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Abstract 

 
A graph that admits a super edge-magic total labeling is called a SEMT graph. 
In this paper, we study the structure of connected unicyclic SEMT graphs with 
magic constant 3=  qp . We also enumerate SEMT labelings with 

3=  qp , for connected unicyclic graphs that contain a star of maximum 
size m, with 14  pmp  
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05C78:tionclassificasubjectAMS    
 
 
1. Introduction 
In 1970 , Kotzig and Rosa [3]  defined a magic valuation of a graph. This notion was 
rediscovered by Ringel and Llado [4]  in 1996  and they called it by the name 
edge-magic labeling. Enomoto et al. [1]  introduced the concept of super edge-magic 
total labeling. 
Let G be a simple, connected and undirected graph with p  vertices and q  edges. An 
edge-magic total labeling f  is a bijection from )()( GEGV   to the set of integers 

}{1,2,..., qp  such that if xy  is an edge of G, then =)()()( xyfyfxf   for 
some integer constant  . 
A super edge-magic total labeling is an edge-magic total labeling f  with 

}{1,2,...,=))(( pGVf  and }2,...,1,{=))(( qpppGEf  . 
Some of the super edge-magic graphs are nC  iff n is odd, nmK  ,  iff 1=m  or 1=n , 
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nK  iff n  = 1,2  or 3 , nkP  if k  is odd, mK  1, 2 1,2nK  for all m  and n , nm PC   

if 6m  even and 2
2


mn  and a connected 3-regular graph on p vertices iff 

4) ( 2 modp  . For a detailed list of SEMT graphs, refer Gallian Survey of Graph 
Labeling [2]. 
In this paper, we study SEMT labelings with 3=  qp  for connected unicyclic 
graphs that contain a star of maximum size m with 14  pmp . 
 
 

2.  Notations 
1. Let 𝒢 denote the class of all connected unicyclic SEMT graphs with 

3=  qp . 
2.  Let 𝐺 be any graph in𝒢, with a SEMT labeling f. For our convenience, we fix 

V(G) and E(G) as follows: },...,,{=)( 21 pvvvGV , },...,{=)( 21 qeeeGE , where 
i=)f(v i  and 𝒇(𝒆𝒊) = 𝒑 + 𝒒 + 𝟏 − 𝒊. 

3. Let 𝒢𝑚denote the class of all connected unicyclic SEMT graphs that contain a 
star of maximum size m, and magic constant 3=  qp . 

 
 

3.  Graphs in 𝓖 
Let G be any graph in𝒢. We first make the following Observations: 
1.  If )}()/()({= GEuvvfufS  , then 2}1,{3,4,...,=  ppS . 
2.  pv  is not adjacent with any iv  for pi 3 , since 2)()(  pvfuf  for all

)(GEuv . 
3.  Sum of the labels of the vertices incident with the edge ie  is 2i  for 

qi 1 . 
4.  211 = vve  and 312 = vve . 
5.  )(= pq ee  is not incident with 1v . 
 
Theorem 1 Let G be any graph in 𝒢. Then G contains 3K  (and so 33 = CK  is the only 
cycle in G). Moreover,in any SEMT labeling with 3=  qp , the vertex 1v lies in 

3K . 
 
Proof Let G be a given graph satisfying the given hypothesis with the super edge-magic 
labeling f. By Observation 4, 211 = vve and 312 = vve . Also 323 = vve  or 41vv . 
If 323 = vve , then G contains 3K  and 1v  lies in 3K . If 413 = vve , then the edges 

321 ,, eee  form 3 1,K  with 1v  as the root. 
Suppose that the edge set },...,,{ 21 reee  forms rK  1, where 23  qr  with 1v  as the 
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root and the set },...,,{ 121 reee  does not form 1 1, rK . 
Then 1re  is not incident with the vertex 1v . Since the sum of the labels of the end 
vertices of the edge 1re  is r  + 3 , )(GEvv ji   for some rji  <2 . 
Thus G contains 3K  and 1v  lies in 3K . 
Next, suppose that the edge set },...,,{ 121 qeee  forms 1 1, qK  with 1v  as the root. 
Then G = eK q 1 1,  and the result follows. ∎ 
 
 

4.  Graphs in 𝓖𝒑−𝟏 

Note that eK p 1 1,  is the only graph in 1pG . 
 

Theorem 2 The graph eK p 1 1,  with 4p  has 






 

2
1p  SEMT labelings with 

3=  qp . 
 
Proof Let G be a graph satisfying the given hypothesis with a SEMT labeling f. 
Let iv , 11  pi  be the root of 1 1, pK . 
By Observation 2, ji vv   for pj 3 . 
 

