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Abstract

By employing Mawhin’s continuation theorem, the existence results for periodic
solutions of the following prescribed mean curvature Rayleigh equation with a
deviating argument

x'(t)
V1 + x2(1)

are obtained under suitable assumptions.

( ) 4+ fE(0) + BOgk(t —T(1) = e(t)
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1. Introduction

In recent years, the problem of periodic solutions of functional differential equations
with a deviating argument has been studied extensively. We refer the readers to [1-5]
for details. In [1], Lu and Gui discussed the existence of periodic solutions for Rayleigh
type p-Laplacian equation

(@p(X' ) + f(X'(®) + g(x(t — (1)) = e(1), (1.1)

where ¢, (s) = Is|”~2s, p > 1 and f, g € C(R, R), the growth condition imposed on
g(x) is as follows
—1<g'(x) <0,Vx € R. (1.2)
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Cheung and Ren [2] studied the Liénard type equation
(Pp(xX' () + F(x)x'(1) + g(x(t — (1)) = e(?), (1.3)
where g(x) satisfies the Lipschitz condition
|g (1) — g2)| < lluy —usl, Yuy,uz € R. (1.4)

It’s interesting to consider the existence of periodic solution of prescribed mean
curvature equations appeared in geometry and physics (see [6-8]). Feng [9] studied
the periodic solution for prescribed mean curvature Liénard equation with a deviating
argument

( x'(1)
J1+x2()

under the condition that

)+ f )X (1) + g(t, x(t — T(1))) = e(1), (1.5)

|f()l =y, y >0and [g(r, x1) — g(t, x2)| = [|x1 — x2|, VI € R, x1,x2 € R. (1.6)

In this paper, we study the following prescribed mean Rayleigh equation with a
deviating argument

( x'(t)
V1+x2()

where f, g,e,B,7 € C(R,R), t(t +T) = 1(1), e(t) = et + 1), Bt + T) = B(1),
e(t) # constant, 8(t) > 0, and By = I‘I[lél)} ] B(t). As far as we know, the results on this
tell,

) + fE @) + Bt —T(1) = e (), (1.7)

question are not rich. The purpose of this paper is to establish a criteria to guarantee
the existence of 7T-periodic solution. Our methods and results are different from the
corresponding ones of [9].

2. Preliminaries

Let X and Y be real Banach spacesand L : D(L) C X — Y be a Fredholm operator with
index zero, thatis, X = KerL@® X; and Y = ImL @ Y;. Furthermore, let P : X — KerL
and Q : Y — Y be the continuous projectors. Clearly, KerL N (D(L) N X1) = {0},
thus the restriction L p = L|p(1)nx, 18 invertible. Denote by K the inverse of L p.

Let Q be an open bounded subset of X with D(L)NQ #0. Amap N : Q — Y is
called L-compact in Q if QN (R2) is bounded and the operator K (I — P)N : @ — X is
compact. The following Mawhin’s continuation theorem is well known.

Lemma 2.1. (Gaines and Mawhin [10]) Suppose that X and Y are two Banach spaces,
and L : D(L) C X — Y is a Fredholm operator with index zero. Furthermore, 2 C X
is an open bounded setand N : Q2 — Y is L-compactin €2. If all the following conditions
hold:
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(1) Lx #ANx, Vx € 0QND(L), A € (0, 1);
(2) Nx ¢ ImL, Vx € 0QNKerL;and
(3) deg{/JON,Q2NKerL,0} # 0, where J : ImQ — KerL is an isomorphism.

Then the equation Lx = Nx has a solution in @ N D(L).
To use Mawhin’s continuation theorem to study the (1.7), we firstly transform (1.7)
into the following form:

o =22
I —x5(1)
/ X (t) 2.1
) = —f(—=—=) = B()gn(t — (1)) + ().
J1=x3@)
Denoteby ¢(x) = ﬁ,thenpresoribedmean operator\/% isp~1(x). Clearly,

if x(t) = (x1(r), )cz(t))T is a T-periodic solution to (2.1), x1(¢#) must be a T-periodic
solution to (1.7).
SetCr = {¢ : ¢ € C(R, R*), p(t +T) = ¢(1)} with the norm |$|p = max (1)l
tell,

