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Abstract

The objective of this paper is to find conditions for controllability of fractional
descriptor linear system in state spaces. The system is decomposed into a slow sub-
system and a fast subsystem. We derive state response of the two subsystems based
on Laplace transformation and convolution formula. The sufficient and necessary
conditions for controllability of the slow subsystem are obtained. A criterion of
controllability for the fast subsystem is also established by using solution formula.
The results obtained extend some existing results of controllability and observabil-
ity for fractional descriptor systems.
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1. Introduction

Descriptor systems, which are also referred to as singular systems or differential-algebraic
systems, can be considered as generalization of dynamical systems. Descriptor linear
systems provide a suitable mathematical model for many mechanical systems and circuit
systems, which have been widely studied over the past few decades. One can see the
monograph [1] and the references therein. On the other hand, fractional calculus have
attracted much attention of researchers during the past three decades or so [2, 3]. In
control theory, fractional calculus also has a wide range of applications, see for example
[4, 5, 6].

Controllability plays a important role in the development of modern control theory.
Many results have been obtained on controllability of fractional order systems, such as
robust controllability [7], finite time controllability [8] and delay system controllability
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[9], etc. However, there are very few contribution regarding controllability of descriptor
linear systems with fractional order. The sufficient and necessary conditions of con-
trollability for fractional singular dynamical systems with control delay are established
based on the algebraic approach in [10]. The results are obtained by analysing the state
response and reachable set in the paper, but the state response of fast subsystem does
not contain impulse term which is important for impulsive control design. While Huang
Q. etal. [11] obtained the controllability criterion for fractional singular dynamical sys-
tems. Nevertheless, state response of fast subsystem has not been derived specifically. In
this paper, we investigated controllability and of fractional descriptor linear systems. By
using Lapace transform and convolution theorem, we derive state response of the slow
subsystem and fast subsystem. Controllability criteria for such systems are established
based on the state response.

The paper is organized as follows. Section 2 formulates the problem and presents
the preliminary definitions and results in fractional calculus. Section 3 contains the
main results which consists of state response and controllability criteria of the systems.
Finally, some conclusions are drawn in Section 4.

2. Preliminaries

We first give some definitions about fractional calculus. For more details, see [5, 12, 13].

Definition 2.1. The ath-order Riemann-Liouville fractional integral of a function 4 :
(0, 00) — R is defined as

t
oD %h(t) = ﬁfo (t — )" 'h(s)ds,

o0
where I' (@) = / 1““le~'dt is a Gamma function and « is a positive real number.
0

Definition 2.2. The «th-order Riemann-Liouville fractional derivative of a function 4 :
(0, 0) — R is defined as

d" 1 d
Deh(t) = —— (oD " h()) = ——f t— )" h(s)ds,
oDy h(t) e (0 : ()) T — o) di O( s) (s)ds

where n — 1 < « < n, n is a positive integer.

Definition 2.3. The ath-order Caputo fractional derivative of a function : (0, co) —
R is defined

C no _ 1 /t _ \n—a—1g(n)
oD h(t) = —F(n o )y (t—yx) h'(s)ds,

where n — 1 < « < n, n is a positive integer.
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Laplace transform is a important tool to solve fractional order systems. Denote
H(s) = L[h(t); s] as Laplace transform of a function i (¢). The following equalities
hold.

n—1
L[§D¢r(t):s] =sH(s) = > s* 'O 0).n -1 <a <n,
k=0

L [S(k)(t); s] =sk kenNT,
L[t* " s] =T(@)s™ a >0,

where (1) is the Dirac function and N is the set of all positive integers.

3. Main results

Consider the following descriptor fractional linear systems with the Caputo fractional
derivative operator

EOCDf’x(t) =Ax(t)+ Bu(t), x(0)=x9y O<a<l1, t=>0 (D)

where D“ is the Caputo fractional derivative operator, x(¢) € R" is the state variable,
E is n x n singular constant matrix, A and B are the known n X n,n X m constant
matrices, u(t) € R™*" is the control input matrix.

Assume the matrix pair (E, A) is regular, then there exists a constant scalar y € R
such that det (y* E — A) # 0. Therefore, there exist two nonsingular matrix Q, P such

that
| Ly O A0 | B
opr=[y § Joar=[ ) |ren=] 3]

where n; +ny = n, Ay € R"W N € R™ 2, and the matrix N is nilpotent with
nilpotent index 4. Hence, the system (1) is equivalent to the following canonical system

S§D*x1(t) = Awxi(t) + Biu(t), x1(0) = x19 (2)
NED%xy(t) = xa(t) + Bau(t), x2(0) = x29 3)

where x| € R", x; € R". We also call (2) the slow subsystem, (3) the fast subsystem.
In this section, we derive the solution formula of the slow subsystem and the fast
subsystem. Based on the solutions, some controllability criteria are obtained.

