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Abstract

By employing Mawhin’s continuation theorem, the existence results for periodic
solutions of the following prescribed mean curvature Rayleigh equation with a
deviating argument

(
x ′(t)√

1 + x ′2(t)
)′ + f (x ′(t)) + β(t)g(x(t − τ(t))) = e(t)

are obtained under suitable assumptions.
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1. Introduction

In recent years, the problem of periodic solutions of functional differential equations
with a deviating argument has been studied extensively. We refer the readers to [1-5]
for details. In [1], Lu and Gui discussed the existence of periodic solutions for Rayleigh
type p-Laplacian equation

(ϕp(x′(t)))′ + f (x′(t)) + g(x(t − τ(t))) = e(t), (1.1)

where ϕp(s) = |s|p−2s, p > 1 and f, g ∈ C(R, R), the growth condition imposed on
g(x) is as follows

−l ≤ g′(x) ≤ 0, ∀x ∈ R. (1.2)
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Cheung and Ren [2] studied the Liénard type equation

(ϕp(x′(t)))′ + f (x(t))x′(t) + g(x(t − τ(t))) = e(t), (1.3)

where g(x) satisfies the Lipschitz condition

|g(u1) − g(u2)| ≤ l|u1 − u2|, ∀u1, u2 ∈ R. (1.4)

It’s interesting to consider the existence of periodic solution of prescribed mean
curvature equations appeared in geometry and physics (see [6–8]). Feng [9] studied
the periodic solution for prescribed mean curvature Liénard equation with a deviating
argument

(
x′(t)√

1 + x′2(t)
)′ + f (x(t))x′(t) + g(t, x(t − τ(t))) = e(t), (1.5)

under the condition that

|f (x)| ≥ γ, γ > 0 and |g(t, x1) − g(t, x2)| ≤ l|x1 − x2|, ∀t ∈ R, x1, x2 ∈ R. (1.6)

In this paper, we study the following prescribed mean Rayleigh equation with a
deviating argument

(
x ′(t)√

1 + x′2(t)
)′ + f (x′(t)) + β(t)g(x(t − τ(t))) = e(t), (1.7)

where f, g, e, β, τ ∈ C(R, R), τ(t + T ) ≡ τ(t), e(t) ≡ e(t + T ), β(t + T ) = β(t),
e(t) �≡ constant, β(t) > 0, and β0 = max

t∈[0,T ] β(t). As far as we know, the results on this

question are not rich. The purpose of this paper is to establish a criteria to guarantee
the existence of T -periodic solution. Our methods and results are different from the
corresponding ones of [9].

2. Preliminaries

Let X and Y be real Banach spaces and L : D(L) ⊂ X → Y be a Fredholm operator with
index zero, that is, X = KerL⊕X1 and Y = ImL⊕Y1. Furthermore, let P : X → KerL
and Q : Y → Y1 be the continuous projectors. Clearly, KerL ∩ (D(L) ∩ X1) = {0},
thus the restriction LP = L|D(L)∩X1 is invertible. Denote by K the inverse of LP .

Let � be an open bounded subset of X with D(L) ∩ � �= 0. A map N : �̄ → Y is
called L-compact in � if QN(�) is bounded and the operator K(I − P)N : �̄ → X is
compact. The following Mawhin’s continuation theorem is well known.

Lemma 2.1. (Gaines and Mawhin [10]) Suppose that X and Y are two Banach spaces,
and L : D(L) ⊂ X → Y is a Fredholm operator with index zero. Furthermore, � ⊂ X

is an open bounded set and N : �̄ → Y is L-compact in �̄. If all the following conditions
hold:
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(1) Lx �= λNx, ∀x ∈ ∂� ∩ D(L), λ ∈ (0, 1);
(2) Nx /∈ ImL, ∀x ∈ ∂� ∩ KerL; and

(3) deg{JQN, � ∩ KerL, 0} �= 0, where J : ImQ → KerL is an isomorphism.

Then the equation Lx = Nx has a solution in � ∩ D(L).
To use Mawhin’s continuation theorem to study the (1.7), we firstly transform (1.7)

into the following form:
⎧⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎩

x ′
1(t) = x2(t)√

1 − x2
2(t)

,

x′
2(t) = −f (

x2(t)√
1 − x2

2(t)

) − β(t)g(x1(t − τ(t))) + e(t).

