                        [from (iv) of proposition 2.5] 

Thus, 𝑥 ∈ 𝐾𝑒𝑟(ℎ). 

Proposition 3.2.8. Let ℎ: 𝐴 ⟶ [0,1] be a surjective homomorphism of lattice pseudo-

Wajsberg algebras. Then, the 𝐾𝑒𝑟(ℎ) is a maximal PWI-ideal of A. 

Proof. Let ℎ be a surjective, 𝐾𝑒𝑟(ℎ) ≠ ∅. From the proposition 3.2.7, 𝐾𝑒𝑟(ℎ) = 𝐾 in 

a PWI-ideal of A. Suppose K is not a maximal PWI-ideal. Then, there is a proper PWI-
ideal F containing K. Therefore, there exist 𝑥, 𝑦 ∈ 𝐴 such that 𝑥 ∈ 𝐴/𝐹 and 𝑦 ∈ 𝐹/𝐾.  

Thus ℎ(𝑥) = ℎ(𝑦) = 1 and so  ℎ(𝑥 ⟶ 𝑦) = ℎ(𝑥) ⟶ ℎ(𝑦) = 1; 



PWI-Ideals of Lattice Pseudo-Wajsberg Algebras 11 

ℎ(𝑥 ↝ 𝑦) = ℎ(𝑥) ↝ ℎ(𝑦) = 1. It follows that  ℎ(𝑥 ⟶ 𝑦)− = (ℎ(𝑥 ⟶ 𝑦))
−

= 1− = 0  

and also ℎ(𝑥 ↝ 𝑦)~ = (ℎ(𝑥 ↝ 𝑦))
~

= 1~ = 0 so that (𝑥 ⟶ 𝑦)−, (𝑥 ↝ 𝑦)~ ∈ 𝐾 ⊆ 𝐹.   

Since 𝑦 ∈ 𝐹, from (ii) and (iii) of definition 3.1.1, we have  𝑥 ∈ 𝐹. Which is a 

contradiction. Therefore, 𝐾𝑒𝑟(ℎ)  is a maximal PWI-ideal of A. 

 

Proposition 3.2.9. Let 𝐴1 and 𝐴2 be lattice pseudo-Wajsberg algebras and let                

 ℎ ∶  𝐴1 ⟶ 𝐴2 be a surjective homomorphism. Then, 𝐴1/𝐾𝑒𝑟(ℎ)  is isomorphic to 𝐴2.  

Proof. Let 𝐾 = 𝐾𝑒𝑟(ℎ). Since ℎ is surjective.  K is a PWI-ideal of 𝐴1,                                                                   

 [from the proposition 3.2.7]. If ℎ(𝑥) = ℎ(𝑦)  

then, ℎ(𝑥 ⟶ 𝑦)− = (ℎ(𝑥 ⟶ 𝑦))− = (ℎ(𝑥) ⟶ ℎ(𝑦))− = 1− = 0  and also  

         ℎ(𝑥 ↝  𝑦)~ = (ℎ(𝑥 ↝  𝑦))~ = (ℎ(𝑥)  ↝  ℎ(𝑦))~ = 1~ = 0.  

Similarly,  ℎ((𝑦 ⟶ 𝑥)−) = 0 and ℎ((𝑦 ↝ 𝑥)~) = 0 hence, (𝑥 ⟶ 𝑦)−, (𝑥 ↝  𝑦)~ ∈ 𝐾 

and (𝑦 ⟶ 𝑥)−, (𝑦 ↝ 𝑥)~  ∈ 𝐾, which means that 𝑥 and 𝑦 belong to the same 

equivalent class of 𝐴1/𝐾 .  conversely, if 𝑥 ≈ 𝑦 𝑜𝑓 𝐾, then  (𝑥 ⟶ 𝑦)− ∈ 𝐾  

and (𝑦 ⟶ 𝑥)− ∈ 𝐾, (𝑥 ↝ 𝑦)~ ∈ 𝐾 and (𝑦 ↝ 𝑥)~ ∈ 𝐾.  