X =Y =1{x@t) = ()cl(t),)cz(z‘))T e C(R, R2) :x(t + T) = x(¢r)} with the norm
lx|| = max{|xi|o, |x2]o}. Then X and Y are Banach spaces. Let

L:D(L)C X —>7Y, Lx:x’:<j§i>. 2.2)
2
| ~ o(x2(1))
NiX—= ¥ Nr= ( —FpGa())) — Bg1(t — T() + e(r) ) @3)

T
It is easy to see that KerL = R>,ImL = {x : x € Y,/ x(s)ds = 0}. So L isa

0
Fredholm operator with index zero. Define projectors P : X — KerL and Q : Y —>
Im Q by

1 [T 1 [T
Px = 7/0 x(s)ds, Qy= 7/0 y(s)ds,

and let K be the inverse of L|k¢rpnp(r). Obviously Ker L =1mQ = R?.

T
(Ky)"\(1) = fo K(t, 5)y(s)ds, 2.4

where
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From (2.3) and (2.4), one can easily see that N is L-compact on €2, where €2 is an open
bounded subset of X. The following lemma is useful to estimate a prior bounds of
periodic solutions of (2.1).

Lemma 2.2. (Lu and Ge [11]) Lets € C(R, R) with s(t + T) = s(t). Suppose

max Is()| <y andu € C'(R, R) with u(t + T) = u(t), then
tell,

T T
f lu(r) —u(t — s(0)|"dr < 2;/”/ lu'()|"dr.
0 0
At the end of this section, we list the basic assumptions which will be used in section 3.

[H;] There is a constant d > 0 such that

e(t)
x(gx) — m) <0,Vx € R, |x| > d.

[H>] There exists an integer m such that é := |t (¢) —mT|o < T.
[H3] There are constants 0 > 0 and n > 3 such thatVu € R, uf(u) > 0|u|"+1.
[H4] There exist constants rq, rp, r3 > 0 such that

lgw) — g(W)| < r3lu — v + a2 (V) |u — v|* + a1 (v)|u — v|, Vu,v € R,

. ap(v) . ax(v)
where ri = lim —Fn= .
|[v|—>00 |v| |[v]—o00 |v|

3. Main result and the proof
In this section we state the main result and give its proof.

Theorem 3.1. Suppose the assumptions [H;] — [H4] hold. Then (1.7) has at least one
T -periodic solution provided one of the following conditions is satisfied:
S 63 L n—1 2 2mn—2
(A1) n=3and Bo2"+Tr38° + Bo2n+iri 6T + B2+ 18T < 0,
(Ap) n > 3.

Proof. Consider the equation Lx = ANx for A € (0,1). Let Q) = {x € X : Lx =
ANx, X € (0, 1)}, then

X0 = =20 2 o),

1—x3(1) (3.1
x(t) = =Af (hp(x2(1))) — AB()g(x1(t — T(1))) + Le(D).
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Let 1o € [0, T'] be the point satisfying x;(tp) = rr[lg);]xl(t). Then xi(to) = 0, which
tel0,

1
together with the first equation of (3.1) lead to x, (#9) = (p_l (}—\x{ (t9)) = 0,forA € (0, 1).

We claim that
xé(to) <0. (3.2)

In fact, if xé(to) > 0, then there is a constant v > 0 such that xé(t) > Ofort € [ry, to+V],

and x2(t) > xp(t9) = O for r € [19, 19 + v]. Hence, xi(t) = lp(x2(t)) > 0,1t €

[t0, to + V], 1.e., x1(¢) > x1(tp), fort € [19, ty + v], which contradicts the assumption of

x1(t9) = tII[lgl); ] x1(t). Assumption [H3] together with the continuity of f(¢), f(0) =0
€0,

holds. From the second equation of (3.1) and f(0) = 0, we have

—B(t0)g(x1(to — T(t0))) + e(ty) < 0.