(2.1)

Denote byϕ(x) = x√
1 − x2

, then prescribed mean operator
x√

1 + x2
isϕ−1(x). Clearly,

if x(t) = (x1(t), x2(t))

 is a T -periodic solution to (2.1), x1(t) must be a T -periodic

solution to (1.7).
Set CT = {φ : φ ∈ C(R, R2), φ(t +T ) ≡ φ(t)} with the norm |φ|0 = max

t∈[0,T ] |φ(t)|,
X = Y = {x(t) = (x1(t), x2(t))


 ∈ C(R, R2) : x(t + T ) ≡ x(t)} with the norm
‖x‖ = max{|x1|0, |x2|0}. Then X and Y are Banach spaces. Let

L : D(L) ⊂ X −→ Y, Lx = x′ =
(

x′
1

x′
2

)
. (2.2)

N : X −→ Y, Nx =
(

ϕ(x2(t))

−f (ϕ(x2(t))) − β(t)g(x1(t − τ(t))) + e(t)

)
. (2.3)

It is easy to see that KerL = R2, ImL = {x : x ∈ Y,

∫ T

0
x(s)ds = 0}. So L is a

Fredholm operator with index zero. Define projectors P : X −→ KerL and Q : Y −→
ImQ by

Px = 1

T

∫ T

0
x(s)ds, Qy = 1

T

∫ T

0
y(s)ds,

and let K be the inverse of L|KerP∩D(L). Obviously KerL = ImQ = R2.

(Ky)−1(t) =
∫ T

0
k(t, s)y(s)ds, (2.4)

where

k(t, s) =
⎧⎨
⎩

s

T
, 0 ≤ s < t ≤ T ,

s − T

T
, 0 ≤ t ≤ s ≤ T .
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From (2.3) and (2.4), one can easily see that N is L-compact on �, where � is an open
bounded subset of X. The following lemma is useful to estimate a prior bounds of
periodic solutions of (2.1).

Lemma 2.2. (Lu and Ge [11]) Let s ∈ C(R, R) with s(t + T ) ≡ s(t). Suppose
max

t∈[0,T ] |s(t)| ≤ γ and u ∈ C1(R, R) with u(t + T ) ≡ u(t), then

∫ T

0
|u(t) − u(t − s(t))|ndt ≤ 2γ n

∫ T

0
|u′(t)|ndt.

At the end of this section, we list the basic assumptions which will be used in section 3.

[H1] There is a constant d > 0 such that

x(g(x) − e(t)

β(t)
) < 0, ∀x ∈ R, |x| > d.

[H2] There exists an integer m such that δ := |τ(t) − mT |0 ≤ T .

[H3] There are constants σ > 0 and n ≥ 3 such that ∀u ∈ R, uf (u) ≥ σ |u|n+1.

[H4] There exist constants r1, r2, r3 ≥ 0 such that

|g(u) − g(v)| ≤ r3|u − v|3 + a2(v)|u − v|2 + a1(v)|u − v|, ∀u, v ∈ R,

where r1 = lim|v|→∞
a1(v)

|v|2 , r2 = lim|v|→∞
a2(v)

|v| .

3. Main result and the proof

In this section we state the main result and give its proof.

Theorem 3.1. Suppose the assumptions [H1] − [H4] hold. Then (1.7) has at least one
T -periodic solution provided one of the following conditions is satisfied:

(A1) n = 3 and β02
3

n+1 r3δ
3 + β02

1
n+1 r1δT

n−1 + β02
2

n+1 r2δ
2T n−2 < σ,

(A2) n > 3.

Proof. Consider the equation Lx = λNx for λ ∈ (0, 1). Let �1 = {x ∈ X : Lx =
λNx, λ ∈ (0, 1)}, then

⎧⎪⎨
⎪⎩

x′
1(t) = λ

x2(t)√
1 − x2

2(t)

�= λϕ(x2(t)),

x′
2(t) = −λf (λϕ(x2(t))) − λβ(t)g(x1(t − τ(t))) + λe(t).

(3.1)
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Let t0 ∈ [0, T ] be the point satisfying x1(t0) = max
t∈[0,T ] x1(t). Then x′

1(t0) = 0, which

together with the first equation of (3.1) lead to x2(t0) = ϕ−1(
1

λ
x′

1(t0)) = 0, for λ ∈ (0, 1).

