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Abstract

The object of the present paper is to investigate some inclusion relationships and
argument properties of several subclasses of multivalent analytic functions, which
are defined here by using the Dziok-Srivastava operator. Furthermore, relevant con-
nections of the results presented in this paper with those obtained in earlier works
are also pointed out.
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1. Introduction and Definitions

Let A(p) denote the class of functions f (z) of the form

f (z) = zp +
∞∑

k=1

ap+kz
p+k (p ∈ N := {1, 2, 3, . . .}), (1.1)

which are analytic in the open unit disk U = {z : z ∈ C and |z| < 1}. Also let f and g

be analytic in U with f (0) = g(0). Then we say that f is subordinate to g in U, written
f ≺ g or f (z) ≺ g(z), if there exists the Schwarz function w, analytic in U such
that w(0) = 0, |w(z)| < 1 and f (z) = g(w(z)) (z ∈ U). We also observe that

f (z) ≺ g(z) in U
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if and only if
f (0) = g(0) and f (U) ⊂ g(U)

whenever g is univalent in U.

Let M be the class of analytic functions ϕ with ϕ(0) = 1, which are convex and
univalent in U and for which

Re{ϕ(z)} > 0 (z ∈ U).

Making use of the aforementioned principle of subordination between analytic func-
tions, we define each of the following subclasses of A(p)

S∗
p(η; ϕ) :=

{
f : f ∈ A(p) and

1

p − η

(
zf ′(z)
f (z)

− η

)
≺ ϕ(z)

}
(1.2)

(ϕ ∈ M; 0 ≤ η < p; z ∈ U)

and

Kp(η; ϕ) :=
{
f : f ∈ A(p) and

1

p − η

(
1 + zf ′′(z)

f ′(z)
− η

)
≺ ϕ(z)

}
(1.3)

(ϕ ∈ M; 0 ≤ η < p; z ∈ U).

We note that

S∗
p

(
η; 1 + z

1 − z

)
=: S∗

p(η) and Kp

(
η; 1 + z

1 − z

)
=: Kp(η) (0 ≤ η < p),

where S∗
p(η) and Kp(η)denote the subclasses of A(p) consisting of all analytic functions

which are p−valently starlike of order η in U and p−valently convex of order η in U,
respectively.

For functions fj (z) ∈ A(p), given by

fj (z) = zp +
∞∑

k=1

ap+k,j z
p+k (j = 1, 2; p ∈ N),

we define the Hadamard product (or convolution) of f1(z) and f2(z) by

(f1 � f2)(z) = zp +
∞∑

k=1

ap+k,1ap+k,2z
p+k = (f2 � f1)(z) (p ∈ N; z ∈ U).

Let αi (i = 1, . . . , l) and βj (j = 1, . . . , m) be complex numbers with βj /∈ Z
−
0 :=

{0, −1, −2, . . .}. Then the generalized hypergeometric function lFm is defined by

lFm(α1, . . . , αl; β1, . . . , βm; z) =
∞∑

k=0

(α1)k · · · (αl)k

(β1)k · · · (βm)k

zk

k!
(l ≤ m + 1; l, m ∈ N0 := N ∪ {0}; z ∈ U),
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where (λ)k is the Pochhammer symbol defined, in terms of the Gamma function, by

(λ)k = �(λ + k)

�(λ)
=

{
1 (k = 0)

λ(λ + 1) · · · (λ + k − 1) (k ∈ N).

Dziok and Srivastava [1] considered a linear operator Hp(α1, . . . , αl; β1, . . . , βm) de-
fined by the following Hadamard product:

Hp(α1, . . . , αl; β1, . . . , βm)f (z) := [zp
lFm(α1, . . . , αl; β1, . . . , βm; z)] � f (z)

(l ≤ m + 1; l, m ∈ N0; z ∈ U). (1.4)

Then it is observed that Hp(α1, . . . , αl; β1, . . . , βm) also maps A(p) onto itself as fol-
lows:

Hp(α1, . . . , αl; β1, . . . , βm)f (z) = zp +
∞∑

k=1

(α1)k · · · (αl)k

(β1)k · · · (βm)k

1

k! ap+kz
p+k (1.5)

(f ∈ A(p); z ∈ U).