From assumption [H;] that
x1(to — t(t9)) < d. (3.3)

Similarly, if ¢; is the minimum point of x;(¢) on [0, T'], we obtain
xi(tp — (f1)) = —d. (3.4)

It’s easy to prove that there is a constant £ € R such that |x{(§)| < d. Since§ € Risa
constant, there must be an integer p and a point r* € [0, T'] such that § = pT +t*. So
|x1(t%)] = |x1(&)| < d, which implies

T
Ixilo < d +/ lx1(s)lds. (3.5
0

On the other hand, multiplying both sides of the second equation of (3.1) by x}(z)
and integrating over [0, T']. From [H3] we have

r
A f GO Ol
0
|
= Al f FGxi @ (3.6)
0

T 1 T T
=< I/O (ﬁﬂ_l(XXi(t)))/Xi(t)dtl+|/O /3(t)g(x1(t—1(t)))df|+|/0 e(t)x}(t)dt].

T T
Denote w(r) = ¢~ (x}(t)/1), then f (@ (x| () /0) x| ()dr = A f o(w@)do(t) =
0 0

0.
From condition [H3], we get

T 1 o T T
f Fx oy olde = < / MO BT / W Ortdn 3
0 A A" Jo 0
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T
By (3.6), (3.7) and / g(xl(t))xi(t)dt = 0, we have
0

T
0/ Ix; ()" dr
0

T T
< | / B1)g(xi(t — T(1))x|(t)dt| + | / e()x|(1)dt| (3.8)
0 0
T T
=< pol / (g(x1(1) — g(x1(t — T()))x|(D)dt| + | f e(t)x|(t)dt].
0 0
Define
o — o2 Tra8d — Bo2itT 1y ST 1 — Bo2itir, 82T =2
. - > , if (Ay) holds.
€= 1+ 2(Bp2m+ 18T~ + Bo2m+182Tn~2)
1, if (A2) holds.
(3.9)
Obviously, when (A1) holds, ¢ is a positive constant independent of A and
o2 1383 + Bo2iF (ry + £)8T" " + Bo2it1 (ry + £)8°T" 2 < o (3.10)

For such a constant ¢ > 0, it follows from assumption [Hy4] that there is a constant p > d
such that

ar(y) < (e + &)|yP7*, fork=1,2,y € R with |y| > p. (3.11)

Let Ey ={t: 1t € [0, 1], [x1(zt — T ()| < p}, E2 ={t : 1 € [0, 1], |x1(z — =(®))| > p},
by (3.11) and [Hy4], we obtain

T
| /0 (g(x1(1) — g(x1(t — T()))x()dt]

T
< /0 X1 (1) = x1(t = (@) |x] (1)
2
+>° ) = - () Flax (x1( — ()| Ix] ()1
k=1 1
2
2 [ @ — a6 = rO)fla@t - o)l (G.12)
k=1" %2
T
< fo X1 (6) = x1(t = T(@)Px) (0)]d2

2 T
+) a, fo X1 () — x1(2 — T(0))[“|x] (1) |d1
k=1

2 T
+) e+ o)l /0 X1 Olx1(1) = x1 (6 — T(@))|"dt,
k=1



Novel existence criteria for periodic solutions... 145

where ay , = |mlax ar(u), k =1,2. By Holder inequality and Lemma 2.2
ul<p

T
fo lx1(t) — x1(t — T(0))|*|x] (1) |dt

A

T T -
< / x1(6) — x1(t — T(8) + mT) " deyieT( / [} (O[T dn) 5T (3.13)
0 0
_ T
< 2»1-'?1Tﬁ+’f5’<(/ () dry e k= 1, 2).
0
Substituting (3.13) into (3.12), we have

r 3 n=3 r 4
l/o (g(x1(1) — g(x1(t — T(H))x((D)dt] < 2"+'r353T"+1(/0 ey ()" ey

: Kook ik ! ’ n+1 Ll
+ ) 20K TR (| [x((6)]"H dryr (3.14)
k=1 0
2 T
3o+ 27 T [ ot ant,
0
k=1

T
In view of f(0) = 0, (3.1) and e(¢#) # constant, f |x{(s)|ds > 0 holds. By the

0
knowledge of mathematical inequalities, there is a constant 2 > 0 such that
14+x)° <1+4+4x, xe€(0,h]. (3.15)

Next we will prove if one of the conditions of (Aj) and (A3) holds, there must exist a
constant M; > 0 independent of A such that |x|o < M.