3.1. State Response
Theorem 3.1. The solution of slow subsystem (2) is given by

B 00 k ka (Z‘ L
x1(r) = Zr( FFD 10+f Z NS AXBiu(t)dt 4)
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Proof. Taking the Laplace transform on both sides of the slow subsystem (2), we obtain
S*X1(s) — s xi0 = A1 X1(s) + B1U(s),

where X (s) and U (s) are the Laplace transform of x(¢) and u(z), respectively.
Thus, we can obtain

X1(s) = (% Ly, — A1) "' (s* w0 + BIU(s)). (5)

In addition, the following series expansion holds

(0.@]

(s%L, — A)~h =D sTReme AL (6)

k=0

Substituting (6) into (5), yields

o0
Xi(s) = Y sTHAN* X0+ BiU(s)

k=0
o0 (o.@]

= Y s Ao+ ) s Al B U ). (7)
k=0 k=0

Taking the inverse Laplace transform on both sides of (7), it follows from convolution
theorem that

00 k tka (t — r)ktha=1
90 =2 Farr ™ /0 % T+ Day OO
The proof is thus completed. |
Theoren:l 312. The solution of the fast subsystem (3) with consistent initial condition
X0 = — Z N'Bou®9(0) is given by
i=0
h—1 Nt ¢ ‘ -1 _
X (t) = — ; Fon —ai—axD )y 8 (T) (1 — 7)™ d T xz0 — ; N Bou'® (1)
h—1n;—1 ;
B Z(; kz_(:) r(niw_B;?(j(kO)Jr . /0’ 50 ()1 — 7y gy 8)

Proof. Taking the Laplace transform on both sides of the fast subsystem (3), we obtain

SN Xa(s) — Ns®* xa0 = Xa(s) + BoU(s),
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it follows that
X2(s) = (s“N — I,) ' Ns*xp0 + (s*N — I,,) ' BU (s), )

Considered that the following series expansion holds

h—1
(s“N = I,)"' = =) N's*. (10)
i=0
Substituting (10) into (9), yields
h—1 h—1
Xo(s) == ) s* T INT g — Y sYNIBU(s). (11)
=0 i=0

There exist positive inter numbers m; and n; such that
mi—l<adit+a—1<m;,n —1<ai <n;. (12)

Therefore, the Eq. (11) can be rewritten as

h—1 h—1
Xz(S) - _ Zsmisai+a_1_miNi+IXQo _ anisai_n[NiBzU(S). (13)
i=0 i=0

Applying convolution theorem and taking the inverse Laplace transform on both sides
of (13), we have

h—1 h—1

() = - ; Tom _]Z:i aFD Ot 80" (1) (1 — 7)™~ dTang — ; N’ Bou ) (1)
h—1n;—1 ;
-2 2 r(niw_Bj;(j (1<0)+ 1) O[ O — e,
i=0 k=0
where ny is a positive inter number and satisfiesny —1 < ai —k—1 < ;zkl Moreover, the
solution obviously satisfies the consistent initial condition xp9 = — i N’ Bzu(“i)(O).
This therefore completes the proof. = |

3.2. State controllability

State controllability of the slow and fast subsystem are considered based on previous
definitions and results in this section. Similar to the concepts of controllability for general
fractional linear systems, the definition of controllability for fractional descriptor linear
systems is given as follows.
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Definition 3.3. A fractional descriptor linear systems is called state controllable on [0, T']
if given any state xo, x;, € R" there exists a control input signal u(¢) : [0, T] — R"
such that the corresponding solution of the system satisfies x(0) = xo and x(#1) = x4,
for some t; € [0, T].

Since the slow subsystem is a general fractional linear systems, we have the following
controllability criteria.

Theorem 3.4. The slow subsystem (2) is controllable on [0, #1] if and only if the con-
trollability Gramian matrix

(tl _ -L—)(k-f—l)Ol—l
C'(tk+ Da)

(tl _ .L,)(k-f—l)o{—l ' - o0 Tk
W.(0,1) = /O AYB B Y ANkdr  (14)
K=0

& T(k+ Do

is non-singular.

