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Abstract

In this paper, we introduce the notions of pseudo-Wajsberg implicative ideal
(PWI-ideal) and pseudo lattice ideal in lattice pseudo-Wajsberg algebra. Also,
we investigate some of their related properties. Moreover, we define
homomorphism and kernel of lattice pseudo-Wajsberg algebra and obtained
some properties with illustrations.
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1. INTRODUCTION

Mordchaj Wajsberg [9] introduced the concept of Wajsberg algebras in 1935 and
studied by Font, Rodriguez and Torrenns [2]. Also, they [2] defined lattice structure of
Wajsberg algebras. Further, they [2] introduced the notion of an implicative filter of
lattice Wajsberg algebras and discussed some properties. Pseudo-Wajsberg algebras are
generalizations of Wajsberg algebras. Pseudo-Wajsberg algebras were introduced by
Rodica Ceterchi [7] with the explicit purpose of providing a concept categorically
equivalent to that of pseudo-MV algebras and which will have the same relationship
with Wajsberg algebras as pseudo-Wajsberg algebras. Some interesting properties of
pseudo-Wajsberg algebras emerged, especially related to their order structure. Rodica
Ceterchi [8] introduced the lattice structure of pseudo-Wajsberg algebras and discussed
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some results in generalized pseudo-Wajsberg alebras. Two implications of pseudo-
Wajsberg algebras appear as the right and left residual of monoid structure. All the
above results motivate us to further investigate the relations between algebras and
ideals.

In the present paper, we introduce the notion of pseudo-Wajsberg implicative ideal
(PWI-ideal) and pseudo lattice ideal in lattice pseudo-Wajsberg algebra and discuss
some of their properties with examples. Further, we define the homomorphism and
kernel of lattice pseudo-Wajsberg algebra. Finally, we obtained the quotient structure
by using PWI-ideal and investigate the properties of PWIi-ideals related to
homomorphism.

2. PRELIMINARIES

In this section, we recall some basic definitions and its properties that are needful for
developing the main results.

Definition 2.1[2]. An algebra (A, — , — ,1) with a binary operation " — " and a quasi-
complement " — " is called a Wajsberg algebra if it satisfies the following axioms for
all x,y,z € A,

i) 1—->x=x

(i) G—=y)=y=0—x —x

(i) =N = ((r—2—x—2)=1
(iv) @™ >y )>@y—ox)=1

Definition 2.2[7]. An algebra (4, — ,~, — ,~, 1) with a binary operations "—","

"and quasi complements" — ", "~" is called a pseudo-Wajsberg algebra if it satisfies
the following axioms for all x,y,z € A,

M @1—>x=x
b)1~»x=x
i) Grey)—y=@vx)—=x=@F—ox)vx=x—-oy) vy
([i)@x—>y) > (—o2)v(x—>2)=1
B~y » (y v2) > (x v2)=1
(iv) 1-=1"=0
M@ & »y)——x)=1
(b) x™ = y™) »(yx) =1
Vi) (x—y)" =@~ x).
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Definition 2.3[8]. An algebra (4, A, V,— ,~, — ,~,1)is called a lattice pseudo-
Wajsberg algebras if it satisfies the following axioms for all x,y € A,

(i) A partial ordering “<” on a lattice pseudo-Wajsberg algebra A4 such that x <y if and
onlyif x - y=1eox~vy=1

(ixvy=x—-yvy=@F—ox)vx=@x~vy) oy=H—ox) —x
([ixAy=(x ~» x>y =((x—>y) —x7)

=G> ~a0))=(@ »x)vy”)

== =(G—=x)—y7)

=(x—=@~>y) = ((x »y) = x7) .

