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Abstract

In this paper, we establish a family of rotational and self-similar solutions for
the Euler equations for generalized Chaplygin gas which occurs in cosmology
model as a unification of dark matter and dark energy. By analyzing a system of
ordinary differential equations, we show that our family of solutions blows up
on finite time in 4 cases out of 6 according to the classification of parameters.
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1. INTRODUCTION AND MAIN RESULTS
In this paper, we consider the 3 -dimensional Euler equations for Generalized
Chaplygin Gas (GCG):
pe + V- (pu) =0,
plu; + (u-Mul+rp =0, (1)
p=—-Ap7Y, A>0, 0<y<1,

Where p(t,x): (Rso, R?) = Rsq, u(t, x): (Rso, R®) - R3 represent the density and
velocity of the substance considered respectively. p is the pressure function which is
governed by the state equation (1)5. (1), is derived from the mass conservation law
while (1), is a result of the momentum conservation law.

Since 1998, type la supernova (SNIa) observations [4] have shown that our universe
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has entered into a phase of accelerating expansion. During these years from that time,
many additional observational results, including current Cosmic Microwave
Background anisotropy measurement [5], and the data of the Large Scale Structure [3],
also strongly support this suggestion. And these cosmic observations indicate that
baryon matter component is about 4% for total energy density and about 96% energy
density in universe is invisible. Considering the four-dimensional standard cosmology,
this accelerated expansion for universe predicts that dark energy (DE) as an exotic
component with negative pressure is filled in universe. And it is shown that DE takes up
about two-third of the total energy density from cosmic observations. The remaining
one third is dark matter (DM). In theory mounting DE models have already been
constructed. But there exists another possibility: that the invisible energy component is
a unified dark fluid. i.e. a mixture of dark matter and dark energy. The GCG model was
introduced in [6] in 2012 as a unification of dark matter and dark energy.

For recent researches of system (1), readers may refer to [1] and [2]. On another
aspect, it is known that in [7], the first equation of (1), enjoys a rotational and
self-similar solutions of the following form.

([
a?(t)b(t)’
a(t)
U =——=x—G()y,
1 a(t) ®y 2
a(t)
u, = G(t)x + ?t)y,
\ T h@)”
2 2 2
with a self-similar variable s = = i + and arbitrary € functions f(s) > 0,

az(t) b2(t)
G(t), a(t) > 0 and b(t) > 0.

Using (2), the author of [7] constructed a family of blowup solutions and solutions
that are global in time for the compressible classical Euler equations. In this paper, we
aim at constructing a family of rotational and self-similar solutions for the
3-dimensional Euler equations for GCG model. It is shown that our family of solutions
includes both blowup type and global in time type.

For 3-dimensional case, we adopt the following notations.
u = (uq,uy, uz), 3)
x=(x,y,2). 4)

Our family of rotational and self-similar solutions is presented in the following
theorem.



Rotational and Self-similar Blowup Solutions for the Euler Equations 319

Theorem 1. For system (1), we have the following family of rotational and
self-similar exact solutions.

( f(s) x? + y? 7?2
P’ " T @@ b2’
G
a(t a“(t
< PO ©
TR TOM
_b(®)
L Uz = mZ,

where f(s) is positive and is given by
1 Aly +1)
m =a+ 2Ky s>0 (6)

for any positive «a.
a(t) and b(t) satisfy the following ordinary differential equations(ODES).
2

|( a— % — /1a2)/+1b)/+1,

b = AbYa?'*2, ©)
|a(0) =:ay > 0,a(0) =:a4,
\b(0) =: by, > 0,5(0) =: by,

where A and & are arbitrary constants.

Remark 2. It can be easily checked that the f given by (6) satisfies the following
ODE.

2Ky f

More importantly, the blowup and global existence results of the family of
solutions in theorem are included in the following theorem.

A+

Theorem 3. For the family of solutions (5)-(7) , we have the following 6 cases.

Casel: A=0and & =0.
if a; and b; are both nonnegative, then the solutions (5) exist globally. Otherwise,
the solutions (5) blow up on finite time.

Case2: A=0and & # 0.
the system (7) can be solved by



320 KA LUEN CHEUNG

LN+ -y

NG ’ ©)
b = bO + blt
or
_ 1$l
a=—,
N (10)
b = bO + blt,
where
E 2
h:=a? + (—) > 0. (11)
ay

Moreover, if b; = 0, the solutions (5) exist globally. Otherwise, the solutions (5)
blow up on finite time.

Case3: A1 <0and & =0.

the solutions (5) blow up on finite time.

Case4: A1 <0 and & # 0.

the solutions (5) blow up on finite time.

Case5: A >0and ¢ =0.

the solutions (5) exist globally.

Case6: A >0 and & # 0.

then the solutions (5) exist globally for the following two cases.
Casei: by = 0.