Proof. If the matrix W.(0, t1) is non-singular, then its inverse is well-defined. For an
initial state x1(0) = x19 # 0, we choose

. N gk
u(t) = Bj Z Ik + Do (Ap)" W (0, 11) | X1y —§mxlo ., (15)

it follows from the solution formula (4) that

n) = ATB d
x1(t1) ZF( k+1) 10+f Z N u(r)de
S (tl _ .L,)(k—l—l)oz—l _ .L.)(k-l—l)ot—l

- ZF(k+1)1+/() i

S k. k
x(AD W0, 1) | x1 — Z A
¢ ' F(ak + 1)

(t1
A T
T+ Dy 1518 g T'((k+ Da)

_ i U +/ Z (1 — .L,)(k—l—l)oz—l AkBlBT i (1 — .L.)(k-l—l)a—l
T k+ D F((k+Da) 171 &0 Tk + Da)
k - Ak
X(AIT) dTWC_I(O, 1) | xiy — Zm
00 k ke 00 k
Aty -1 At
— _ o W0, 1)WL(0, ¢ -y
; Flak 4 1y 10 T We@ W0, 1) [x”‘ Z F(ak+ D" }
= Xz

Thus, the system (2) is controllable on [0, #;].
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On the other hand, suppose that the system (2) is controllable on [0, #1] but the matrix
W, (0, t1) is singular. Then there exists an n; x 1 nonzero vector v such that

T (t — -L—)(k-i-l)a—l . - (11 — t)(k+1)a—1
T((k+ Do) PPV T+ Do

3 fH — (k+1)a—1
f 7= A¥By|2dx,
0 C(k + Da)

(ADkvdr

1
0=vTWC(0,t1)v = / v
0

which implies

T (t — -L—)(k-f-l)a—l
['((k+ Da)

A¥B =0

forall T € [0, #1]. Since the system (2) is controllable, there exists an input that transfers
< Ak 77
the initial x;(0) = to x1(¢t1) = 0. We choose = — _ , then
x1(0) = x10 to x1(#1) X10 ](X_(;F(ak—l—l) v
there exists a input such that

1 (t — .L-)(k+1)cx—1 .
1) =— AlB dt =0,
x1(t1) v+  Taa Do M ju(r)dr

1.e.

1 (t] _ -L—)(k+1)0571
0 I'((k+ Da)

AXBu(r)dr.

Its pre-multiplication by v’ yields

1 (1 — t)(k+l)a—1
vy = f vl A’fBlu(t)dr =0,
0 I'((k + Da)

which contradicts v # 0. So the matrix W, (0, #1) is non-singular. The proof is thus
completed. |

For convenience, we rewrite the solution to fast subsystem (3) as

x2(1) = o(1)x20 — WU (1) — @)U (0) (16)
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where

h—1 Ni+l t ) _
do(t) = — SV (TY(t — )™M T T T,
0() ;F(mi_ai_wl)fo (T)(t — 1)
W=[B, NB, --- N'"'B],
) = [ u@) u®@ - u0@ 1,

h—1
q’(z):—Z[So g - &t ]l

i=0

N'B t .

£ 2 500 () (1 — Ty itk gr k= 0,1, n; — 1.

Ty —aitk+ D Jy

It is noted that (16) is only a algebraic equation. The inversion of matrix W plays a key
role for controllability of the system (3). If W is inverse, we can find a input U“(¢) such
that the system state can transfer xo to x;, at infinite time. Then, on certain condition,
we can find u () such that the system is controllable. However, the matrix W may not be
square. Hence, pseudo inverse of a matrix is used here to investigate the controllability
of the system (3). So the following theorem can be proved.

Theorem 3.5. Assume the fast subsystem (3) satisfies consistent initial condition x79 =
h—1

—Wu(“i)(O). If the matrix W = Z N'B, is row full rank, then the system (3) is
i=0
controllable on [0, #].

Proof. Since the matrix M is row full rank, the pseudo inverse of it is uniquely deter-
mined as W = WH(WW#)~! where the superscript H indicates complex conjugate
transpose. We choose input U%(¢) = wt [dDO(t)xzo + (1)U l(O) + X2z1] with initial
condition U%(0) = xy;,. It follows from (16) that

x(t) = @o(H)x0 — WWT [o(t)x20 + DU (0) + x2, | — (U (0)
= Do(t)x20 — [Po(t)x20 + POU(0) + x2, ] — P(HU'(0)
= x2t1 )

which implies that the system state can transfer x;q to xz;, by choosing U%(¢). According
to the function expression of U%(¢), u(t) can be determined by U“(¢) and the initial
condition U*(0) = xy;,. Thus the system (3) is controllable on [0, #;]. The proof is thus
completed. |

4. Conclusions

The descriptor linear system with fractional order is decomposed into a slow subsystem
and a fast subsystem in state space. By using Lapace transform and convolution theorem,
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state response of the two subsystems are obtained. Controllability criteria for such
systems are established based on the state response. The results obtained will be useful
in the analysis and synthesis of fractional descriptor systems. Extending the results of
this paper to multi-terms fractional descriptor systems is a future work.
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