d T d
If ——— >h, then/ |x’(s)|ds < —, from (3.5) we have
Jo 1x/(s)lds 0 h
d
Ix1lo < d + W (3.16)

d
If ———— = h, then from (3.5), (3.15) and Holder inequality,
Jo 1X'(s)lds

T T
g™ < @+ / X' (0)]d)> ™ = ( / |xi(t>|dt)3—"(1+%>3—k
0 0 Jo lx1(®dt

—n T — n2— r —
T%n"(/ x| ()" dr)yirt +4dT512+1k)(/ e ()" . (3.17)
0 0

A
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So

T
n—k — k+1
T |x 3 k(/ x| (2)|" T Ldr)

4n—k

< Tnﬂ<f (O ey

|x1(t)|”+]dt)n+1 (3.18)

Substituting (3.18) into (3.14), we get

T
I/ (g(x1(1) — g(x1(t — T(1))))xy(1)dt|

= (2"+‘r35 T —I—Z(rk+5)2n+16k |x (t)|"+1dt)n+l (3.19)
k=1
2 —
_|_(Z4d(rk+g)2n+15k n+1 _|_a2 2n+13 Tn+1)(/ le(t)|"+1dt)”+‘
k=1

T
+a, 2T [ o anT
0

Substituting (3.19) into (3.8), we have

T
o f Ix; ()" dr
0

< BoQITRS3TH + Z(rk + e)2mT gk A )(/ |x1(t)|n+1dt)n+1
k=1
+ Bolaz, p2n+18 Th + Z4d(rk +e)2mTshT? )(/ |x1(t)|n+1dt)n+1

k=1

T
+ ﬁoal,pznilaTH}(/ |xi(l)l”+1dr)%
0

r 1 n r 1
+ (/0 Ie(l)ln'ldt)"“(/O Xy ()" dr), (3.20)
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If (Ay) holds, i.e., n = 3, =1, from (3.20), we have

n+1
3 -3 2 k —k+3n—
(0 — Bo @S TH + 3 (e + ey2rtrst T ) / x| (0" ds
k=1
< Polaz,p 27183 + Z4d<rk + )2 TS T ) ( / ) ()" dryi
k=1
1 n—1 T 1 2
+ mqﬂwmnﬁqmumw+me
0
T n+l1 n T 1 1
+ (/ Ie(t)lndt)nﬂ(/ IxX; @) deya. (3.21)
0 0
By (3.10),
3 —3 2 k —k+3n—nk
o = Bo@FTrS T + > (re + )20 18T i) > 0.
k=1
) 2 1 )
Take notice of now <1, < 1, —— < 1, by (3.21), there exists a constant
n—+1 n—+1 n+1

T
R( independent of A such that / |xi (1) |”+1dt < Ro. Then from (3.5) we have
0

xilo < d 4+ T (Ro) ™. (3.22)

k
If (Ay) holds, i.e., n > 3, in view of 7 <1,k=1,2,3,4,by (3.20), it is easy to see
n

T
that there exists a constant R; independent of A such that / |xi(t)|”+1dt < Ry, i.e.,
0

X1lo < d + T (R, (3.23)

Let
My = max{d + T#T (Ro)™T, d + Tw1(R)™T, d + d/ h).

Then it follows from (3.16), (3.22) and (3.23) that in either (A;) or (Az), |x1lo < M,
always holds.

T
On the other hand, by the first equation of (3.1), we have A / e(x2(t))dt =
0

T
/ x1(s)ds = 0, which implies that there is a constant 1 such that |x,(17)| = 0. So we
0

have

T T g
|x2(1)] Sf x5 (s)lds < ( ; x5 (s)[*ds)2T 2. (3.24)
n
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By the second equation of (3.1), we have
T T T
/ () Pds = | - ?»/ Bt)g(x1(t — T(1)))x5(1)dt —H»/ e()x;(t)dt|
0 0 0

1 T 1 T 1
< (ﬁogM1T2+(f0 |e(t)|2dr>2)</o x5 (1)|2d1)z,

where gy, = max |g(u)|. Then
lul<M;

T 1 T 1
/O |x§<s>|2dss<ﬁogM1T2+<f0 le(t)|?d1)?)%. (3.25)

Substituting (3.25) into (3.24), we have

T
x2lo < d + T2(Bogar, T2 + ( f le(t)2d1)7) = My, (3.26)
0

Let 2) = {x :x € KerL, OQNx = 0}. If x € Q5, then x € kerL and QNx = 0. It’s
easy to obtain that |x1(¢)| < d, x2(t) =0 <d.