Proposition 2.4[8]. In lattice pseudo-Wajsberg algebra (4, — ,~, — ,~,1) which
satisfies the following for all x,y,z € A,
M @x—>x=1
b)x »x=1
@M @Ifx—>y=1landy - x =1, thenx=y
)Ifx»y=1andy ~»x =1, thenx=y
@©Ifx >y=1landy »x =1, thenx =y
@[m@x—1)~v1=1
M x~1)—>1=1
ivi@x—1=1
b)x~»1=1
V) @Ifx—>y=1landy —z=1, thenx - z=1
b)Ifx~»y=1landy~ z=1, thenx »z=1
(vi) @x—>@~x)=1
b)x~»(y—x)=1
vi) x—>@rvz)=1loyvx—o2z)=1
(i@ x =N (-0 > EZ—y)=1
0) (x»y) = ((z vx) » (z vy)) =1
(ix) x—=> @y »z)=y~(x—2).

Proposition 2.5[8]. In lattice pseudo-Wajsberg algebra (4,— ,~, — ,~,1) which
satisfies the following for all x,y € A4,
) @& »0)—x=1

b)(x"—>0)~»x=1
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(i) 0 —>x=1=0~x
@) @ x > 0=x"
(b) x »0=x"
(iv) ()" =x=(x")"
V) @ x" =y =y~vx
(b) x™ vy =y —x
(vi) XT o y=y wx
(vii) x<y & y <x & y <x~
(viii) @) (x = )~ = (y~ »x7)"
b)) x~my)y =@~ —x7)".

Definition 2.6[4]. A non-empty subset 7 of a Wajsbherg algebra 4 is called an ideal if it
satisfies the following axioms for all x,y € A4,

Hoel
(i)x elandy < ximplyy € I
(iii) x,y € I imply x~ — y € I.

Definition 2.7[5]. Let 4 be a lattice Wajsberg algebra. Let 7 be a nonempty subset of A.
Then, 7'is called a Wi-ideal of 4 satisfies the following axioms for all x,y € A,

(Yoel
(i)(x > y)" €landy € I imply x € I.

Definition 2.8[5]. A binary relation " = " on lattice Wajsberg 4 is defined as follows,
x=yifandonlyifx — yand y — x forall x,y € A.

3. MAIN RESULTS
3.1. Pseudo-Wajsberg implicative ideal (PWI-ideal)

In this section, we define PWI-ideal of lattice pseudo-Wajsberg algebra and obtain some
useful results with illustrations.

Definition 3.1.1. Let 4 be lattice pseudo-Wajsberg algebra. Let F be non-empty subset
of 4 is called a PWI- ideal of A4 if it satisfies the following axioms for all x,y € A4,

(Y0eF
(ilyeFand (x —» y)” € Fimplyx € F
(ili) y € Fand (x ~» y)~ € F imply x € F.
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Example 3.1.2.Consider a set A = {0, a, b, ¢, 1}. Define a partial ordering " < ” on 4,
such that 0 <a<b<c<1 and the binary operations "—"," ~" and quasi

complements” — ", "~" given by the following tables (1), (2), (3) and (4).
x| x” — |0 |lal|b|c |1
01 0 [1]|1]1]1]1
a |b a b|1]1 1|1
b |a b alal|l|1]1
c |a c a|la|b|1l]1
110 1 |0|al|b|c|1
Table (1) Table (2)
x| x~ Az O|la|b|c 1
0] 1 0 171111
a| c a cl|1|1]|1]1
bl a b alal|l]1]1
c| O c Ola|b|1]1
110 1 O|la|b|c|1

Table (3) Table (4)

Then, A= (4, A, V,—,~, 0,1) is a lattice pseudo-Wajsberg algebra and consider
the subset F; = {0, a}, then easily verify that F; is a PWI-ideal of A. But, F, = {0, c} is
not a PWI-ideal of 4,

Since(c—0)"=a =b&F,and(c~0)"=0"=1¢& F,

Proposition 3.1.3. Let F be a PWI-ideal of lattice pseudo-Wajsberg algebra and let

x €EFif y<x,then y € Fforall y € A.

Proof. Let ' be a PWI-ideal of lattice pseudo-Wajsberg algebra 4, and x € F then
(x—y)"€F, (x~y)"€eFandx €F forallx,y € A 1)
Ify<x,then(y = x)"=(y~»x)"=1"=1"=0€F (2

From (1) and (2) we have y € F.