Caseii: b, <0 and

2NE2YV+2 b)""l
pr <22 b (12)
1y + 1)
where
E 2
hi=a? + (_) > 0. (13)
ag

2. PROOF OF THEOREM 1
To start the proof of Theorem 1, we need the following lemma which is given by
Lemma 4 in [7].

Lemma 4. For the mass equation (1);, we have the following solutions in a general
form.
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(@) _ _x+y? 7P
“2ob®)’ T a0 bz(t)'
w =525 = 6y
{ a(t ) (14)
U, =G(t)x +—= at )
b(t)
\ ETOR

Now, we present the proof of Theorem 1.

Proof of Theorem 1.

Step 1. By Lemma 4 with G(t) = the mass equation is satisfied by solutions

2( )’
(5). Note that if we define G(t) = 2( ;s then the following equation is satisfied.

G+ZGE=O. (15)

We are ready to check that the momentum equations are satisfied by solutions (5).
Note that (1), is equivalent to

1
ut+(u-|7)u+;l7p=0. (16)
In component form, we have
1
Uqt + U Uy + uZuly + UzUq, + pr = O, (17)
1
Uyt + U Uy, + uZuZy + UzUy, + ;py = O, (18)
1
U3zt + Uq U3y + uZU3y + UszUsz, + ;pz = 0. (19)
Step 2. For (17), we have
1
Uge T UgUyy + UpUgy + UUy, ;Px (20)
i @)oo G (e i) o
=|=—\(=) [x— Gy x— Gy x+—-y)(—
a a ) a (21)
”+ 0+ ’;px ‘
G Cy—26%y x4 22)
= —x —_ f— —_ — —_
a y ped P Px
_ (“ 02) (G +26 d) 42 (23)
=z x )Y P Px

" 1
= (% - Gz)x + S Px by (15) (24)
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x 1
= (/1612“1”“)54' ;Px by (7)1

2y ny+1 1
= (Aa*b )X+K)’pr by (1)3

= (1q?Ypr+1 21{% b 5
(Aa*bY)x + 2Ky —grm—x by (5)s

= azyb“lx </1 + ZK]/ %)
=0 by (8).
Thus, the first momentum equation is satisfied.

Step 3. For (18), we have

1
uZt + u1u2x + uZuZy + u3u22 + Epy

=G +d (d)z +(d G>G+<G +a >a+0
L P V) B AL Vb4 T2V )a

a
B &\y 1
“\*T @)y
1
= (Aa®b¥* )y + Py
aZyby+1f

= (Aazyb)’“)y + ZKVW:V

f
= a®’b*ly </1 + ZKyfy+2 = 0.

Thus, the second momentum equation is satisfied.
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(25)
(26)
(27)
(28)
(29)

(30)
(31)

(32)

(33)

(34)
(35)
(36)
37)
(38)

(39)

Remark 5. It is not obvious that the steps in Step 3 have a similar structure to the

steps in Step 2. Thus, we include the details above.
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Step 4. For (19), we have

Uze + UgUzy + UpUzy + UzlUz, + ;Pz (40)
. .2 . .
b b b (b 1
—|Z—_(Z P _ 41
[b <b> Z+0+0+bz<b>+ppz (41)
b 1
= EZ + ;pz (42)
1
= AbY 1q?Y+2z 4+ ;pz by (7), (43)
q2v+2pr-1 [
= AbY 1a?r*2z + Zk)/szfZ (44)
— q2vt2pr-1, </1 + 2Ky f){+2> (45)
= 0. (46)

Thus, the third momentum equation is satisfied.
The proof is hence complete. MW

3. BLOWUP OR GLOBAL EXISTENCE
For the proof of Theorem 3, we consider the system of ODEs (7). We have the
following six cases to analyze.

Casel: A=0and £ =0.
Case2: =0 and & # 0.
Case3: A< 0 and & =0.
Case4: A< 0 and & # 0.
Case5: A>0and ¢ =0.
Case6: A >0 and & # 0.

Case 1 is trivial as both a and b are linear. More precisely, we have the
following proposition.

Proposition 6. For Case 1, if a; and b, are both nonnegative, then the solutions (5)
globally exist. Otherwise, the solutions (5) blow up on finite time.

Proof. If both a; and b; are nonnegative, then a(t) = ay + a;t and b(t) = b, +
b;t are always positive. Hence, the solutions are global in time. If a; < 0, then u, =

L x will blow up at time —ay/a; > 0. Similarly, if b; < 0, then u; =

aptajt

will blow up attime —by/b, > 0. W

bo+byt

For Case 2, we have the following proposition.
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Proposition 7. For Case 2, the system (7) can be solved by

LN+ -y

VR ' (47)
b = b, + byt
or
_ 1$l
a=—,
N (48)
b = bO + blt,
where
E 2
h:=a? + (—) > 0. (49)
ap

Moreover, if b; > 0, the solutions (5) exist globally. Otherwise, the solutions (5)
blow up on finite time.

