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Abstract

The object of the present paper is to investigate some inclusion relationships and
argument properties of several subclasses of multivalent analytic functions, which
are defined here by using the Dziok-Srivastava operator. Furthermore, relevant con-
nections of the results presented in this paper with those obtained in earlier works
are also pointed out.
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1. Introduction and Definitions

Let A(p) denote the class of functions f(z) of the form

f@=2"+Y apuz™™  (peN:={1,2,3,..)), (1.1)
k=1

which are analytic in the open unit disk U = {z : z € C and |z] < 1}. Also let f and g
be analytic in U with f(0) = g(0). Then we say that f is subordinate to g in U, written
f <g or f(z) < g(2), if there exists the Schwarz function w, analytic in U such
that w(0) =0, lw(z)| < 1 and f(z) = g(w(z2)) (z € U). We also observe that

f(z) <g@) inU
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if and only if
f0)=¢g0) and  f(U) Cg@)

whenever g is univalent in U.
Let M be the class of analytic functions ¢ with ¢(0) = 1, which are convex and
univalent in U and for which

Re{p(2)} > 0 (z € U).

Making use of the aforementioned principle of subordination between analytic func-
tions, we define each of the following subclasses of A(p)

<Zf’(z) B
f @)

S, ¢) = {f:feA(p) andp_n
(peM;0=n<p;zel)

n) < <p(Z)} (1.2)

and

A 1 zf"(2)
K,(n; @) = {f.fe.,él(p)andp_)7 (l—i- 0

(peM;0<n<p;zel).

- n) < w(z)} (1.3)

We note that

. 14z . 1+z
S, (n; 1—_Z> =:5,() and K, (n; :> = Kp(m (0 =n<p),

where S; (n) and K, ()denote the subclasses of A(p) consisting of all analytic functions
which are p—valently starlike of order n in U and p—valently convex of order n in U,
respectively.

For functions f;(z) € A(p), given by

(0¢)
fi@=2"+Y app "™ (j=12peN),
k=1

we define the Hadamard product (or convolution) of fi(z) and f,(z) by

(Aix )@ =27+ aprrapu2z’ = (h* )@  (peNizel).
k=1

Lete; (i =1,...,0)and B; (j =1, ..., m) be complex numbers with B; ¢ Z; :=
{0, —1, =2, ...}. Then the generalized hypergeometric function ; F}, is defined by

(o.¢]

()i -+ (a)k 2°
Fn(ar,...,onB1, ..., Bu 2) = I
1Fm (o ar; B Bm: 2) g Br - Bk k!

I<m+1;l,meNy:=NU{0}; z € 1),
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where (1) is the Pochhammer symbol defined, in terms of the Gamma function, by

) _FA+k) |1 (k=0
Ty T AMA+D---+k—1) (keN).
Dziok and Srivastava [1] considered a linear operator Hy,(«, ..., az; Bi, ..., Bn) de-

fined by the following Hadamard product:

Hy(ay, ....,a; B, Bo) f(2) =20 1 Fuler, ... 005 Bry ooy B D)1+ f(2)

(I <m+1;l,m eNp; z € U). (1.4)
Then it is observed that H,(ay, ..., a;; Bi, ..., Bm) also maps A(p) onto itself as fol-
lows:
— (o) (o)k 1
Hy(ay, ..., B1, ..., Bn) f(2) =20 + — a2 (1.5)
Y " ; Bk Bkt 7

(f € A(p);z € ).

To make the notation simple, we write

H™ (1) f(2) i= Hp(ar, ..o B, ..., Bu) £ (2).

It is easily verified from (1.4) that

/
(H" @) @) = arHy™ @ + D @) = (@1 = pH" @) f Q) (f € Ap)).
(1.6)
It should be remarked that the linear operator H ll)”" (ar1) 1s a generalization of many other

linear operators considered earlier. In particular, for f € A(p) we obtain the following
observations:

(i) Hi(a,b;c)f(z) = Hap,c f(2) (a,c € C; c ¢ Z), the linear operator studied by
Hohlov [2].