To make the notation simple, we write

Hl,m
p (α1)f (z) := Hp(α1, . . . , αl; β1, . . . , βm)f (z).

It is easily verified from (1.4) that

z
(
Hl,m

p (α1)f (z)
)′ = α1H

l,m
p (α1 + 1)f (z) − (α1 − p)H l,m

p (α1)f (z) (f ∈ A(p)).

(1.6)

It should be remarked that the linear operator Hl,m
p (α1) is a generalization of many other

linear operators considered earlier. In particular, for f ∈ A(p) we obtain the following
observations:

(i) H1(a, b; c)f (z) = Ha,b,cf (z) (a, c ∈ C; c /∈ Z
−
0 ), the linear operator studied by

Hohlov [2].

(ii) Hp(n + p, 1; 1)f (z) = Dn+p−1f (z) (n ∈ N; n > −p), the linear operator
investigated by Goel and Sohi [3]. In the case when p = 1, D

nf (z) is the
Ruscheweyh derivative [4].

(iii) Hp(p + 1, 1; p + 1 − λ)f (z) = �(p + 1 − λ)

�(p + 1)
zλDλ

z f (z) (0 ≤ λ < 1), where

Dλ
z f (z) is the fractional derivative of f (z) of order λ (cf. [5]; see also [6]).

(iv) Hp(a, 1; c)f (z) = Lp(a, c)f (z) (a ∈ R; c ∈ R \Z
−
0 ), the linear operator studied

by Saito [7] which yields the operator L(a, c)f (z) introduced by Carlson and
Shaffer [8] for p = 1.
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(v) H1(µ, 1; λ + 1)f (z) = Iλ,µf (z) (λ > −1; µ > 0), the operator considered by
Choi et al. [9].

(vi) Hp(λ + p, c; a)f (z) = Iλ
p(a, c)f (z) (a, c ∈ R \ Z

−
0 ; λ > −p), the Cho-Kwon-

Srivastava operator [10].

Now, by making use of the Dziok-Srivastava operator Hl,m
p (α1), we define some new

subclasses of analytic functions in A(p) as following:

S l,m
p (α1; η; ϕ) := {f : f ∈ A(p) and Hl,m

p (α1)f (z) ∈ S∗
p(η; ϕ)} (1.7)

(ϕ ∈ M; 0 ≤ η < p; l ≤ m + 1; l, m ∈ N0; z ∈ U)

and

Kl,m
p (α1; η; ϕ) := {f : f ∈ A(p) and Hl,m

p (α1)f (z) ∈ Kp(η; ϕ)} (1.8)

(ϕ ∈ M; 0 ≤ η < p; l ≤ m + 1; l, m ∈ N0; z ∈ U).

We also note that

f (z) ∈ Kl,m
p (α1; η; ϕ) ⇔ zf ′(z) ∈ S l,m

p (α1; η; ϕ). (1.9)

In particular, for −1 < B < A ≤ 1, we write

S l,m
p

(
α1; η; 1 + Az

1 + Bz

)
= S l,m

p (α1; η; A, B)

and

Kl,m
p

(
α1; η; 1 + Az

1 + Bz

)
= Kl,m

p (α1; η; A, B).

Furthermore, the subclass S l,m
p (α1; η; A, B) of A(p) was investigated by Patel et al.

[11].
In the present paper, we investigate some inclusion relationships and argument prop-

erties of functions belonging to the subclasses S l,m
p (α1; η; ϕ) and Kl,m

p (α1; η; ϕ) by using
the technique of differential subordination. Some interesting applications involving the
Dziok-Srivastava operator Hl,m

p (α1), defined by (1.4), are also considered.

2. Inclusion properties involving Hl,m
p (α1)

The following results will be required in our investigation.

Lemma 2.1. (Eenigenburg et al. [12]). Let h(z) be convex univalent in U with h(0) = 1
and Re{βh(z) + ν} > 0 (β, ν ∈ C). If p(z) is analytic in U with p(0) = 1, then

p(z) + zp′(z)
βp(z) + ν

≺ h(z) (z ∈ U)
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implies that p(z) ≺ h(z) (z ∈ U).