We claim that
x′

2(t0) ≤ 0. (3.2)

In fact, if x′
2(t0) > 0, then there is a constant ν > 0 such that x ′

2(t) > 0 for t ∈ [t0, t0+ν],
and x2(t) > x2(t0) = 0 for t ∈ [t0, t0 + ν]. Hence, x′

1(t) = λϕ(x2(t)) > 0, t ∈
[t0, t0 + ν], i.e., x1(t) > x1(t0), for t ∈ [t0, t0 + ν], which contradicts the assumption of
x1(t0) = max

t∈[0,T ] x1(t). Assumption [H3] together with the continuity of f (t), f (0) = 0

holds. From the second equation of (3.1) and f (0) = 0, we have

−β(t0)g(x1(t0 − τ(t0))) + e(t0) ≤ 0.

From assumption [H1] that
x1(t0 − τ(t0)) ≤ d. (3.3)

Similarly, if t1 is the minimum point of x1(t) on [0, T ], we obtain

x1(t1 − τ(t1)) ≥ −d. (3.4)

It’s easy to prove that there is a constant ξ ∈ R such that |x1(ξ)| ≤ d. Since ξ ∈ R is a
constant, there must be an integer p and a point t∗ ∈ [0, T ] such that ξ = pT + t∗. So
|x1(t

∗)| = |x1(ξ)| ≤ d , which implies

|x1|0 ≤ d +
∫ T

0
|x′

1(s)|ds. (3.5)

On the other hand, multiplying both sides of the second equation of (3.1) by x′
1(t)

and integrating over [0, T ]. From [H3] we have

λ

∫ T

0
|f (

1

λ
x′

1(t))x
′
1(t)|dt

= λ|
∫ T

0
f (

1

λ
x′

1(t))x
′
1(t)dt | (3.6)

≤ |
∫ T

0
(ϕ−1(

1

λ
x′

1(t)))
′x′

1(t)dt | + |
∫ T

0
β(t)g(x1(t − τ(t)))dt | + |

∫ T

0
e(t)x′

1(t)dt |.

Denoteω(t) = ϕ−1(x′
1(t)/λ), then

∫ T

0
(ϕ−1(x′

1(t)/λ))′x′
1(t)dt = λ

∫ T

0
ϕ(ω(t))dω(t) =

0.

From condition [H3], we get

∫ T

0
|f (

1

λ
x′

1(t))x
′
1(t)|dt ≥ σ

λn

∫ T

0
|x′

1(t)|n+1dt ≥ σ

∫ T

0
|x′

1(t)|n+1dt. (3.7)
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By (3.6), (3.7) and
∫ T

0
g(x1(t))x

′
1(t)dt = 0, we have

σ

∫ T

0
|x′

1(t)|n+1dt

≤ |
∫ T

0
β(t)g(x1(t − τ(t)))x′

1(t)dt | + |
∫ T

0
e(t)x′

1(t)dt | (3.8)

≤ β0|
∫ T

0
(g(x1(t)) − g(x1(t − τ(t))))x′

1(t)dt | + |
∫ T

0
e(t)x′

1(t)dt |.
Define

ε =

⎧⎪⎨
⎪⎩

σ − β02
3

n+1 r3δ
3 − β02

1
n+1 r1δT

n−1 − β02
2

n+1 r2δ
2T n−2

1 + 2(β02
1

n+1 δT n−1 + β02
2

n+1 δ2T n−2)
, if (A1) holds.

1, if (A2) holds.
(3.9)

Obviously, when (A1) holds, ε is a positive constant independent of λ and

β02
3

n+1 r3δ
3 + β02

1
n+1 (r1 + ε)δT n−1 + β02

2
n+1 (r2 + ε)δ2T n−2 < σ. (3.10)

For such a constant ε > 0, it follows from assumption [H4] that there is a constant ρ > d

such that

ak(y) < (rk + ε)|y|3−k, for k = 1, 2 , y ∈ R with |y| > ρ. (3.11)