() Hy(n + p, ;1) f(z) = D" P=lf(z) (n € N;n > —p), the linear operator
investigated by Goel and Sohi [3]. In the case when p = 1, D" f(z) is the
Ruscheweyh derivative [4].

3 T(p+1-2
moHﬂp+th+1—kU&%=J%;:52

D;‘ f(2) is the fractional derivative of f(z) of order A (cf. [5]; see also [6]).

Z}”D;f(z) (0 < A < 1), where

(iv) Hp(a,1;0)f(z2) = Ly(a,c)f(2) (a € R; c € R\ Z ), the linear operator studied
by Saito [7] which yields the operator L(a, ¢) f(z) introduced by Carlson and
Shaffer [8] for p = 1.
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(v) Hi(u, ; A+ 1) f(2) =Ly, f(2) (A > —1; u > 0), the operator considered by
Choi et al. [9].

(vi) Hy(A+p,c;a) f(z) = I;(a, c)f(z) (a,c € R\ Zy; A > —p), the Cho-Kwon-
Srivastava operator [10].

Now, by making use of the Dziok-Srivastava operator H é’m (1), we define some new
subclasses of analytic functions in A(p) as following:

S (a1 @) = {f : f € A(p) and H;" (1) f(z) € Si(n: @)} (1.7)
(peM;0<n<p;l<m+1;l,meNyzel)

and

K" s ms @) »={f : f € A(p) and Hy" (a1) f(2) € Kp(m: @)} (1.8)
(peM;0<n<pl<m+1;l,me Ny, zel).

We also note that
f@) € K™ m; @) & 2f'(2) € Sy (@ n; 9). (1.9)

In particular, for —1 < B < A < 1, we write

1+ Az
;" (O“; T BZ) = 8" (@i n: A, B)
and 14+ A
+ Az
" (““ " m) = K" @ A, B).

Furthermore, the subclass Sﬁ;m(a 1;1; A, B) of A(p) was investigated by Patel et al.
[11].

In the present paper, we investigate some inclusion relationships and argument prop-
erties of functions belonging to the subclasses Sf;m (13 m; @) and ICfD”" (o1; m; @) by using
the technique of differential subordination. Some interesting applications involving the
Dziok-Srivastava operator H ;;m (ct1), defined by (1.4), are also considered.

2. Inclusion properties involving H ]l;’"(ocl)
The following results will be required in our investigation.

Lemma 2.1. (Eenigenburgetal. [12]). Let/(z) be convex univalentin U with 2(0) = 1
and Re{Bh(z) + v} >0 (B,v € C).If p(z) is analytic in U with p(0) = 1, then

p(2) + ,3;@—)(21; < h(z) (z e U)
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implies that p(z) < h(z) (z € U).

Lemma 2.2. (Miller and Mocanu [13]). Let 4(z) be convex univalent in U and w(z)
be analytic in U with Re{w(z)} > 0. If p(z) is analytic in U and p(0) = h(0), then

p() +w(@)zp'(z) <h(z)  (ze)
implies that p(z) < h(z) (z € U).

Lemma 2.3. (Cf., e.g., Takahashi and Nunokawa [14]). Let p(z) be analytic in U
with p(0) = 1 and p(z) # O for all z € U. If there exist two points z1, z2 € U such that

—%M = arg(p(z1)) < arg(p(2)) < arg(p(z2)) = %Kz 2.1)

for some A; and Ay (A1, Ap > 0) and for all z (|z| < |z1| = |z2]), then

/ A A ! A A
2p () _ L ( 1+ 2) " and 2p' () _ i <£> m, (2.2)

p(z1) 2 p(z2) 2
where | b N N
m > — 16| and b:itanz( 2= 1). 2.3)
1+ |b] 4 \ A+ 22