Definition 3.1.4. Let 4 be a lattice pseudo-Wajsberg algebra. A PWI-ideal F of 4 is a
nonempty subset of 4 is called a pseudo lattice ideal if it satisfies the following axioms
forall x,y € A4,
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(i 0eF
(i)x e Fandy < ximplyy € F
(iii) x,y € FimplyxVy € F.

Example 3.1.5. Consider aset A = {0, a, b, ¢, 1}. Define a partial ordering " < " on 4,
such that 0 <a< b <c<1 and the binary operations "—"," ~" and quasi

complements " —","~" given by the following tables (5), (6), (7) and (8).
x | x~ — | 0| a |b|c]| 1
0|1 0 171 (1,1)]1
al|b a b1 |11 1
b|c b c|l c |1]lc| 1
c |0 c 0| » |b|1)| 1
110 1 O| a |b|c| 1

Table (5) Table (6)
x| x~ A O|la|b|c |1
0] 1 0 1/1/1]1)1
al| b a b|1|1|1]|1
bl a b alcl|l]c|1
c| b ¢ b|b|b|1l]|1
110 1 Ola|b|c|1

Table (7) Table (8)

Then, A = (4, A, V,—,~, 0,1)isa lattice pseudo-Wajsberg algebra and F; = {0, b}
is a pseudo lattice ideal of 4. But, F, = {0, a} is not a pseudo lattice ideal of 4.

Since,0va=(0—oa)va=(a—0)~»0=(0~a) > a=a;
but(a~»0) > 0=c¢ F,.

Proposition 3.1.6. Let 4 be lattice pseudo-Wajsberg algebra. Every PWI-ideal of 4 is
a pseudo lattice ideal.

Proof. Let ' be a PWI-ideal of 4. Proposition 3.1.3 shows that F satisfies (ii) of
definition 3.1.4. Let x,y € A then,

(Ccvy) =) =(x—=y)vy) =y) =x—y) <@) =x

((xVvy) » )" =(x~»y) = y) v )" =xvy) S@@x) =x
Ifx,y € A,then((x vy) = y)"and ((x Vy) »y)~ € Fandhencex vy € F.We
have from (ii) and (iii) of definition 3.1.1, we have F'is a pseudo lattice ideal.
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Remark 3.1.7. The converse of Proposition 3.1.6 may not be true. In Example 3.1.5,
F = {0, b} is a pseudo lattice ideal of A. But, it is not a PWI-ideal of lattice pseudo-
Wajsberg algebra.

Since,(b—c)" =c =0€Fbutc¢F and (b~»c)"=c =b€EFbutc¢F.

Definition 3.1.8. Let F' be non-empty subset of a lattice pseudo-Wajsberg algebra 4,
we define a complement subset F* of F'in A defineas F* ={a” =a~/a € F}.

Definition 3.1.9. Let F be a PWI-ideal of lattice pseudo-Wajsberg algebra 4, define a
binary relation " = " on 4 as follows: x = y ifand only if for all x,y € A4,

) (x —>y) " €Fand(y = x)" €EF

(i)(x» y)"€Fand (y » x)~ €EF.

Example 3.1.10. Consider aset A = {0, a, b, ¢, d, 1}. Define a partial ordering " < " on
A,suchthat0 < a,b < c <d < 1.Where "a" and "b" are incomparable and the binary
operations "—", " ~ " and quasi complements " — ", "~" given by the following tables
(9), (10), (11) and (12).

X X —|0|a|b|c|d|1l
0 1 oj1|1(1]1|11
a | d ald|1|d|1|1]1
b d b|d|d|1]|1|1]1
c | d cld|d|d|1]|1]1
d d d|ld|a|b|lc|1]|1
1 0 11 0|a|b|c|d]|1l
Table (9) Table (10)
x x~ ~ | 0fa|b|c|d]l
0 1 oj1|1(1}1|11
a c alc|1l]|lc|1]1]1
b c blc|lc|1]1|1]1
c c clclcl|lc|1]|1]1
d c d|c|cl|lc|c|l]1
1 0 1/ 0|a|b|c|d|1l

Table (11) Table (12)
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Consider the PWI-ideal F = {0, a, c,d} of A, we define a binary relation" = " on F as
follows:

IfO~athen,(0 a)"=1"=0€Fand(a—0)"=d  =d€F,
(0O a)y"=1"=0€Fand (a~ 0)"=c”"=c€F.