Let E1 = {t : t ∈ [0, 1], |x1(t − τ(t))| ≤ ρ}, E2 = {t : t ∈ [0, 1], |x1(t − τ(t))| > ρ},
by (3.11) and [H4], we obtain

|
∫ T

0
(g(x1(t)) − g(x1(t − τ(t))))x′

1(t)dt |

≤ r3

∫ T

0
|x1(t) − x1(t − τ(t))|3|x′

1(t)|dt

+
2∑

k=1

∫
E1

|x1(t) − x1(t − τ(t))|k|ak(x1(t − τ(t)))||x′
1(t)|dt

+
2∑

k=1

∫
E2

|x1(t) − x1(t − τ(t))|k|ak(x1(t − τ(t)))||x′
1(t)|dt (3.12)

≤ r3

∫ T

0
|x1(t) − x1(t − τ(t))|3|x′

1(t)|dt

+
2∑

k=1

ak,ρ

∫ T

0
|x1(t) − x1(t − τ(t))|k|x′

1(t)|dt

+
2∑

k=1

(rk + ε)|x1|3−k
0

∫ T

0
|x′

1(t)||x1(t) − x1(t − τ(t))|kdt,
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where ak,ρ = max|u|≤ρ
ak(u), k = 1, 2. By Hölder inequality and Lemma 2.2

∫ T

0
|x1(t) − x1(t − τ(t))|k|x′

1(t)|dt

≤ (

∫ T

0
|x1(t) − x1(t − τ(t) + mT )|n+1dt)

k
n+1 (

∫ T

0
|x′

1(t)|
n+1

n+1−k dt)
n+1−k
n+1 (3.13)

≤ 2
k

n+1 T
n−k
n+1 δk(

∫ T

0
|x′

1(t)|n+1dt)
k+1
n+1 (k = 1, 2).

Substituting (3.13) into (3.12), we have

|
∫ T

0
(g(x1(t)) − g(x1(t − τ(t))))x′

1(t)dt | ≤ 2
3

n+1 r3δ
3T

n−3
n+1 (

∫ T

0
|x′

1(t)|n+1dt)
4

n+1

+
2∑

k=1

ak,ρ2
k

n+1 δkT
n−k
n+1 (

∫ T

0
|x′

1(t)|n+1dt)
k+1
n+1 (3.14)

+
2∑

k=1

(rk + ε)δk2
k

n+1 T
n−k
n+1 |x1|3−k

0 (

∫ T

0
|x′

1(t)|n+1dt)
k+1
n+1 .

In view of f (0) = 0, (3.1) and e(t) �≡ constant,
∫ T

0
|x′

1(s)|ds > 0 holds. By the

knowledge of mathematical inequalities, there is a constant h > 0 such that

(1 + x)3 ≤ 1 + 4x, x ∈ (0, h]. (3.15)

Next we will prove if one of the conditions of (A1) and (A2) holds, there must exist a
constant M1 > 0 independent of λ such that |x1|0 ≤ M1.

If
d∫ T

0 |x′(s)|ds
> h, then

∫ T

0
|x′(s)|ds <

d

h
, from (3.5) we have

|x1|0 ≤ d + d

h
. (3.16)

If
d∫ T

0 |x′(s)|ds
≤ h, then from (3.5), (3.15) and Hölder inequality,

|x1|3−k
0 ≤ (d +

∫ T

0
|x′(t)|dt)3−k = (

∫ T

0
|x′

1(t)|dt)3−k(1 + d∫ T

0 |x′
1(t)|dt

)3−k

≤ T
3n−nk
n+1 (

∫ T

0
|x′

1(t)|n+1dt)
3−k
n+1 + 4dT

n(2−k)
n+1 (

∫ T

0
|x′

1(t)|n+1dt)
2−k
n+1 . (3.17)
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So

T
n−k
n+1 |x1|3−k

0 (

∫ T

0
|x′

1(t)|n+1dt)
k+1
n+1

≤ T
4n−k−nk

n+1 (

∫ T

0
|x′

1(t)|n+1dt)
4

n+1 + 4dT
3n−nk−k

n+1 (

∫ T

0
|x′

1(t)|n+1dt)
3

n+1 . (3.18)

Substituting (3.18) into (3.14), we get

|
∫ T

0
(g(x1(t)) − g(x1(t − τ(t))))x′

1(t)dt |

≤ (2
3

n+1 r3δ
3T

n−3
n+1 +

2∑
k=1

(rk + ε)2
k

n+1 δkT
n−k+3n−nk

n+1 )(

∫ T

0
|x′

1(t)|n+1dt)
4

n+1 (3.19)

+(

2∑
k=1

4d(rk + ε)2
k

n+1 δkT
3n−nk−k

n+1 + a2,ρ2
2

n+1 δ2T
n−2
n+1 )(

∫ T

0
|x′

1(t)|n+1dt)
3

n+1

+a1,ρ2
1

n+1 δT
n−1
n+1 (

∫ T

0
|x′

1(t)|n+1dt)
2

n+1 .

