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Abstract

Frames with respect to some sequence space, namely X, -frames were
introduced and studied by Casazza et al [1]. Motivated by [1,15] in this paper,
we study X, -Bessel sequence and X, -frame for Banach spaces with respect

to a model space of sequences. The necessary and sufficient conditions for a
sequence of operators to be a X, -frame with respect to model space X, are

given.
2000 AMS Subject Classification: 42C15, 42A38
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1. INTRODUCTION

The Frames were first introduced in 1952, by Duffin and Schaeffer [8] and
reintroduced in 1986 by Daubechies, Grossman, and Mayer [7], and popularized from
then on. Frames have many properties which makes them very useful in the
characterization of function spaces, signal processing and many other fields.
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Coifman and Weiss [6] introduced a concept, similar to that of frames, called atomic
decompositions for function spaces. Later the concept of frames in Hilbert spaces was
extended to Banach spaces by Feichtinger and Grdchenig [9], who introduced the
concept of atomic decompositions in Banach spaces. This concept was further
generalized by Gréchenig [10], who introduced the notion of the Banach frames for
Banach spaces. Frames in Banach spaces were further studied in [2,5]. In 2006, Sun
[17] introduced the concept of g-frames for a Hilbert space. Recently, various

generalization of frames in Banach spaces have been proposed in [3,4,11,12,13,14, 15
and 16].

Model space of sequences has been introduced and studied in [14]. In the present
paper we study X -Bessel sequence and X4, -frames for Banach spaces with respect

to model space of sequences X, . Some characterizations for X -Bessel sequence
and X -frames are given.

2. PRELIMINARIES

Throughout this paper, E will denote a Banach space over the scalar field K (R
or C), E* conjugate space of E, L(E,F) will denote Banach space of all bounded
linear operators from E intoF and ran(T) is the range of T . The identity operator
on E and kernel of T are denoted by I. and ker(T), respectively. By a Banach

sequence space (often called a BK-space), we mean a Banach space of scalar valued
sequences, indexed by N, for which coordinate functionals are continuous.

Definition 2.1 ([1]). A sequence space X4 is called a BK-space, if it is a Banach
space and the coordinate functional are continuous on X, i.e., the relations

&={aﬁ§,x=&ﬁ}exwlmy%=ximmyﬂmaf”=aju=L2, ...... ).

The theory of spaces of sequences of scalars admits a natural generalization to a
vector sequence spaces [14]. If @ = {Gn} is a sequence of Banach spaces, a sequence

space X, associated with {G,} is a linear subspace of ﬁGn (the collection of all
n=1
sequences {y,} withy, €G,, n=12,..., endowed with product topology).

The coordinate transformations P, : X, — G, are defined by

P({y})) =Y, n=12...

Then X, is called a generalized BK-space induced by {G,} if X, is a Banach space
and P, is a continuous operator, for everyn e N. The scalar BK-spaces containing all
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unit vectors e, are generalized by the spaces X, containing all canonical subspaces

F, ={0}><{0}><---{0}><%n x{0}x... (G, #{0},n=1,2...).

These F,’s closed linear subspaces of X,,. We refer to the space X, as a model
space.
The following is an example of such type of a model space.

Let ®= {Gn} be a sequence of closed linear subspaces of a Banach space E . Consider
the linear space X, of the system @, that is, the space of all elements sequences

{¥,} ., for which the series Z y, is convergent equipped with the norm
n=1

y

Zy.

i=1

Iyl = sup . ¥, €G,(n=12.). @.1)

<00

Thus, the space X, is complete with respect to (2.1). Indeed, clearly (2.1) define a
norm on X, . Now, let {yn }(k 12, ) be a Cauchy sequence in X, . Then for

every ¢>0 there exists a positive integer N(&) such that

H Y-y }X = sup zn‘,(yi(k’—yf”‘)) <& (km>N(s)) 2.2)
@ <n<oo || j=1
Then
n n-1
() _ y(m) ) _ y(m () _ ym
Y -y < Zl‘,(y ")+ Zl(y y")

<2¢ (k.m>N(g);n=12,......),
whence, since by our assumption each G, is complete, Eim yf,k) =Yy,€G,

(n=1,2,...). Hence, from the inequalities (2.2)

20 -y")

=1

<¢ (km>N(g);n=12,..).

We obtain, for m — oo, we obtain

n

Z(Yi(k)_)’i)

-y

<¢  (k>N(g),n=12,..),

n+l

DY

i=n+1

Then, <2¢+

Zy()

i=n+1

(k>N(g)inl1=12..).
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Consequently, since each series Z yi(") converges and since E is complete, it follows
i=1

that Z y, converges, i.e., {yn} € X,. Moreover, by the above we have
i=1

Zn:(Yi(k) _Yi)

i=1

H yn ~{y,}|l =sup <¢ (k>N(e)),

Xo 1<n<ow

which shows that the space X, is complete with respect to this norm.