Lemma 2.2. (Miller and Mocanu [13]). Let h(z) be convex univalent in U and w(z)

be analytic in U with Re{w(z)} ≥ 0. If p(z) is analytic in U and p(0) = h(0), then

p(z) + w(z)zp′(z) ≺ h(z) (z ∈ U)

implies that p(z) ≺ h(z) (z ∈ U).

Lemma 2.3. (Cf., e.g., Takahashi and Nunokawa [14]). Let p(z) be analytic in U

with p(0) = 1 and p(z) �= 0 for all z ∈ U. If there exist two points z1, z2 ∈ U such that

−π

2
λ1 = arg(p(z1)) < arg(p(z)) < arg(p(z2)) = π

2
λ2 (2.1)

for some λ1 and λ2 (λ1, λ2 > 0) and for all z (|z| < |z1| = |z2|), then

z1p
′(z1)

p(z1)
= −i

(
λ1 + λ2

2

)
m and

z2p
′(z2)

p(z2)
= i

(
λ1 + λ2

2

)
m, (2.2)

where

m ≥ 1 − |b|
1 + |b| and b = i tan

π

4

(
λ2 − λ1

λ1 + λ2

)
. (2.3)

Lemma 2.4. (Lashin [15]). Let h(z) be analytic in U, with h(0) = 1 and h(z) �= 0
(z ∈ U). Further suppose that λ, µ ∈ R

+ = (0, ∞) and

∣∣arg
(
h(z) + µzh′(z)

)∣∣ <
π

2

(
λ + 2

π
tan−1(λµ)

)
(λ > 0; µ > 0), (2.4)

then
|arg h(z)| <

π

2
λ (z ∈ U). (2.5)

We begin by proving the following theorem.

Theorem 2.5. Let ϕ ∈ M and α1 > p − η. Then

S l,m
p (α1 + 1; η; ϕ) ⊂ S l,m

p (α1; η; ϕ).

Proof. Let f (z) ∈ S l,m
p (α1 + 1; η; ϕ) and set

p(z) = 1

p − η

(
z(H l,m

p (α1)f (z))′

H
l,m
p (α1)f (z)

− η

)
,

where p(z) = 1+c1z+c2z
2 +· · · is analytic in U and p(z) �= 0 for all z ∈ U. Applying

the identity (1.6), we have

α1
Hl,m

p (α1 + 1)f (z)

H
l,m
p (α1)f (z)

= (p − η)p(z) + α1 − p + η. (2.6)
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By using the logarithmic differentiating on both side of (2.6), and then simplifying, we
obtain

1

p − η

(
z(H l,m

p (α1 + 1)f (z))′

H
l,m
p (α1 + 1)f (z)

− η

)
= p(z) + zp′(z)

(p − η)p(z) + α1 − p + η
(z ∈ U).

Since ϕ(z) ∈ M, α1 > p − η and f (z) ∈ S l,m
p (α1 + 1; η; ϕ), from (1.7) we see that

Re{(p − η)ϕ(z) + α1 − p + η} > 0 (z ∈ U)

and

p(z) + zp′(z)
(p − η)p(z) + α1 − p + η

≺ ϕ(z) (z ∈ U). (2.7)

Then, by applying Lemma 2.1 to (2.7), it follows that p(z) ≺ ϕ(z) in U, so that f (z) ∈
S l,m

p (α1; η; ϕ). This evidently completes the proof of Theorem 2.5. �

Theorem 2.6. Let ϕ ∈ M and α1 > p − η. Then

Kl,m
p (α1 + 1; η; ϕ) ⊂ Kl,m

p (α1; η; ϕ).

Proof. By using (1.9) and Theorem 2.5, we observe that

f (z) ∈ Kl,m
p (α1 + 1; η; ϕ) ⇔ zf ′(z) ∈ S l,m

p (α1 + 1; η; ϕ)

⇔ zf ′(z) ∈ S l,m
p (α1; η; ϕ)

⇔ f (z) ∈ Kl,m
p (α1; η; ϕ),

which completes the proof of Theorem 2.6. �

Taking ϕ(z) = (1 + Az)/(1 + Bz) (−1 < B < A ≤ 1) in Theorem 2.5, we get the
following corollary:

Corollary 2.7. Let −1 < B < A ≤ 1 and α1 > p − η. Then

S l,m
p (α1 + 1; η; A, B) ⊂ S l,m

p (α1; η; A, B)

and
Kl,m

p (α1 + 1; η; A, B) ⊂ Kl,m
p (α1; η; A, B).