Substituting (3.19) into (3.8), we have

σ

∫ T

0
|x′

1(t)|n+1dt

≤ β0(2
3

n+1 r3δ
3T

n−3
n+1 +

2∑
k=1

(rk + ε)2
k

n+1 δkT
n−k+3n−nk

n+1 )(

∫ T

0
|x′

1(t)|n+1dt)
4

n+1

+ β0(a2,ρ2
2

n+1 δ2T
n−2
n+1 +

2∑
k=1

4d(rk + ε)2
k

n+1 δkT
3n−nk−k

n+1 )(

∫ T

0
|x′

1(t)|n+1dt)
3

n+1

+ β0a1,ρ2
1

n+1 δT
n−1
n+1 (

∫ T

0
|x′

1(t)|n+1dt)
2

n+1

+ (

∫ T

0
|e(t)| n+1

n dt)
n

n+1 (

∫ T

0
|x′

1(t)|n+1dt)
1

n+1 . (3.20)
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If (A1) holds, i.e., n = 3,
4

n + 1
= 1, from (3.20), we have

(σ − β0(2
3

n+1 r3δ
3T

n−3
n+1 +

2∑
k=1

(rk + ε)2
k

n+1 δkT
n−k+3n−nk

n+1 ))

∫ T

0
|x′

1(t)|n+1dt

≤ β0(a2,ρ2
2

n+1 δ2T
n−2
n+1 +

2∑
k=1

4d(rk + ε)2
k

n+1 δkT
3n−nk−k

n+1 )(

∫ T

0
|x′

1(t)|n+1dt)
3

n+1

+ β0a1,ρ2
1

n+1 δT
n−1
n+1 (

∫ T

0
|x′

1(t)|n+1dt)
2

n+1

+ (

∫ T

0
|e(t)| n+1

n dt)
n

n+1 (

∫ T

0
|x′

1(t)|n+1dt)
1

n+1 . (3.21)

By (3.10),

σ − β0(2
3

n+1 r3δ
3T

n−3
n+1 +

2∑
k=1

(rk + ε)2
k

n+1 δkT
n−k+3n−nk

n+1 ) > 0.

Take notice of now
3

n + 1
< 1,

2

n + 1
< 1,

1

n + 1
< 1, by (3.21), there exists a constant

R0 independent of λ such that
∫ T

0
|x′

1(t)|n+1dt < R0. Then from (3.5) we have

|x1|0 ≤ d + T
n

n+1 (R0)
1

n+1 . (3.22)

If (A2) holds, i.e., n > 3, in view of
k

n + 1
< 1, k = 1, 2, 3, 4, by (3.20), it is easy to see

that there exists a constant R1 independent of λ such that
∫ T

0
|x′

1(t)|n+1dt < R1, i.e.,

|x1|0 ≤ d + T
n

n+1 (R1)
1

n+1 . (3.23)

Let
M1 = max{d + T

n
n+1 (R0)

1
n+1 , d + T

n
n+1 (R1)

1
n+1 , d + d/h}.

Then it follows from (3.16), (3.22) and (3.23) that in either (A1) or (A2), |x1|0 ≤ M1
always holds.