Proof. In this case, the system (7) becomes

R
i-z=0 (50)
B =
From (50),, we have
2
(@)% + (g) =h, (51)
where
2
hi= a2+ (ai) >0, (52)

Thus, we have

a(t) = Vhcos 0 (t),

% =Vhsin 8 (t), (53)

for some (t). From (53),, one has
“= E\/ﬁlsii 9 (54)
,_lél—cos 0 )

CTh sinzg
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Combining (55) with (53);, one has

|€] —cos 6

ﬁ—sinz 5 0, = Vhcos 6 (56)
g dd h 29
cos 8 =0 or - Esm (57)
i C|&| — ht)
== orf =cot™ | ———|, 58
2 ( €] 59
for some arbitrary constant C.
Thus, system (53) can be solved by
S
a=— 59
N (59)
or
_V$+ (CI8| - ht)?
N NG ' (60)

Thus, a is always positive. As b is linear, the result follows. M
For Case 3, we have the following proposition.
Proposition 8. For Case 3, the solutions (5) blow up on finite time.

Proof. Note the a and b are strictly concave as 4 < 0. Suppose the solutions

i = Aa2y+1by+1’
b = AbYa?Y+2,
a>0, (61)
b>0

are global. If @ >0 and b > 0 for all t. Then, a and b are increasing. However, as
A1<0,

t
a=a,+ Af a?’*1 ($)bY*1(s)ds » —o0
0 (62)
as t — +oo. This is a contradiction. Thus, either a(t;) < 0 or b(t,) < 0 for some t,
and t,. It follows that a(t) <0 for all t >¢t, and b(t) <0 for all t >t,. This

means that either a or b will meet the t-axis eventually. Thus, the solutions are not
global. W

Next, we consider Case 4.
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Proposition 9. For Case 4, the solutions (5) blow up on finite time.
Proof. In this case, we have

2
J a— % <0,
b = AbYa?*2, (63
k a=0b=0.
From (63);, we have
) 52
(a)? + P h, (64)
where
E 2
hi= a? + (—) > 0. (65)
ag
Thus, i_z < h. That is,
<]
a=—>0.
VR (66)

Suppose b is global. Then, the solutions (63) are global. However, as A < 0,

t
bh=bh +,1f bY a?*r+2ds — —
1 . a § > —© (67)

as t — +oo. Thus, b will eventually meet the t — axis. This is a contradiction. Thus,
b is not global. Thus we are done in this case. W

Next, we have the following proposition.
Proposition 10. For Case 5, the solutions (5) exist globally.

Proof. In this case, consider

i = Aa2y+1by+1'
b = AbYa?r*?, (68)
a=>0,b>0.

Note that a and b are strictly convex. It is clear that if both a; and b; are
nonnegative, then a and b are always positive and the solutions (5) exist globally.

Suppose both a, is negative and 0 < t; < +oo is the first zero of a. Note that we
have

ai = bb
(69)
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forall t < t;. As a is strictly decreasing on or before t,. we have

bb = ai < ayd (70)
b .
i>—b (71)
Qo
aty) >0, (72)

which is a contradiction.
Similarly, if b, is negative and 0 < t, < +oo is the first zero of b. Then

As b is strictly decreasing on or before t,. we have

ad = bb < byb (73)
* 25, (74)
b(ty) >0, (75)

which is a contradiction. Thus, both a and b are always positive and hence the
solutions (5) are global intime. W

For the last case, we have the following proposition:

Proposition 11. For Case 6, the solutions (5) are global in time for the following
two cases.

Casei: b; = 0.

Caseii: b, <0 and
+1
22&2r+2plk

WD "

b? <

where
EZ
h:=af+—2>0. 77
a
0
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Proof. In this case, consider
a3

b = AbYa?Y*2,
k a>0,b=0.

52
{a A Aa2y+1by+1'

From (78)4, one has

Thus,

ad > h — a?

adi+a*>h

4 @)= h
dtaa_

aa = aygaq + ht

! 2>1ht2+ t+1 5
-a° == apga -a
Za > ot 15 Ao
a? > ht? + 2aqa,t + ag.

As the global minimum of the right hand side of (88) is

EZ
h>0

one obtains

=
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(78)

(79)

(80)

(81)

(82)

(83)

(84)

(85)

(86)

(87)

(88)

(89)

(90)
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Thus, if b; = 0, then the solutions are global.

) 21§2y+2b2)’+1
Suppose b; < 0 and b < gD

the first zero of b, then b < 0 forall t < t, and b(t,) < 0. From (78),,

. If the solutions blow up and 0 < t, < +0 is

. /1%'2)/+2
bz—ra b’ (91)
L. AgEYEZ
bb < P bYb (92)
1., 1 AE2r+2 1
L2 _ = 2<—_ y+1 _ v+1
20" b =T y+1 b by ) (93)
+1
b2 <2/1§—2y+2by+1 + | b2 _M
Tty + 1) Loty +1) (94)
. 2 2y+2
2 Lbyﬂ _ (95)
hY+1i(y + 1)
From (95),
b%(t,) <0, (96)

which is a contradiction. Thus, the solutions are global. W
Combining the results from Propositions 6 to 11, we have thus established Theorem 3.
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