3. Argument properties involving Hl,m
p (α1)

Theorem 3.1. Let 0 < δ1, δ2 ≤ 1, −1 < B < A ≤ 1 and α1 > p − η. If f ∈ A(p)

satisfies the following inequality

−π

2
δ1 < arg

(
z(H l,m

p (α1 + 1)f (z))′

H
l,m
p (α1 + 1)g(z)

− γ

)
<

π

2
δ2
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for some g ∈ S l,m
p (α1 + 1; η; A, B). Then

−π

2
λ1 < arg

(
z(H l,m

p (α1)f (z))′

H
l,m
p (α1)g(z)

− γ

)
<

π

2
λ2

where λ1 and λ2 (0 < λ1, λ2 ≤ 1) are the solution of the following equations:

δ1 = λ1 + 2

π
tan−1


 (λ1 + λ2)(1 − |b|) cos(π

2 t1)

2
(

(p−η)(1+A)
1+B

+ η + α1 − p
)

(1 + |b|) + (λ1 + λ2)(1 − |b|) sin(π
2 t1)


 (3.1)

and

δ2 = λ2 + 2

π
tan−1


 (λ1 + λ2)(1 − |b|) cos(π

2 t1)

2
(

(p−η)(1+A)
1+B

+ η + α1 − p
)

(1 + |b|) + (λ1 + λ2)(1 − |b|) sin(π
2 t1)


 (3.2)

when b is given by (2.3) and

t1 = 2

π
sin−1

(
(p − η)(A − B)

(p − η)(1 − AB) + (η + α1 − p)(1 − B2)

)
. (3.3)

Proof. Let

p(z) = 1

p − γ

(
z(H l,m

p (α1)f (z))′

H
l,m
p (α1)g(z)

− γ

)
. (3.4)

By using the identity (1.6), we readily have

1

p − γ

(
z(H l,m

p (α1 + 1)f (z))′

H
l,m
p (α1 + 1)g(z)

− γ

)

= 1

p − γ


z

(
z(H l,m

p (α1)f (z))′ + (α1 − p)H l,m
p (α1)f (z)

)′

z(H
l,m
p (α1)g(z))′ + (α1 − p)H

l,m
p (α1)g(z)

− γ




= 1

p − γ

(
(α1 − p + 1)z(H l,m

p (α1)f (z))′ + z2(H l,m
p (α1)f (z))′′

z(H
l,m
p (α1)g(z))′ + (α1 − p)H

l,m
p (α1)g(z)

− γ

)

= 1

p − γ


(α1 − p + 1)

z(H
l,m
p (α1)f (z))′

H
l,m
p (α1)g(z)

+ z2(H
l,m
p (α1)f (z))′′

H
l,m
p (α1)g(z)

z(H
l,m
p (α1)g(z))′

H
l,m
p (α1)g(z)

+ α1 − p

− γ


 .

Sinceg(z) ∈ S l,m
p (α1+1; η; A, B), by corollary 2.7, we see thatg(z) ∈ S l,m

p (α1; η; A, B).
Therefore, we get

q(z) = 1

p − η

(
z(H l,m

p (α1)g(z))′

H
l,m
p (α1)g(z)

− η

)
≺ 1 + Az

1 + Bz
. (3.5)
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From (3.4) we obtain

z(H l,m
p (α1)f (z))′

H
l,m
p (α1)g(z)

= (p − γ )p(z) + γ. (3.6)

Differentiating both sides of (3.6) logarithmically, it follows from (3.5) that

z(H l,m
p (α1)f (z))′′

(H
l,m
p (α1)f (z))′

= (p − η)q(z) + η − 1 + (p − γ )zp′(z)
(p − γ )p(z) + γ

. (3.7)

By virtue of (3.6) and (3.7), we have

z2(H l,m
p (α1)f (z))′′

H
l,m
p (α1)g(z)

= (p − γ )zp′(z) + ((p − η)q(z) + η − 1) ((p − γ )p(z) + γ ) .