On the other hand, by the first equation of (3.1), we have λ

∫ T

0
ϕ(x2(t))dt =∫ T

0
x′

1(s)ds = 0, which implies that there is a constant η such that |x2(η)| = 0. So we

have

|x2(t)| ≤
∫ T

η

|x′
2(s)|ds ≤ (

∫ T

0
|x′

2(s)|2ds)
1
2 T

1
2 . (3.24)
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By the second equation of (3.1), we have

∫ T

0
|x′

2(s)|2ds = | − λ

∫ T

0
β(t)g(x1(t − τ(t)))x′

2(t)dt + λ

∫ T

0
e(t)x′

2(t)dt |

≤ (β0gM1T
1
2 + (

∫ T

0
|e(t)|2dt)

1
2 )(

∫ T

0
|x′

2(t)|2dt)
1
2 ,

where gM1 = max|u|≤M1
|g(u)|. Then

∫ T

0
|x′

2(s)|2ds ≤ (β0gM1T
1
2 + (

∫ T

0
|e(t)|2dt)

1
2 )2. (3.25)

Substituting (3.25) into (3.24), we have

|x2|0 < d + T
1
2 (β0gM1T

1
2 + (

∫ T

0
|e(t)|2dt)

1
2 ) := M2. (3.26)

Let �2 = {x : x ∈ KerL, QNx = 0}. If x ∈ �2, then x ∈ kerL and QNx = 0. It’s
easy to obtain that |x1(t)| ≤ d, x2(t) = 0 ≤ d.

Let � = {x : x = (x1, x2)

 ∈ X, |x1|0 < M1, |x2|0 < M2}. Then � ⊃ (�1 ∪ �2)

and � is a bounded open set of X. So (1) and (2) of Lemma 2.1 are satisfied. Next we
show that condition (3) of Lemma 2.1 holds. �

Define a linear isomorphism J : ImQ → KerL by J (x1, x2) = (x1, x2), �ε = {x :
x = (x1, x2) ∈ R2 : |x1| < M1, |x2| < ε}. It’s easy to see that there is a sufficiently
small ε0 > 0 such that the equation QNx = (0, 0), i.e.,

⎧⎪⎪⎪⎨
⎪⎪⎪⎩

x2(t)√
1 − x2

2(t)

= 0

−f (ϕ(x2(t))) − g(x1)
1

T

∫ T

0
β(t)dt + 1

T

∫ T

0
e(t)dt = 0,

(3.27)

has no solution in (� ∩ kerL)/�ε, where ε ∈ (0, ε0) is an arbitrary constant. So

deg{JQN, � ∩ KerL, 0} = deg{JQN, �ε, 0}.
Let

QN0 =
⎛
⎝ 0

1

T

∫ T

0
(−g(x1)β(t) + e(t))dt

⎞
⎠ .

If x ∈ ∂�ε, then

‖ JQN(x) − JQN0(x) ‖≤ max|x2|≤ε
{|f (ϕ(x2))| + ϕ(x2)}.
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By the continuity of f and the fact f (0) = 0, ‖ JQN(x) − JQN0(x) ‖→ 0 as
ε → 0. So if ε > 0 is sufficiently small,

deg{JQN, �ε, 0} = deg{JQN0, �ε, 0}.
In view of dimQN0 = 1, it follows that

deg{JQN0, �ε, 0} = deg{JQN0, �0, 0},
where �0 = {x : x ∈ R, |x| < M0} ⊂ R. By assumption [H1], we have

deg{JQN, � ∩ KerL, 0} = deg{JQN0, �0, 0} �= 0.

Therefore, by Lemma 2.1, we see that the equation Lx = Nx has a solution.

If g ∈ C3(R, R), |g
′′′(x)

3! | ≤ r3, ∀x ∈ R, and

lim|x|→∞
g(k)(x)

k!|x|3−k
≤ rk(k = 1, 2),

where r1, r2 ≥ 0 are constants. Then for ∀x, y ∈ R, we have

|g(x) − g(y)| = |g′(y)(x − y) + g′′(y)

2! (x − y)2 + g′′′(ξ)

3! (x − y)3|
≤ r3|x − y|3 + r1|y|2|x − y| + r2|y||x − y|2.

(3.28)

where ξ is between x and y.

Corollary 3.2. Assume [H1] − [H3] and (3.28) hold. Then (1.7) has at least one T -
periodic solution if one of the following conditions holds:

(A1) n = 3 and σ − β02
3

n+1 r3δ
3 − β02

1
n+1 r1δT

n−1 − β02
2

n+1 r2δ
2T n−2 > 0;

(A2) n > 3.

4. An example

We give an example to illustrate the application of our result.