Lemma 2.4. (Lashin [15]). Let A4(z) be analytic in U, with 2(0) = 1 and h(z) # 0O
(z € U). Further suppose that A, u € R™ = (0, c0) and

|arg (h(z) + ,uzh/(z))‘ < % <k + %tan‘%ku)) (A>0;u>0), 2.4)

then -
larg h(2)] < Ek (z € V). (2.5)

We begin by proving the following theorem.
Theorem 2.5. Let 9 € M and oy > p — n. Then

Sh™ (a1 4 1515 9) C Sy (ars 75 9).
Proof. Let f(z) € Slp’m(oq + 1; n; ¢) and set

1 (2(H; (@) f @)
p(Z) = I.m —-n],
p—n\ H,"(x)f(z)

where p(z) = 1 +c1z+c2z°+- - - isanalyticin U and p(z) # O forall z € U. Applying
the identity (1.6), we have

Hp" (a1 +1) f(2)
®1 pzjl i =@-mp@) +ar—p+n. (2.6)
Hp™ (o) f(2)
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By using the logarithmic differentiating on both side of (2.6), and then simplifying, we
obtain

1 (z(H;" (@ + 1) f @)
p=n\ H,(1+1)f(z)

— n) = p(2) + @) (z € V).

(p—mp@)+ar—p+n
Since p(z) € M,a; > p—nand f(z) € Sﬁ;m(cxl + 1; n; @), from (1.7) we see that

Re{(p —me() +a;—p+n} >0 (z€U)

and

zp'(z)
p(z) + R S —— < ¢(2) (z € D). 2.7)

Then, by applying Lemma 2.1 to (2.7), it follows that p(z) < ¢(z) in U, so that f(z) €
Sf)’m (15 15 @). This evidently completes the proof of Theorem 2.5. |

Theorem 2.6. Let 9 € M and o > p — n. Then
K™ (e + 1513 9) © K™ @i 5 ).
Proof. By using (1.9) and Theorem 2.5, we observe that
f@eK i+ 1;me) & zf'(2) €Sy @i+ 1;n; 9)
& 2f'(2) € S (@ n; @)
& f2) € K™ (o ms 9),

which completes the proof of Theorem 2.6. |

Taking ¢(z) = (1 + Az)/(1 + Bz) (=1 < B < A < 1) in Theorem 2.5, we get the
following corollary:

Corollary 2.7. Let —1 < B < A <landa; > p —n. Then
Sy (a1 + 1;m; A, B) C 8™ (13 m; A, B)

and
K5™ (@1 4 1 n; A, B) C K™ (a1 n; A, B).

3. Argument properties involving H ll;m(ozl)

Theorem 3.1. Let0 < §;,6) <1,—-1 < B <A<landa; > p—1n. If f € A(p)
satisfies the following inequality

T <Z(H,’;m(a1 + 1 f@) ) T
——48) < arg T — < =&
2 Hy" (a1 + 1)g(z)

2
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for some g € Sf;m(al +1;7n; A, B). Then

w Z(HY™ () f(2) w
=X P — ~
2" = arg( Hy™ (@1)g(2) y) =27

where A1 and A> (0 < Ay, A2 < 1) are the solution of the following equations:

A1 4+ 22)(1 — |b]) cos(Zt
N - (A1 + A2)(1 — |b]) cos(G11) G
4 2(% +n+o - p) 1+ 16D + (1 + 22) (1 — [b]) sin(E 1)

and

A+ 20— |b It
52 = hy 4+ 2 tan~"! _ (A 2)(1 = |D]) cos(511) 32)
i 2(%+n+al —p) (4 1B1) + (1 + A2) (A — [B]) sin(Z 1)

when b is given by (2.3) and

= sin! < (p — {4 — B) ) . (3.3)
T (p—n(1—AB)+ (n+ a1 — p)(1 — B?)
Proof. Let
Hl,m /
o) — 1 (Z( 5,m(ou)f(z)) - y) | )
p—v Hy" (a1)g(z)