(3.8)
Computing the above equations, and then simplifying, we observe that

1

p − γ

(
z(H l,m

p (α1 + 1)f (z))′

H
l,m
p (α1 + 1)g(z)

− γ

)
= p(z) + zp′(z)

(p − η)q(z) + η + α1 − p
.

Furthermore, from (3.5) we get∣∣∣∣q(z) − 1 − AB

1 − B2

∣∣∣∣ <
A − B

1 − B2
(−1 < B < A ≤ 1; z ∈ U). (3.9)

Thus, by using (3.9), we obtain

(p − η)q(z) + η + α1 − p = ρei
πφ
2 ,

where

(p − η)(1 − A)

1 − B
+η+α1−p < ρ <

(p − η)(1 + A)

1 + B
+η+α1−p and −t1 < φ < t1,

t1 being given by (3.3).
We note that p(z) is analytic in U with p(0) = 1. Let w = h(z) be the function

which maps U onto the angular domain{
w : −π

2
δ1 < arg(w) <

π

2
δ2

}
with h(0) = 1.

Applying Lemma 2.2 for this function h with

w(z) = 1

(p − η)q(z) + η + α1 − p
,
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we see that Re(p(z)) > 0 (z ∈ U), and hence p(z) �= 0 (z ∈ U).
If there exist two points z1, z2 ∈ U such that the condition (2.1) is satisfied, then (by

Lemma 2.3) we obtain (2.2) under the restriction (2.3). Hence we get

arg

(
p(z1) + z1p

′(z1)

(p − η)q(z1) + η + α1 − p

)

= −π

2
λ1 + arg

(
1 − i

λ1 + λ2

2
m

(
ρei

πφ
2

)−1
)

≤ −π

2
λ1 − tan−1

(
(λ1 + λ2)m sin

(
π
2 (1 − φ)

)
2ρ + (λ1 + λ2)m cos

(
π
2 (1 − φ)

)
)

≤ −π

2
λ1 − tan−1


 (λ1 + λ2)(1 − |b|) cos

(
π
2 t1

)
2

(
(p−η)(1+A)

1+B
+ η + α1 − p

)
(1 − |b|) + (λ1 + λ2)(1 − |b|) sin

(
π
2 t1

)



= −π

2
δ1

and

arg

(
p(z2) + z2p

′(z2)

(p − η)q(z2) + η + α1 − p

)

≥ π

2
λ2 + tan−1


 (λ1 + λ2)(1 − |b|) cos

(
π
2 t1

)
2

(
(p−η)(1+A)

1+B
+ η + α1 − p

)
(1 − |b|) + (λ1 + λ2)(1 − |b|) sin

(
π
2 t1

)



= π

2
δ2,

where we have used the inequality (2.3), δ1, δ2 and t1 being given by (3.1), (3.2) and (3.3).
These obviously contradict the assumption of Theorem 3.1. The proof of Theorem 3.1
is thus completed. �

If we put δ1 = δ2 in Theorem 3.1, we easily obtain the following consequence.

Corollary 3.2. Let 0 < δ ≤ 1, −1 < B < A ≤ 1 and α1 > p − η. If f ∈ A(p)

satisfies the following inequality∣∣∣∣∣arg

(
z(H l,m

p (α1 + 1)f (z))′

H
l,m
p (α1 + 1)g(z)

− γ

)∣∣∣∣∣ <
π

2
δ

for some g ∈ S l,m
p (α1 + 1; η; A, B), then∣∣∣∣∣arg

(
z(H l,m

p (α1)f (z))′

H
l,m
p (α1)g(z)

− γ

)∣∣∣∣∣ <
π

2
λ,

where λ (0 < λ ≤ 1) is the solution of the following equation:

δ = λ + 2

π
tan−1

(
λ cos(π

2 t1)

(p−η)(1+A)
1+B

+ η + α1 − p + λ sin(π
2 t1)

)
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when t1 is given by (3.3).

Finally, by applying Lemma 2.4, we prove the following properties.