Example 4.1. Suppose f (x) = bxs, g(x) = a0x
3 + a1x

2 + a2x + a3, a0, a1, a2, a3, b

are constants, b �= 0, a0 �= 0, n = s, b is odd and s ≥ 3. Consider the prescribed mean
curvature Rayleigh equation with a deviating argument:

(
x ′(t)√

1 + x′2(t)
)′ + f (x′(t)) + (2 − sin t)g(x(t − 1

100
sin t)) = sin t − 2, (4.1)
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where β(t) = 2 − sin t, β0 = 3, e(t) = sin t − 2, τ (t) = 1

100
sin t .

Corresponding to equation (4.1), it is clear that [H1] − [H3] hold with σ = |b|,
δ = 1

100
. Meanwhile, |g

′′′(x)

3! | ≤ |a0|, lim|x|→∞
g(k)(x)

k!|x|3−k
= |a0|Ck

3 . By Corollary 3.1,

(4.1) has at least one 2π -periodic solution if

(A1) s = 3 and 3(2
s

s+1 (1/100)s |a0| +
2∑

k=1

2
k

1+s |a0|Ck
s (1/100)k(2π)3−k) < |b|; or

(A2) s > 3 holds.

References

[1] S. Lu, Z. Gui, On the existence of periodic solutions to p-Laplacian Rayleigh
differential equation with a delay. J. Math. Anal. Appl. 325, 685–702 (2007).

[2] W. Cheung, J. Ren, Periodic solutions for p-Laplacian Liénard equation with a
deviating argument. Nonlinear Anal. 59, 107–120 (2004).

[3] S. Lu, W. Ge, Periodic solutions for second order p-Laplacian differential equation
with a deviating argument (in Chinese). Acta. Math. Sin. 48(5), 841–850(2005).

[4] W. Cheung, J. Ren, On the existence of periodic solutions for p-Laplacian gener-
alized Liénard equation. Nonlinear Anal. 60, 65–75 (2005).

[5] S. Lu, W. Ge, Periodic solutions for a kind of Liénard equations with deviating
arguments. J. Math. Anal. Appl. 249, 231–243 (2004).

[6] D. Bonheure,P. Habets, F.Obersnel, P. Omari, Classical and non-classical solutions
of a prescribed curvature equation. J. Differ. Equ. 243, 208–237 (2007).

[7] H. Pan, One-dimensional prescribed mean curvature equation with exponential
nonlinearity. Nonlinear Anal. 70, 999–1010 (2009).

[8] P. Benevieria, , J. M. Do Ó, E. S. Medeiros, Periodic solutions for nonlinear systems
with mean curvature-like operators. Nonlinear Anal. 65, 1462–1475 (2006).

[9] M. Feng, Periodic solutions for prescribed mean curvature Liénard equation with
a deviating argument. Nonlinear Anal., Real World Appl. 13, 1216–1223 (2012).

[10] R.E. Gaines, J. L. Mawhin, Coincidence Degree and Nonlinear Differential Equa-
tions. Lecture Notes in Mathematics, vol. 568. Springer, Berlin (1977).

[11] S. Lu, W. Ge, Sufficient conditions for the existence of periodic solutions to some
second order differential equations with a deviating argument, J. Math. Anal. Appl.
308(2), 393–419 (2005).

[12] X. Lv, P. Yan, D. Liu. Anti-periodic solutions for a class of nonlinear second-order
Rayleigh equations with delays. Commun. Nonlinear Sci. Numer. Simul. 15, 3593–
3598 (2010).



Novel existence criteria for periodic solutions... 151

[13] J. Li, J. L. Luo, Y. Cai, Periodic solutions for prescribed mean curvature
Rayleigh equation with a deviating argument. Adv. Diff. Equ, 2013, 88(2013).
doi:10.1186/1687-1847-2013-88.

[14] J. L. Mawhin, M. Willem. Critical Point Theory and Hamiltonian Systems. Appli-
cation of Mathematical Science, vol. 74. Springer, New York (1989).