By using the identity (1.6), we readily have
1 (z<H,9m<a1 +1Df@) )
-V

P=v \ H"(+Dg(
(= (@) F @Y + @1 - pHE @) f@)
P=v | 2(Hy"™ (a)g(2)) + (a1 — p)Hp" (1)g(2)

1 (= p+ D(Hp" @) f(2)) + 22 (H" (@) f2)" )

P—v 2(Hy"™ (a1)g(2)) + (@1 — p)Hp" (a1)g(2)
I,m . ’ 2 N} "
B D" @) F@) | P H @) ()
1 (@ =p+D) HY (@) @) s
p—v dH" @)@
\ Hy™ (@1)g(2) P

Since g(z) € Sﬁ;m(al-i—l; n; A, B),bycorollary 2.7, we seethat g(z) € Sﬁ;m(al; n; A, B).
Therefore, we get

! dH"@g@) | 1+ Az
T\ H s ) T+ Be

(3.5)
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From (3.4) we obtain

Z(HE™ (1) £ (2))
HY™(@1)g(2)

Differentiating both sides of (3.6) logarithmically, it follows from (3.5) that

=(p-vIr@@+vy. (3.6)

Z(H™ (1) f(2)" (P =)' (@)
=(p- +n—1+ .
S A P —p@+y

By virtue of (3.6) and (3.7), we have

(3.7)

Z(HS™ (1) f(2)"
HY™ (1) ()

=(p—-Mw@+((p—mq@+n—-D{(p—y)p@ +7).

(3.8)
Computing the above equations, and then simplifying, we observe that

zp'(2)
— = + .
V) POt @+ —p

1 (z(H™ 1+ 1D f(2)
P=v \ Hy™a + g

Furthermore, from (3.5) we get

1—AB A—B
q(z)—l_B2 <1—82 (-1<B<A<1;z€l). (3.9
Thus, by using (3.9), we obtain
70
(p—mq@ +n+ay—p=pe?,
where
-l -A —n+A
(P ln)—(B )+7]+Ol1—1? <p< (p lnj-(B )+7)+041—p and -1 <¢ <1,

t1 being given by (3.3).
We note that p(z) is analytic in U with p(0) = 1. Let w = h(z) be the function
which maps U onto the angular domain

{w : —%31 < arg(w) < %52} with /(0) = 1.

Applying Lemma 2.2 for this function & with

1
(p—mq@ +n+a—p

w(z) =
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we see that Re(p(z)) > 0 (z € U), and hence p(z) # 0 (z € U).
If there exist two points 71, z2 € U such that the condition (2.1) is satisfied, then (by
Lemma 2.3) we obtain (2.2) under the restriction (2.3). Hence we get

z1p'(z1) >
(p—mqz1) +n+ar—p

AL+ A crg\ —1
:—%A1+arg(l—i l_; 2m<pelT¢> )

< —ZM _tan~! ( (A + A2)msin (3(1 — ¢)) )

s (e

2p + (A1 + A2)mcos (3(1 — ¢))

<2 —tan”! (r1 + 22)(1 — |b]) cos (Z1)
2 <%(IB+A) +n+a — P) (1 —1b) + (A1 4+ 22)(1 — |b]) sin (%11)
b
=—=5
501
and
220" (22) )
arg | p(z2) +
g< (p—mqz)+n+ar—p
> Z)Q +tan*1 (A1 4+ X2)(1 — |b]) cos (%[1)
2 2(%%74”1 —p) (1= [b) + (1 + 22)(1 — [b]) sin (511)
=5%

where we have used the inequality (2.3), 81, 62 and #; being given by (3.1), (3.2) and (3.3).
These obviously contradict the assumption of Theorem 3.1. The proof of Theorem 3.1
is thus completed. |

If we put §; = &7 in Theorem 3.1, we easily obtain the following consequence.