Similarly, fora = 0, a =~ dand 0 = d.

Proposition 3.1.11. A binary relation " =~ " is an equivalence relation on A.

Proof. From the definitions of 2.9 and example 3.1.11, a binary relation " = " is both
reflexive and symmetric.

To prove: " = " is a transitive

Ifx = yandy = z forall x,y, z € A then,

) (x —>y) " €Fand(y —>x)" €F,(y—z) " €Fand (z—y)  €F
(i)(x~»y)y"eFand(y~» x)"€F,(y~» z)"€Fand (y ~» z)" €F

Since, (x—=2) =2 (@x—=» ) s((x=y)—=>E—2) < —2)"
andalso, ((x v 2)™~ (x v y)7)" < ((x v y) » (x = 2))" < (¥~ 2)”
It follows from proposition 3.1.3 that ((x = 2z)” = (x — y)”)” € F so that
(x — z)” € F because (x — y)~ € F and F'is a PWI-ideal. Same as ((x ~» z)~ ~
(x ~» y)™)~ € Fsothat (x ~» z)~ € F because (x ~» y)~ € F and F is a PWI-ideal.

Similarly, (z— x)~ and (z ~» x)~ € F and hence, x = z. Therefore, "= " is an

equivalence relation on 4 in F.

Definition 3.1.12. Let F, be the equivalence class containing x and by A/F the set of
all equivalence classes of A4 with respect to "~ " that is, F, ={y € A/ x = y}
and A/F = {F,/x € A}.

Remark 3.1.13. It is clear that Fy = F and F; = {y € A/ y~,y~ € F}. Define binary

operations "U"," M = " and unary operation "N" on A/F as follows:

EUFE, =Fyy; B NE =Fy,;, K= F =F, ; EN=FE"; EN=F
for all F,,F, € A/F. It can be easily verified that (A/F ,U, 1, F,, F;) is a bounded
lattice. Moreover A/F is a lattice pseudo-Wajsberg algebra, which is called the lattice

pseudo Wajsberg quotient algebra of 4 by the PWI-ideal of F.
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3.2. Properties of homomorphism and kernel

In this section, we define the notions of homomorphism and kernel of lattice pseudo-
Wayjsberg algebra. Further, we investigate some of their properties.

Definition 3.2.1. Let 4 and B be two lattice pseudo-Wajsberg algebras. A function
h: A — B is a homomorphism if and only if it satisfies the following axioms for
allx,y € A,

() h(0)=0

(i) h(x — y) = h(x) — h(¥)
(iii) h(x ~ y) = h(x) ~ h(y)
(iv) h(x™) = (h(x))~

(V) h(x™) = (h(x))".

Remark 3.2.2. If h: A — B is one to one then h is an injective homomorphism. If
the homomorphism h : A — B is onto then h is surjective. If h is one to one and onto
then h is an isomorphism.

Definition 3.2.3. Let 4 and B be two lattice pseudo-Wajsberg algebras. A function
h:A— B is a lattice homomorphism if it satisfies the following axioms for
all x,y €A,

(i) h is @ homomorphism
(ih() =1

(iii) h(x Vy) = h(x) V h(y)
(iv) h(x Ay) = h(x) A h(y).

Proposition 3.2.4. If a homomorphism h: A — B satisfies h(0) = 0, then h is a
lattice homomorphism.