1 Case 1v=v i  
Now 11= jj vve  where 11  qj  and kpkq vvee 2==  where 







 


2
12 pk . 

Thus the number of SEMT labelings of G is 






 

2
1p -1. 

 

Case 2 2i v=v  
Now 211312 =,== vvevvee  and jj vve 2=  for qj 3 . 
Thus G has only one SEMT labeling. 

Thus the total number of SEMT labelings of G is 






 

2
1p -1+1= 







 

2
1p

∎ 

 

 

5.  Graphs in 𝓖𝒑−𝟐 

 

Theorem 3Let G be a graph in 𝒢𝑝−2with 6p . Then the number of SEMT labelings 



264 K.Kayathri and A.Shakila Jemima 

of G is 























4). ( 3  1 if   
4

41)3)((

4) ( 2 if      
4

42)3)((

4) ( 0 if       
4

62)3)((

modorppp

modppp

modppp

 

 
Proof Let i  be the smallest index such that iv  is the root of 2 1, pK . Then 1 pi . 
Let rv  be the vertex not in 2 1, pK  in G. 
By Theorem 1, 3K  = 3C  is the only cycle in 2pG  and 1v  lies in this cycle. 
Now irvv )(GE . Hence, if 2 ir q , 2ire  is an edge, and it is not incident with 

rv  and iv . Hence the edge 2ire  and the vertex iv  form a triangle; and by Theorem 
1, 1v  lies in this triangle…  (1) 
Since pq = , it follows that deg )( rv  = 1. 
By Observation 4, deg 2)( 1 v ; and so 1vvr  . 
 

Case 1 1i v=v  
Since 21vv  and 31vv )(GE , 4r .By Observation 5. qe  is not incident with 1v . 
Now je  = 11 jvv )(GE  for 11  qj  and 1 rj . 

Using (1), 1re = krkvv 1 , where 2 









2
rk . 

Hence the number of chances for the edge 1re  is 








2
r -1. 

Since qr  , qr ee 1 . Hence rprpq vvee 2== . 

Then rpr  2 ; and so 
2

2


pr . 

Hence the number of SEMT labelings of G is 

1)
2

(=

2
2

4=
1 













rS
p

pr
r
























4). ( 3  1   if           
4

1)3)((

4) ( 2   if            
4

2)3)((

4) ( 0   if        
4

22)3)((

=

modorppp

modppp

modppp

 

 

Case 2 2i v=v  
Using (1), 2ire re=  is incident with 1v  and re  = 11 rvv . Also, 31vv )(GE ; and so 

3=r . Thus G has only one SEMT labeling. 
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Note that deg( 1v ) = 3 2< p ; and so this labeling is not counted in Case 1. 
 

Case 3 ji v=v where 1pj3   
By Observation 2, pr vv = . 
If iv  = 3v , then 3213 vvvv  is a cycle. On the otherhand, 514 = vve  or 42vv  would form 
another cycle 3513 vvvv  or 3423 vvvv , a contradiction. 
If 3vvi  , then we have two cycles ii vvvv 21  and ii vvvv 31 , a contradiction. 
Considering all the three cases, the number of SEMT labelings of G is 1S1  ; and we 
get the result. ∎ 
 
 

6.  Graphs in 𝓖𝒑−𝟑 

 
Theorem 4Let G  be a graph in 𝒢𝑝−3  with 7p . Then the number of SEMT 
labelings of G  is 

S




































8). ( 4   if     
24

15685182

8) ( 7  3   if         
48

213134334

8) ( 6  2   if            
24

13282182

8) ( 5  1   if          
48

201134334

8) ( 0   if      
24

16885182

=

23

23

23

23

23

modpppp

modorpppp

modorpppp

modorpppp

modpppp

 

 
Proof Let i  be the smallest index such that iv  is the root of 31, pK . 
Let sr vv ,  be two vertices not in 31, pK . 
Without loss of generality, let sr < . Then 1pr  . 
 

Case 1 1v=v i  
Now 11= jj vve  where 11,  srj  and 11  qj . 
Moreover, if srsr vve  11 = , then sr >1  which implies that rs  , a contradiction. 
Hence krkr vve  11 = , where

 
.)1......(................................................................................

2
2 










rk  
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Hence the number of chances for the edge 1re  is 






 

2
2r . 

Now >},{)(< sr vvGV   has 2=13  pp  edges. Hence, it is easy to note that the 
edges qs ee ,1  are incident with rv  and sv . 
Also 11 vve ss  . Hence rsrs vve  11 = and spsq vve 2= , where rsr  1  and 

sps  2 . Hence 12rs   and 
2

2p
s


 . Note that rr >12  . 