Corollary 3.2. Let0 <8 <1, -1 < B < A<landa; > p—n. If f € A(p)
satisfies the following inequality

Z(H (a1 +1) f(2)) 7w
arg T -yl <=4
Hp™ (a1 + 1)g(2) 2
for some g € Sﬁ;m(al + 1;7n; A, B), then
(Z(Hf;’”(al)f(z))’ ) 7
g I,m -V <S4,
Hp™ (a1)g(2) 2
where A (0 < A < 1) is the solution of the following equation:
2 Acos(Zt
§ =1+ =tan”! T ESYEwY (z1) :
T PEES 4o — p+asin(5)
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when #1 is given by (3.3).
Finally, by applying Lemma 2.4, we prove the following properties.

Theorem 3.3. Leta; > Oand y, A, u € RT, and let g € A(p). Suppose that f € A(p)
satisfies the condition

‘arg <{ HY™ (o) f(2) }y {1 i (H,’;f”(al +Df@  Hy" (e + l)g(z)) })‘
Hy" (@1)g(2) Hy" (@) f(2) Hy" (@1)g(2)

then

T
< 5)\. (Z € U)

{ HY™ (o) £ (2) }V
ar ., < .
Hy " (1)g(2)

Proof. 1f we set
Hl,m
(o) — { ,;m«xl)f(z)
Hy, " (1)g(2)

then p(z) is analytic in U, with p(0) = 1 and p(0) # 0.
Making use of the logarithmic differentiation on both side of (3.10), we have

1
} (y #0), (3.10)

L (Hmef@) (B ense)
y ) HY(@)f() Hy"(@1)g(x)

(3.11)

By applying the identity (1.6) in (3.11), we obtain
n
@+ —2zp'(2)
yaq

_ {H,’;mwl)f(z)}y {1+ (H,’;’"«xl +f@) Hf;m(a1+1)g(z)>}
HY™(@1)g(2) HE™ () f (2) HY™(a1)g(2) '

Hence, by using Lemma 2.4, we conclude that

T
larg p(z)| < 5/\ (z €,

which completes the proof of Theorem 3.3. |

Remark 34. Setting/ =m+1l,u=p=1a,=8;=10=1,2,....m+1;j =
1,2,...,m), and g(z) = z in Theorem 3.3, we obtain the result due to Lashin ([15],
Theorem 2.6).

Taking y = 1 and g(z) = z” in Theorem 3.3, we have the following consequence.
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Corollary 3.5. Let ; > 0 and A, u € RT. Suppose that f € A(p) satisfies the
condition

Hl,m Hl,m 1
arg{(l_m prens@ | HyMe )f(z)”<z(ﬁgm_l [A_MD

zP zP 2

then

zP

l,m
'arg (W)‘ < %k (z € 0).

Theorem 3.6. Leta; > 0,0 < < landy, A € RT. Suppose that f € A(p) satisfies
the condition

Hl,m
zP 2 b4 yoq

then

yap _ra [* oyeopesd T

arg| —z * t Iz H;" (ay) f(t)dt )| < =A.

j 0 P 2

Proof. 1f we put
3 4 ap—p(p+1)
p@) ="t [ B e @, (3.12)
w 0

then p(z) is analytic in U, with p(0) = 1 and p’(0) # 0. By differentiating both sides
of (3.12) with respect to z, we obtain

H™ () f(2)

7}
p@)+—zp'(x) =
Yoy zP

Thus, in view of Lemma 2.4, we have

b4
larg p)f < 74 (zel),

which evidently proves Theorem 3.6. |

Remark 3.7. Taking/ =m+ 1,0, =8;=10=1,2,....m+1;j=1,2,...,m),
and y = u = p = 1 in Theorem 3.6, we infer the result due to Goyal and Goswami
[16]. Furthermore, by specifying the parameters p, o; (i = 1,2,...,]) and B; (j =

1,1,...,m), we obtain various results for different operators reminded in the introduc-
tion.
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