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Abstract

In this paper, we study the recursive kernel estimator of the conditional cumulative
distribution of a scalar response variable Y given a functional random variable X.
Our estimator is obtained by using the robust approach. We prove under general
conditions, the asymptotic normality of the construct estimate.
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1. Introduction

Nonparametric estimation of the Conditional cumulative distribution function is quite
important in a variety of fields such survival analysis or in seismology. In this context we
interest in the recursive estimation of the conditional distribution function for functional
data.

The main aim of this paper, is to establish, under general conditions the asymptotic
normality of the recursive kernel estimate of Conditional cumulative distribution function
introduced by Benziadi and et al. [3]. Note that, one the main difficulties with functional
variables, relies on the difficulty for the choosing some appropriate measure of reference
in infinite dimensional spaces.

Our approach is based on L1-norm method, using the estimator intoduced by Benziad
and et al. [3]. The first result in this context, was given by Laksaci and et al. [6]. For
more Laksaci and Maref [8] gives the uniform speed of convergence of the estimator
proposed by Laksaci and et al. [6], more recently Laksaci and Hashemi [9] built a new
estimator for the distribution function conditional based on local linear estimation.
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As discussed the main advantage of this estimate is the fact that it is easily updated
each time an additional observation becomes available without resorting to past data,
through its recursive relationship (see,Amiri et al. [2], Bouadjemi [4] for more discussion
in this relationship).

The outline of this paper is as follows: We present our recursive estimation in Sec-
tion 2. The asymptotic normality of the proposed estimator.

2. Recursive estimation

Consider n pairs of random variables (Xi, Yi) for i = 1, . . . , n that we assume drawn
from the pair (X, Y ) which is valued in � × IR where � is a semi-metric vector space,
d(., .) denoting the semi-metric. Assume there exists a regular version of the conditional
probability of Y given X. For all x ∈ F , we will denote the conditional cumulative
distribution function of Y given X = x by

∀x ∈ F and ∀y ∈ IR Fx(y) = P(Y ≤ y|X = x).

the recursive kernel estimate of the distribution function Fx denoted F̂ x , is defined by

∀x ∈ F and ∀y ∈ IR F̂ x(y) =
∑n

i=1 K(a−1
i d(x, Xi))I{Yi≤y}∑n

i=1 K(a−1
i d(x, Xi))

,

I{.} being the indicator function.
where K is a kernel, ai is a sequence of positive real numbers. Note that this last estimator
has been used by Benziadi et al. ([3])

In order to establish the asymptotic normality we need the following hypotheses:

(H1) ∀r > 0, IP(X ∈ B(x, r)) =: φx(r) > 0, where B(x, r) = {x′ ∈ F/d(x, x′) < r}.
(H2) For all y ∈ IR ∀(x1, x2) ∈ N2

x ,

|Fx1(t1) − Fx2(t2)| ≤ C
(
d(x1, x2)

β1 + |t1 − t2|β2
)
,

with C > 0, β1 > 0, β2 > 0 and Nx is a fixed neighborhood of x.

(H3) The bandwidths (ai ) satisfy:

∀t ∈ [0, 1] lim
n→∞

φx(tan)

φx(an)
= βx(t),

nϕn(x) → ∞ and
1√

nϕn(x)

n∑
i=1

(
a

β1
i

)
φx(ai) → 0 as n → ∞

where ϕn(x) = n−1
n∑

i=1

φx(ai).
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(H4) The kernel K from IR into IR+ is a differentiable function supported on [0, 1]. Its
derivative K ′ such that(

K2(1) −
∫ 1

0
(K2(s))′βx(s)ds

)
> 0.

(H5) H has even bounded derivative verifies∫
R

|t |β2 H ′(t)dt < ∞.

Theorem 2.1. Assume that (H1)-(H5) hold, then for any (x, y) ∈ A(x, y), we have(
nϕn(x)

σ 2

)1/2 (
F̂ x(y) − Fx(y)

) D→ N (0, 1) as n → ∞.

where

σ 2 = Fx(y)(1 − Fx(y))

⎛⎜⎝
(
K2(1) − ∫ 1

0 (K2(s))′βx(s)ds
)

(
K(1) − ∫ 1

0 K ′(s)βx(s)ds
)2

⎞⎟⎠ ,

A(x, y) =

⎧⎪⎨⎪⎩(x, y) such that Fx(y)(1 − Fx(y))

⎛⎜⎝
(
K2(1) − ∫ 1

0 (K2(s))′βx(s)ds
)

(
K(1) − ∫ 1

0 K ′(s)βx(s)ds
)2

⎞⎟⎠ 	= 0

⎫⎪⎬⎪⎭
and

D→ means the convergence in distribution.

Proof of Theorem. In the following, we put, for any x ∈ F , and i = 1, . . . , n,

Ki = K(a−1
i d(x, Xi)), Hi = H(b−1

i (y − Yi)),

F̂ x
N(y) = 1∑n

i=1 E[Ki]
n∑

i=1

KiI{.} and F̂D(x) = 1∑n
i=1 E[Ki]

n∑
i=1

Ki.

We consider the decomposition

F̂ x(y) − Fx(y) = 1

F̂ x
D

([[
F̂ x

N(y) − Fx(y)F̂ x
D

]
− E

[
F̂ x

N(y) − Fx(y)F̂ x
D

]]
+E

[
F̂ x

N(y) − Fx(y)F̂ x
D

])
(1)

�
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Lemma 2.2. Under the hypotheses of Theorem (2.1), we have

E
[
F̂ x

N(y) − Fx(y)F̂ x
D

] = O

(
1

nϕn(x)

n∑
i=1

(
a

β1
i

)
φx(ai)

)
.

Lemma 2.3. Under the hypotheses of Theorem (2.1), we have

V ar
[
Fx(y)F̂ x

D − F̂ x
N

] = σ 2

nϕn(x)
+ o

(
1

nϕn(x)

)
Lemma 2.4. Under the hypotheses of Theorem (2.1), we have(

nϕn(x)

σ 2

)1/2 (
F̂ x

N(y) − Fx(y)F̂ x
D − E

[
F̂ x

N(y) − Fx(y)F̂ x
D

]) → N(0, 1).

Lemma 2.5. (BOUADJEMI 2014) Under the hypotheses of Theorem (2.1), we have

F̂ x
D → 1 in probability.
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