Proof. Let h(0) =0 forallx,y € A

h(x™) = h(x = 0) = h(x) — h(0) = h(x) — 0 = (h(x))~

h(x™) = h(x ~» 0) = h(x) ~» h(0) = h(x) ~» 0 = (h(x))~

h(xVy) = h((x = y) »y) [from (ii) of definition 2.3]
= h(x = y) ~» h(y) [from (iii) of definition 3.2.1]
= (h(x) = h(y)) ~» h(y)
= h(x) V h(y). [from (ii) of definitions 3.2.1 and 2.3]
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h(xAy) = h(x » (x > y)7)~ [from (iii) of definition 2.3]
= (h(x ~ (x> 7)) [from (iv) of definition 3.2.1]
= (h(x) »h(x = y)7)~ [from (iii) of definition 3.2.1]
= ((h(x = y))~ — (h(x) )" [from (viii)(b) of proposition 2.5]
= (h(x = y) = (h(x)) )" [from (iv) of proposition 2.5]
= ((n() — h(»)) — h(x)—)~ [from (iii) of definition 2.3]
= h(x) A h(y).

Definition 3.2.5. Let 4 and B be two lattice pseudo-Wajsberg algebras. The kernel of a
homomorphism h : A — B isthe set Ker(h) = {x € A/h(x) = 0}.

Proposition 3.2.6. Leth: A — B be homomorphism of lattice pseudo-Wajsberg
algebras. If Ker(h) # @, then 0 € Ker(h).

Proof. If Ker(h) # @, then there exist x € A such that h(x) = 0. If 0 € A4, then
h(0) = 0 Hence, 0 € Ker(h).

Proposition 3.2.7. Let h: A — B be homomorphism of lattice pseudo-Wajsberg
algebras. If Ker(h) # @, then Ker(h) is a PWI-ideal of A.
Proof. Let Ker(h) # @, it follows from the proposition 3.2.6 that 0 € Ker(h).

Let (x — y)~ € Ker(h) and y € Ker(h) then h((x — y)™) =0and h(y) =0
Hence, 0 = h((x — y)7)

= (h(x = y))~ [from (v) of definition 3.2.1]
= (h(x) = h(y))~ [from (ii) of definition 3.2.1]
= (h(x) — 0)~

= (h(x)7)~ [from (iii)(a) of proposition 2.5]
= h(x) [from (iv) of proposition 2.5]

Thus, x € Ker(h).

Proposition 3.2.8. Let h: A — [0,1] be a surjective homomorphism of lattice pseudo-
Wajsberg algebras. Then, the Ker(h) is a maximal PWI-ideal of 4.

Proof. Let h be a surjective, Ker(h) # @. From the proposition 3.2.7, Ker(h) = K in
a PWI-ideal of 4. Suppose K is not a maximal PWI-ideal. Then, there is a proper PWI-
ideal F containing K. Therefore, there exist x,y € A suchthat x € A/F and y € F /K.

Thus h(x) = h(y) =1andso h(x — y) = h(x) — h(y) = 1;
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h(x ~ y) = h(x) ~ h(y) = 1. Itfollows that h(x — y)~ = (h(x > y)) =17 =0
and also h(x ~ y)~ = (h(x ~ y))~= 1" =0sothat(x = y)~,(x »y)" €K C F.
Since y € F, from (ii) and (iii) of definition 3.1.1, we have x € F. Which is a
contradiction. Therefore, Ker(h) isa maximal PWi-ideal of A.

Proposition 3.2.9. Let A; and A, be lattice pseudo-Wajsberg algebras and let
h: A; — A, be asurjective homomorphism. Then, A, /Ker(h) is isomorphic to 4,.

Proof. Let K = Ker(h). Since h is surjective. K isa PWI-ideal of 4,,

[from the proposition 3.2.7]. If h(x) = h(y)

then, h(x — y)™ = (h(x — y))” = (h(x) — h(y))" =1~ =0 and also
h(x ~ y)™ = (h(x ~» y))” = (h(x) ~ h(y))” =17 = 0.