<<
  /ASCII85EncodePages false
  /AllowTransparency false
  /AutoPositionEPSFiles true
  /AutoRotatePages /None
  /Binding /Left
  /CalGrayProfile (Dot Gain 20%)
  /CalRGBProfile (sRGB IEC61966-2.1)
  /CalCMYKProfile (U.S. Web Coated \050SWOP\051 v2)
  /sRGBProfile (sRGB IEC61966-2.1)
  /CannotEmbedFontPolicy /Error
  /CompatibilityLevel 1.4
  /CompressObjects /Tags
  /CompressPages true
  /ConvertImagesToIndexed true
  /PassThroughJPEGImages true
  /CreateJDFFile false
  /CreateJobTicket false
  /DefaultRenderingIntent /Default
  /DetectBlends true
  /ColorConversionStrategy /LeaveColorUnchanged
  /DoThumbnails false
  /EmbedAllFonts true
  /EmbedJobOptions true
  /DSCReportingLevel 0
  /EmitDSCWarnings false
  /EndPage -1
  /ImageMemory 1048576
  /LockDistillerParams false
  /MaxSubsetPct 100
  /Optimize true
  /OPM 1
  /ParseDSCComments true
  /ParseDSCCommentsForDocInfo true
  /PreserveCopyPage true
  /PreserveEPSInfo true
  /PreserveHalftoneInfo false
  /PreserveOPIComments false
  /PreserveOverprintSettings true
  /StartPage 1
  /SubsetFonts true
  /TransferFunctionInfo /Apply
  /UCRandBGInfo /Preserve
  /UsePrologue false
  /ColorSettingsFile ()
  /AlwaysEmbed [ true
  ]
  /NeverEmbed [ true
  ]
  /AntiAliasColorImages false
  /DownsampleColorImages true
  /ColorImageDownsampleType /Bicubic
  /ColorImageResolution 300
  /ColorImageDepth -1
  /ColorImageDownsampleThreshold 1.50000
  /EncodeColorImages true
  /ColorImageFilter /DCTEncode
  /AutoFilterColorImages true
  /ColorImageAutoFilterStrategy /JPEG
  /ColorACSImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /ColorImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000ColorACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000ColorImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasGrayImages false
  /DownsampleGrayImages true
  /GrayImageDownsampleType /Bicubic
  /GrayImageResolution 300
  /GrayImageDepth -1
  /GrayImageDownsampleThreshold 1.50000
  /EncodeGrayImages true
  /GrayImageFilter /DCTEncode
  /AutoFilterGrayImages true
  /GrayImageAutoFilterStrategy /JPEG
  /GrayACSImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /GrayImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000GrayACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000GrayImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasMonoImages false
  /DownsampleMonoImages true
  /MonoImageDownsampleType /Bicubic
  /MonoImageResolution 1200
  /MonoImageDepth -1
  /MonoImageDownsampleThreshold 1.50000
  /EncodeMonoImages true
  /MonoImageFilter /CCITTFaxEncode
  /MonoImageDict <<
    /K -1
  >>
  /AllowPSXObjects false
  /PDFX1aCheck false
  /PDFX3Check false
  /PDFXCompliantPDFOnly false
  /PDFXNoTrimBoxError true
  /PDFXTrimBoxToMediaBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXSetBleedBoxToMediaBox true
  /PDFXBleedBoxToTrimBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXOutputIntentProfile ()
  /PDFXOutputCondition ()
  /PDFXRegistryName (http://www.color.org)
  /PDFXTrapped /Unknown

  /Description <<
    /ENU (Use these settings to create PDF documents with higher image resolution for high quality pre-press printing. The PDF documents can be opened with Acrobat and Reader 5.0 and later. These settings require font embedding.)
    /JPN <FEFF3053306e8a2d5b9a306f30019ad889e350cf5ea6753b50cf3092542b308030d730ea30d730ec30b9537052377528306e00200050004400460020658766f830924f5c62103059308b3068304d306b4f7f75283057307e305930023053306e8a2d5b9a30674f5c62103057305f00200050004400460020658766f8306f0020004100630072006f0062006100740020304a30883073002000520065006100640065007200200035002e003000204ee5964d30678868793a3067304d307e305930023053306e8a2d5b9a306b306f30d530a930f330c8306e57cb30818fbc307f304c5fc59808306730593002>
    /FRA <>
    /DEU <>
    /PTB <>
    /DAN <>
    /NLD <>
    /ESP <>
    /SUO <>
    /ITA <>
    /NOR <>
    /SVE <>
  >>
>> setdistillerparams
<<
  /HWResolution [2400 2400]
  /PageSize [612.000 792.000]
>> setpagedevice