Theorem 3.3. Let α1 > 0 and γ, λ, µ ∈ R
+, and let g ∈ A(p). Suppose that f ∈ A(p)

satisfies the condition∣∣∣∣∣arg

({
Hl,m

p (α1)f (z)

H
l,m
p (α1)g(z)

}γ {
1 + µ

(
Hl,m

p (α1 + 1)f (z)

H
l,m
p (α1)f (z)

− Hl,m
p (α1 + 1)g(z)

H
l,m
p (α1)g(z)

)})∣∣∣∣∣
<

π

2

(
λ + 2

π
tan−1

[
λµ

γα1

])
,

then ∣∣∣∣∣arg

{
Hl,m

p (α1)f (z)

H
l,m
p (α1)g(z)

}γ ∣∣∣∣∣ <
π

2
λ (z ∈ U).

Proof. If we set

p(z) =
{

Hl,m
p (α1)f (z)

H
l,m
p (α1)g(z)

}γ

(γ �= 0), (3.10)

then p(z) is analytic in U, with p(0) = 1 and p′(0) �= 0.
Making use of the logarithmic differentiation on both side of (3.10), we have

1

γ

zp′(z)
p(z)

=
z
(
Hl,m

p (α1)f (z)
)′

H
l,m
p (α1)f (z)

−
z
(
Hl,m

p (α1)g(z)
)′

H
l,m
p (α1)g(z)

. (3.11)

By applying the identity (1.6) in (3.11), we obtain

p(z) + µ

γα1
zp′(z)

=
{

Hl,m
p (α1)f (z)

H
l,m
p (α1)g(z)

}γ {
1 + µ

(
Hl,m

p (α1 + 1)f (z)

H
l,m
p (α1)f (z)

− Hl,m
p (α1 + 1)g(z)

H
l,m
p (α1)g(z)

)}
.

Hence, by using Lemma 2.4, we conclude that

|arg p(z)| <
π

2
λ (z ∈ U),

which completes the proof of Theorem 3.3. �

Remark 3.4. Setting l = m + 1, µ = p = 1, αi = βj = 1 (i = 1, 2, . . . , m + 1; j =
1, 2, . . . , m), and g(z) = z in Theorem 3.3, we obtain the result due to Lashin ([15],
Theorem 2.6).

Taking γ = 1 and g(z) = zp in Theorem 3.3, we have the following consequence.
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Corollary 3.5. Let α1 > 0 and λ, µ ∈ R
+. Suppose that f ∈ A(p) satisfies the

condition∣∣∣∣∣arg

{
(1 − µ)

H l,m
p (α1)f (z)

zp
+ µ

Hl,m
p (α1 + 1)f (z)

zp

}∣∣∣∣∣ <
π

2

(
λ + 2

π
tan−1

[
λµ

α1

])
,

then ∣∣∣∣∣arg

(
Hl,m

p (α1)f (z)

zp

)∣∣∣∣∣ <
π

2
λ (z ∈ U).

Theorem 3.6. Let α1 > 0, 0 < µ ≤ 1 and γ, λ ∈ R
+. Suppose that f ∈ A(p) satisfies

the condition∣∣∣∣∣arg

(
Hl,m

p (α1)f (z)

zp

)∣∣∣∣∣ <
π

2

(
λ + 2

π
tan−1

[
µ

γα1
λ

])
(z ∈ U).

then ∣∣∣∣arg

(
γα1

µ
z
− γα1

µ

∫ z

0
t

γ α1−µ(p+1)

µ H l,m
p (α1)f (t)dt

)∣∣∣∣ <
π

2
λ.

Proof. If we put

p(z) = γα1

µ
z
− γα1

µ

∫ z

0
t

γ α1−µ(p+1)

µ H l,m
p (α1)f (t)dt, (3.12)

then p(z) is analytic in U, with p(0) = 1 and p′(0) �= 0. By differentiating both sides
of (3.12) with respect to z, we obtain

p(z) + µ

γα1
zp′(z) = Hl,m

p (α1)f (z)

zp
.

Thus, in view of Lemma 2.4, we have

|arg p(z)| <
π

2
λ (z ∈ U),

which evidently proves Theorem 3.6. �

Remark 3.7. Taking l = m + 1, αi = βj = 1 (i = 1, 2, . . . , m + 1; j = 1, 2, . . . , m),
and γ = µ = p = 1 in Theorem 3.6, we infer the result due to Goyal and Goswami
[16]. Furthermore, by specifying the parameters p, αi (i = 1, 2, . . . , l) and βj (j =
1, 1, . . . , m), we obtain various results for different operators reminded in the introduc-
tion.
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