It follows that, 

(i) (ℎ(𝑥) ⟶ ℎ(𝑦))− = (ℎ(𝑥 ⟶ 𝑦))− = 0  ;   (ℎ(𝑦) ⟶ ℎ(𝑥))− = (ℎ(𝑦 ⟶ 𝑥))− = 0 

(ii) (ℎ(𝑥) ↝  ℎ(𝑦))~ = (ℎ(𝑥 ↝ 𝑦))~ = 0   ;   (ℎ(𝑦) ↝  ℎ(𝑥))~ = (ℎ(𝑦 ↝ 𝑥))~ = 0         

Hence, ℎ(𝑥) ⟶ ℎ(𝑦) = 0− = 1 and ℎ(𝑦) ↝ ℎ(𝑥) = 0− = 1 when ℎ(𝑥) = ℎ(𝑦) from 

(ii) of proposition 2.4. Therefore, we have ϕ ∶  𝐴1/𝐾 ⟶ 𝐴2, that is ϕ ∶  𝐾𝑥 ⟶ ℎ(𝑥) is 

a one to one correspondence between 𝐴1/𝐾 and 𝐴2. Now for all  𝐾𝑥, 𝐾𝑦  ∈ 𝐴1/𝐾          

we have, 

                             ϕ(𝐾𝑥  ⟹  𝐾𝑦)  = ϕ(𝐾𝑥𝐾𝑌) 

                                                    = ℎ(𝑥 ⟶ 𝑦) 

                                                       = ℎ(𝑥) ⟶ ℎ(𝑦) 

                                                       = ϕ(𝐾𝑥) ⟶ ϕ(𝐾𝑦)         

Also, we prove ϕ(𝐾𝑥  ⟹  𝐾𝑦) = ϕ(𝐾𝑥𝐾𝑌) 

                                                   =  ℎ(𝑥 ↝ 𝑦) 

                                                       = ℎ(𝑥) ↝ ℎ(𝑦) 

                                                       = ϕ(𝐾𝑥) ↝ ϕ(𝐾𝑦)         

Hence, we have ϕ is the isomorphism. 
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Proposition 3.2.10. Let 𝐴1, 𝐴2 and 𝐴3 be lattice pseudo-Wajsberg algebra, 

 ℎ ∶  𝐴1 ⟶ 𝐴2 a surjective homomorphism and  𝑔 ∶  𝐴1 ⟶ 𝐴3 a homomorphism with 

non-empty kernels. If 𝐾𝑒𝑟(ℎ) ⊂ 𝐾𝑒𝑟(𝑔), then there is a unique homomorphism          

 𝑓 ∶  𝐴2 ⟶ 𝐴3 satisfying 𝑓 ∘ ℎ = 𝑔.                 

Proof. For all 𝑦 ∈ 𝐴2 there exists 𝑥 ∈ 𝐴1 such that 𝑦 = ℎ(𝑥) for the element 𝑥.  
Put  𝑧 = 𝑔(𝑥) Then we show that the function 𝑓 ∶  𝑦 ⟶ 𝑧 is well defined and satisfies 

𝑓 ∘ ℎ = 𝑔.  

Let 𝑦 = ℎ(𝑥1) = ℎ(𝑥2) for all  𝑥1, 𝑥2 ∈ 𝐴1, then 1 = ℎ(𝑥1) ⟶ ℎ(𝑥2) = ℎ(𝑥1 ⟶ 𝑥2)  

and also, 1 = ℎ(𝑥1) ↝ ℎ(𝑥2) = ℎ(𝑥1 ↝ 𝑥2). 