LetQ={x:x=(x1,x2) €X,|xilo < My, |x2]o0 < Ma}. Then Q D (Q; U Qy)
and €2 is a bounded open set of X. So (1) and (2) of Lemma 2.1 are satisfied. Next we
show that condition (3) of Lemma 2.1 holds. |

Define a linear isomorphism J : ImQ — KerL by J(x1, x2) = (x1, x2), Ay = {x :
x = (x1,x) € R? : |x1] < M, |x2] < €}. It’s easy to see that there is a sufficiently
small &g > O such that the equation QNx = (0, 0), i.e.,
xp (¢t
2t) 0

1 —x3(1) -

(3.27)
1 [T 1 [T
— f(p(x2(2))) _8(XI)T/(; ﬁ(t)dt+7/o e(t)dt =0,

has no solution in (2 NkerL)/A, where ¢ € (0, &) is an arbitrary constant. So
deg{/ON,QNKerL,0} =deg{/ON, A, 0}.

Let
0

No=1| 1 [T
Qo - /0 (—g(x1)B (1) + e(0))d1

If x € 0A,, then

I JON(x) = JONo(x) |I= |§c121|a<xz—:{|f((p(x2))| + ¢(x2)}.
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By the continuity of f and the fact f(0) = 0, || JON(x) — JONy(x) ||[— O as

¢ — 0. Soif ¢ > 0 is sufficiently small,

deg{JON, A, 0} = deg{J O Ny, A, 0}.
In view of dimQ Ny = 1, it follows that

deg{J O Ny, A¢, 0} = deg{J QO Ny, Ay, 0},
where Ag = {x : x € R, |x|] < My} C R. By assumption [H;], we have

deg{JON, QNKerL, 0} = deg{J QNy, Ao, 0} # 0.

Therefore, by Lemma 2.1, we see that the equation Lx = Nx has a solution.

g///(x)
31

Ifg e C3(R, R), | | <r3,Vx € R, and

N AeaC)
|x|—o00 k!|x|3_k

<rk=172),

where r1, r» > 0 are constants. Then for Vx, y € R, we have

g() =g = Ig'Mx =y + gz—(!y)(x ~ 7+ 3(!5) (x =)’ (3.28)

< ralx =y +rilyPlx =yl + ralyllx — y*

where & is between x and y.

Corollary 3.2. Assume [H{] — [H3] and (3.28) hold. Then (1.7) has at least one T -
periodic solution if one of the following conditions holds:

(A1) n=3and o — B2 1r38% — B2 Tr 8T~ — B2 1182 T" 2 > 0;
(Ay) n > 3.

4. An example
We give an example to illustrate the application of our result.

Example 4.1. Suppose f(x) = bx’, g(x) = aox3 + a1x2 + arx + az, ag, a1, az,az, b
are constants, b # 0,ag # 0,n = s, b is odd and s > 3. Consider the prescribed mean
curvature Rayleigh equation with a deviating argument:

x—(t)), + f(x'(t)) + (2 —sint)g(x(t — L sint)) = sint — 2, “4.1)
1+ x2(¢) 100
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1
where B(t) =2 —sint, Bo = 3, e(t) =sint — 2, 1(t) = —— sint.
Corresponding to equation (4.1), it is clear that [H{] — [H3] hold with o = |b|,

1 " (k)
5 = —— Meanwhile, [*—2| < jaol. lim S
100 3! lx|—o00 k!|x |3~k

(4.1) has at least one 2w —perfodic solution if

= |a0|C§‘. By Corollary 3.1,

2
(A1) s = 3 and 327 (1/100)*|ao| + 221%|a0|c";(1/100)k(2n)3—’<) < |b|; or
k=1

(A2) s > 3 holds.
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