Lemma 2.2. Let{G,} be a sequence of subspaces of E and {v,} < ( G,) bea

sequence of operators VneN. If {vn} is total over E, then X = {{v x X € E} isa

n

Banach space with the norm given by H{vn (x)}”X =|x|. . x€E.

We begin this section with the following definitions which are frequently used
throughout the paper.

Definition 2.3.[16] Let E be a Banach space over F and X, be a model space
induced by {G,}. For everyneN, {v,} be a sequence of bounded linear operator
inL(E,G,). We say that the family T ={v,} of bounded linear operator is a

X, -Bessel sequence for E with respect to X, if there exists a positive constant B
such that

H{Vn (><)}HX <B|x|_, forallxeE.

Define BT:inf{B>0:H{vn(x)}HX SB”X”E,VXEE}.

We call B, the Bessel bound of T . Forany T ={v,}, define R, : E — X, such that

Ry (x)={v,(x)}, forall xeE. Then, we call R; is the analysis operator of T .
Clearly, above definition implies that R; € L(E, X,,).

Definition 2.4.[16] Let CD={Gn}be a sequence of non-trivial subspaces of a
Banach space E and {vn v, eL(E,G,),Vn eN} be a sequence of linear operators
(not necessarily projections). Let X, be a model space associated with E. Then, we
say that ({G, }.{v,}) isa X, -frame for E with respectto X, if

@ {v.(x)jeX,, forall xeE;
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(b) there exist constants A, B with 0 <A< B < such that

{v, (X)}wa <B|x|., xeE.

The positive constants Aand B, respectively, are called lower and upper optimum
bounds for the X, -frame({G, },{v,}).

Al <|

Put A =sup{A>O:A||x||E s‘

{vn (X)}me VXe E}

{v, (X)}qu, <B|x|..Vxe E}.

These constants A, , B, are called lower and upper optimum bounds of T = {vn}.

and B :inf{B>O:‘

3. MAIN RESULTS

Towards the existence of X, -frames in Banach spaces, we give the following
example and counter-example.

Example 3.1. Let E be a Banach space, E;, be an associated Banach space of
scalar valued sequences indexed by N and let {f } cE" be a E,-frame for E with

respect toE,. Assume that AJx|_ SH{ fn(x)}Hs B[x|.,  for all xeE. Define

functionals {v,} as follows v, (x)= f,(x), Vx e E. Then, we have

i OO, =15 00}

Thus, {v,} isa X, -frame for E with respectto E,.

Al <|

‘. < B||x||E, for all x e E.

Example 3.2. Let E be a Banach space defined as

E=12(y)= {{xn}: X € i”xn ||i <oo}, where (7,].]) is a Banach space, equipped
n=1
1

with the norm given by [{x,}|_ = [i”xn ||j(j2 . We define for neN,
n=1

)

G, :{51X +0,,: XE}(} and v, (X)=a" +8y, x={x,}eE,

n+l * n+l?

where  §*=(0,0,..., X ,0,0,...) for all neN and Xxey. But, since for any

n™ place

O=xey, & =(0,x0,..)eE is such that vn(5zx):0, forallne N, there exist no
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associated model space X such that ({Gn},{vn}) isa X, -frame for E with respect
to X.

Regarding the consequence of definitions 2.3 and 2.4, we give some
characterizations on X -Bessel sequences and X, -frames for Banach spaces. Also,

give the necessary and sufficient condition for a X, -Bessel sequence to be a X, -
frame.

Theorem 3.3. Let T={v,} be a X, -Bessel sequence for E with respect to a
model space X, induced by {G,}. Then, T ={v,} isa X, -frame if and only if its
analysis operator R; is bounded below.

Proof. Given T ={v,} isa X, -Bessel sequence for E with respect to a model

space X, . Then, there exists B >0, such that

(v G0}, <BJ.. vx<E. 3.1)

Let us assume that T ={v,} isa X, -frame for E with respect to a model space X,
and with bounds A, B . Then, we have

Alx|. < H{vn (X)}me <B|x|., VxeE. (3.2)

Let R :E — X,, be the analysis operator such that R (x)={v, (x)}, Vx<E.

Now |R; (X)qu, =H{vn (X)}de) > Alx|. by (4.2).
Therefore, HRT (x)”X > Ax|., VxeE. Thus, R; is bounded below.

Conversely, let us assume that R; is bounded below, i.e. there exists A> 0 such that
IR (X)me > A|X|., VxeE. or H{vn (X)}qu, > AX|., vx eE. (3.3)

By using (4.1) and (4.3), we have A|x|_ < H{vn (x)}”x <B|x|., VxeE.

Thus, T ={v,} isa X, -frame for E with respect to a model space X, .

The following theorem gives the necessary and sufficient condition for a Banach
space to have a X, -frame.