Similarly, h((y — x)7) =0andh((y ~» x)~) =0hence, (x - y)~,(x » y)" €K
and (y — x)~7,(y »x)~ € K, which means that x and y belong to the same
equivalent class of A;/K . conversely, if x = y of K, then (x = y)” €K

and(y = x)" €K, (x »y)"€Kand(y »x)~ €K.
It follows that,

(i) (h(x) = h(y))” = (h(x > y)"=0; (h(y) = h(x))” =(h(y = x))" =0
(ii) (h(x) » h(¥))™ = (h(x ~»¥))" =0 ; (h(y) » h(x))” = (h(y ~x))" =0
Hence, h(x) — h(y) =0~ = 1and h(y) ~» h(x) = 0~ = 1 when h(x) = h(y) from
(ii) of proposition 2.4. Therefore, we have ¢ : A, /K — A,,thatis¢d : K, — h(x) is
a one to one correspondence between A;/K and A,. Now for all K,, K, € A;/K
we have,
q)(Kx = Ky) = O (KKy)

=h(x—y)

=h(x) — h(y)

= ¢(Ky) — ¢(Ky)
Also, we prove ¢p(K, = K, ) = ¢(KKy)

= h(x )

= h(x) ~ h(y)

= ¢(Ky) ~ d(K,)

Hence, we have ¢ is the isomorphism.
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Proposition 3.2.10. Let A;,A,and A; be lattice pseudo-Wajsberg algebra,
h: A, — A, asurjective homomorphism and g : A; — A; a homomorphism with
non-empty kernels. If Ker(h) c Ker(g), then there is a unique homomorphism
f:+ A, — Ajsatisfying f ch = g.

Proof. For all y € A, there exists x € A; such that y = h(x) for the element x.
Put z = g(x) Then we show that the function f : y — z is well defined and satisfies

feh=g

Lety = h(x;) = h(x,) forall x;,x, € Ay, then 1 = h(x;) — h(x;) = h(x; — x3)
and also, 1 = h(x;) ~ h(xy) = h(x; ~ x3).

Which implies that, 0 = 1~ = (h(xl — xz))_ = h((x; = x3)7)

Hence, we have (x; — x;)~ € Ker(h)

and also, 0 = 17 = (h(x; ~ x3)) = h((x; ~ x3)7)

Then (x; ~ x,)~ € Ker(h).

Since Ker(h) c Ker(g)

we obtain 0 = g((x; — x,))” = (9(ts — )" = (gCer) — g(x2))”

Similarly,

we prove that 0 = g((x; v x3)) = (g(x1 ~» x3)) = (g(x1) ~ g(xr))”

It follows that,

g(x1) — g(xz) =07 = 1andalso, g(x;) v g(xz) =07 =1(0r) g(x1) < g(x2).
Similarly, we have g(x,) < g(x;). Therefore, if h(x;) = h(x,) then g(x;) = g(x,).
This shows that f : y — z is well defined and in above case, we have g(x) = f(h(x))
thatis, foch =g.

To prove: f is a homomorphism

Let y;,y, € A, for all x;,x, € A; such that y; = h(x;) and y, = h(x,), then
we have

fn — y2) = f(h(x1) — h(xy))
= f(h(x; = x3))
=90 — x3)
= g(x) — g(xz)
= f(h(x) — f(h(xp))
= f1) = f(2).
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Similarly, we prove that

[~ y) = f(h(x1) "~ h(xz))

= f(h(x; ~ xp))
=g(x; ~ x3)

= g(x;) ~ g(x2)

= f (h(xp) ~ f(h(x))
= f1) ~ f(y2)

Hence, f is a homomorphism. The uniqueness of f follows directly from the fact that
h is a surjective homomorphism.

4. CONCLUSION

In this paper, we have introduced the notions of PWI-ideal and pseudo lattice ideal of
lattice pseudo-Wajsberg algebra and discussed some of their properties with examples.
Further, we have defined the homomorphism and kernel of lattice pseudo-Wajsberg
algebra. Then, we have obtained the pseudo-Wajsberg quotient algebra by using PWI-
ideal, and also investigated the properties of PWI-ideals related to homomorphism and
kernel of lattice pseudo-Wajsberg algebra.
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