Which implies that, 0 = 1− = (ℎ(𝑥1 ⟶ 𝑥2))
−

= ℎ((𝑥1 ⟶ 𝑥2)−) 

Hence, we have  (𝑥1 ⟶ 𝑥2)− ∈ 𝐾𝑒𝑟(ℎ)  

and also, 0 = 1~ = (ℎ(𝑥1  ↝  𝑥2))
~

= ℎ((𝑥1 ↝ 𝑥2)~) 

Then (𝑥1 ↝ 𝑥2)~ ∈ 𝐾𝑒𝑟(ℎ).  

Since 𝐾𝑒𝑟(ℎ) ⊂ 𝐾𝑒𝑟(𝑔) 

we obtain 0 = 𝑔((𝑥1 ⟶ 𝑥2))
−

= (𝑔(𝑥1 ⟶ 𝑥2))
−

= (𝑔(𝑥1) ⟶ 𝑔(𝑥2))
−

  

Similarly,  

we prove that  0 = 𝑔((𝑥1 ↝  𝑥2))
~

= (𝑔(𝑥1 ↝  𝑥2))
~

= (𝑔(𝑥1)  ↝ 𝑔(𝑥2))
~

 

It follows that,  

𝑔(𝑥1) ⟶ 𝑔(𝑥2) = 0− = 1 and also,    𝑔(𝑥1) ↝ 𝑔(𝑥2) = 0~ = 1 (or) 𝑔(𝑥1) ≤ 𝑔(𝑥2).  

Similarly, we have 𝑔(𝑥2) ≤ 𝑔(𝑥1). Therefore, if ℎ(𝑥1) = ℎ(𝑥2) then  𝑔(𝑥1) = 𝑔(𝑥2).  

This shows that 𝑓 ∶  𝑦 ⟶ 𝑧 is well defined and in above case, we have 𝑔(𝑥) = 𝑓(ℎ(𝑥))  

that is, 𝑓 ∘ ℎ = 𝑔.  

To prove: 𝑓 is a homomorphism 

 Let 𝑦1, 𝑦2 ∈ 𝐴2 for all  𝑥1, 𝑥2 ∈ 𝐴1 such that 𝑦1 = ℎ(𝑥1) and 𝑦2 = ℎ(𝑥2), then              

we have 

𝑓(𝑦1 ⟶  𝑦2) = 𝑓(ℎ(𝑥1) ⟶ ℎ(𝑥2)) 

                       = 𝑓(ℎ(𝑥1 ⟶ 𝑥2)) 

                       = 𝑔(𝑥1 ⟶  𝑥2) 

                       =  𝑔(𝑥1) ⟶ 𝑔(𝑥2) 

                       = 𝑓(ℎ(𝑥1)) ⟶ 𝑓(ℎ(𝑥2)) 

                       =  𝑓(𝑦1) ⟶ 𝑓(𝑦2).                                                                                
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Similarly, we prove that 

𝑓(𝑦1 ↝  𝑦2) = 𝑓(ℎ(𝑥1) ↝ ℎ(𝑥2)) 

                     = 𝑓(ℎ(𝑥1  ↝  𝑥2)) 

                     = 𝑔(𝑥1 ↝  𝑥2) 

                     =  𝑔(𝑥1) ↝ 𝑔(𝑥2) 

                     = 𝑓 (ℎ(𝑥1)) ↝ 𝑓(ℎ(𝑥2))                  

                     =  𝑓(𝑦1) ↝ 𝑓(𝑦2) 

Hence, 𝑓 is a homomorphism. The uniqueness of 𝑓 follows directly from the fact that 

ℎ is a surjective homomorphism. 

 

4. CONCLUSION  

In this paper, we have introduced the notions of PWI-ideal and pseudo lattice ideal of 

lattice pseudo-Wajsberg algebra and discussed some of their properties with examples. 

Further, we have defined the homomorphism and kernel of lattice pseudo-Wajsberg 

algebra. Then, we have obtained the pseudo-Wajsberg quotient algebra by using PWI-
ideal, and also investigated the properties of PWI-ideals related to homomorphism and 

kernel of lattice pseudo-Wajsberg algebra.  
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