Theorem 3.4. A Banach space E has a X, -frame with respect to a model space
X, induced by {G,} if and only if E is an isomorphic to a subspace M of X, .
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Proof: Assume that T :{vn} be a X, -Bessel sequence for E with respect to a
model space X, induced by {Gn}. Then, By Theorem 3.1, the analysis operator R;
of {v,} is bounded below. Now we check R is one-to-one.

Let xeker(R)=R;(x)=0, xeE. ={v,(x)}=0, xeE. Therefore, by using
X, -frame inequality, we get x=0. It means that, ker(R;)={0} = R; is one-to-
one. Ry has a closed range, i.e.,ran(R;) is closed. Let {un(x)}cran(RT) be the

sequence conversing to Ue X,, , i.e, limu (X)=u,v reN Let {x,}cE be the

N—o0

sequence such that R (x,)=U,(x), VneN. Then, {R;(x,)} is a Cauchy sequence.
Since R;* is continuous, {x,}is Cauchy sequence in E. Therefore, there isa xeE,

such that limx, =x. Since R; is continuous, we have limR; (x,)=R;(x). This

gives,  limu,(x)=u=R; (x)eran(R;). Thus {u,(x)} >ueran(R;). Hence,
ran(R; ) is a closed subspace of X,,. From the Inverse Mapping theorem, we know
that E is an isomorphic to ran(R;), which is the subspace of X,. Conversely,
assume that M is the subspace of X, and U is an isomorphism from E ontoM .

Let {P,} be the sequence of coordinate operators on X, then Pn({ym}): y,, for
allne N. Define, v, =PU,VneN, then v, :E - G, is linear and bounded for every
neN, such that {v,(x)}={RPU (x)} € X,, for all xeE. Then, for all xeE, we
have ||| = HU ‘1UXH <|u ‘1H||Ux|| :

M <00l =Ru 00, =lu

S

Therefore,

v <X

Thus, {v,} isa X, -frame for E with respect to X, .

Similar to frames and ¢ -frames [17], the following proposition show that the
image of X, -frame under bounded linear operator is also a X, -frame.

Proposition 3.5. Let T ={v,} bea X, -frame for E with respect to a model space
X, induced by {G,} and with boundsA;,B;. Let W be a bounded invertible
operator on E andu, =v\W, for allneN. Then, {u } isa X,-frame for E with

respect to a model space X,, and with bounds A ”\I\l‘1 " and B, w].
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Proof. Let T={v,} is aX,-frame for E with respect to a model space X,
induced by {G, } and with bounds A, B, . Then, we have

Al <[fvi ()], <Br[X].. vx<E. (34)

and W : E — E is a bounded operator such that W (x)=x,VxeE.

{v, W (x)}”x¢ <B, |Wx|., VxeE.

Now replace x by Wx in (4.4), we get A, [Wx]|_ s‘

or A W], <|

{u, (X)}me <B |Wx|., VxeE.

Since W is invertible, then A ”\N*H*l”x”E <|

{u, 0}, <8 I, . vx<E
Hence, {u,} is a X,-frame for E with respect to a model space X, and with

bounds ATH\IV’lu_l and B, [W|.

Corollary 3.6. Let T ={vn} be a X, -frame for E with respect to a model space
X, induced by {G,} and with boundsA;,B;. Let W:E—E be an isometry
andu, =v,\W, forallneN. Then, {u,} isa X, -frame for E with respect to a model

space X, and with bounds A ”\N’lu_l and B; |W||.

The following theorem gives the necessary and sufficient condition for the
image of X, -frame under bounded linear operator is also a X, -frame.

Theorem 3.7. Let a Banach space E has a X, -frame with respect to a model
space X, induced by {G,} and W :E — E be a bounded operator. Then, {v,W} is a
X4 -frame for E if and only if W is a bounded below.

Proof. Let T={v,} be aX,-frame for E with respect to a model space X,
induced by {G,} and with bounds A, B. Then, we have

Al <]

{v, (X)}Hm <B|x|., VxeE. (3.5)

and W : E — E is a bounded operator such that W (x)=x,V x € E.

Let us assume that {v,W} is a X, -frame for E with respect to a model space X,
and with bounds m,n. Then, we have

m|x], <|

{v,W (x)}”X <n|x|., VxeE. (3.6)
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Now replace x by W (x) in (3.5), we get

AW ()], <[[{v.W (x)}”m <B|W (x)|., Vx<E. (3.7)

By using (3.6) and (3.7), we have
mld, <BW (x|, vxeE. or W (x|, 2], vx<E

m
Put B o . Thus, for each x € E, we have ”\N (X)HE 2 5||X||E

Therefore, W is bounded below.

Conversely, suppose W is bounded below, there exists ¢ >0, such that for each
x € E, we have ”\N (X)HE > 6| (3.8)

Now, by using (3.7) and (3.8), AS|x|. < AW (x)|_ <BW/[|x].
Therefore, AJS|x|. < AH{vnW (X)}me <B|W|||x|. . x€E.

Hence, {v,W} is a X,-frame for E with respect to a model space X, and with
bounds A5 and B|W||, respectively.
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