Next, we count the number of chances of s, by considering the following possibilities: 

Case 1.1 pr 12  and 
2

212 


pr  

Case 1.2 pr 12  and 
2

2=12 


pr  

Case 1.3 pr >12   

Case 1.1 p12r  and
2

2p
12r


  

 

Now 
2

21,,21,2,3,..., 


prrs ; and so the number of chances of s is p-r-2 if p is even; 

Andp-r-1 if p is odd. 

Also pr 12  implies that 
2

1


pr ; and 
2

212 


pr  implies that 
4

4


pr . 

Hence Case 1.1 arises only when 
4

4


pr  and 
2

1


pr . 

 

Case 1.2 p12r  and
2

2p
=12r


  

Now 1,21,2,3,...,  rrs .Thus the number of chances of s is 1rp  . 

Also 
2

2=12 


pr  implies that 
4

4= pr . 

Hence Case 1.2  arises only when 
4

4= pr  (and 4) 0(modp  ). 

 

Case 1.3 p>12r   

Now rp <
2

1 ; and so rp




2
2 . 

Thus rs 1,2,3,...,  and the number of chances of s is rp . 
Combining Cases 1.1,1.2 and 1.3 and usiing (1), the number of SEMT labelings of G in 
Case 1 is 
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


























 








 








 








 








 

































 






















odd is  if                                                              )(
2

21)(
2

2

4) ( 2 if                                                      )(
2

22)(
2

2

4) ( 0 if  )(
2

21)
4

4(
2

2
4

4

2)(
2

2

=

1

2
3=

2
1

4=

1

2
2=

2

4=

1

2
2=

2

4
44=

1

prprrpr

modprprrpr

modprprpp

p

rpr

S

p

pr

p

r

p

pr

p

r

p

pr

p

prr

 



























 








 








 








 































 








 















.   if                                  
2

2)(
2

2

4) ( 2  if                         
2

22)(
2

2

4) ( 0  if 
2

2
4

4

2
22)(

2
2

=

2
1

4=

1

4=

2

4=

1

4=

2

4=

1

4=

oddisprrpr

modprrpr

modp

p
rrpr

p

r

p

r

p

r

p

r

p

r

p

r

 

On simplification, we get 

1S




































8). ( 4   if 
24

8461182

8) ( 7  3   if     
48

6986334

8) ( 6  2   if      
24

6058182

8) ( 5  1   if      
48

5786334

8) ( 0   if 
24

9661182

=

23

23

23

23

23

modpppp

modorpppp

modorpppp

modorpppp

modpppp

 

 

Case 2 2i v=v  
As )(12 GEvv  , we have psr  <3 . 
We consider two cases: 3=r  and 3>r . 
 

Case 2.1 3=r  
Then 413 = vve . Also 211 = vve  and 312 = vve . 
Again two subcases arise: (i) s = 4 (ii) 4>s . 
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Case 2.1.1 3=r and 4=s  
Now 424 vve  ; and so 514 = vve . Hence jj vve 2= , for pj 5 ; and G has exactly 

one SEMT labeling in this case. 
 

Case 2.1.2 3=r and 4>s  
Now 413 = vve  and 1421 vvvv  is a cycle. Also jj vve 2=  for pj 4  and sj  . Now 

lks vve   for plk  <4  and slk , ; otherwise 22 vvvv lk  would form another 
cycle, a contradiction. Then 11= ss vve  or 23 svv ; and so 1121 vvvv s  or 22312 vvvvv s  is 
another cycle, a contradiction. 
 

Case 2.2 3>r  
Then psr  <4 . Now 2312 vvvv  is a cycle. Hence },{)( sr vvGV   has 

2=13  pp  edges. Also, rr vve 2  and ss vve 2 . 
Hence the edges re  and se  must be incident with 

s
v  and rv  respectively. 

So srsr vve 2=  and rsrs vve 2= . Thus 2<< rsr  implies that 1= rs . 
Hence the number of chances of r  (and s ) is 4p ; and so there are p-4 SEMT 

labelings 

 

in Case 2.2. 
Hence, the number of SEMT labelings of G in Case 2 is 3p=4p1=S2  . 

Case 3 vi = v3  
As pv  is not adjacent with jv  for 13  pj , ps vv = . 
Also pv  is adjacent with 1v  or 2v . 
 

)E(Gpv
1

v    3.1 Case   

Now 1pe = pvv1 ; and so 231   pp vve .Hence 2= pr vv , so that 5r . 
Then 332313 ,...,, pvvvvvv  and )(13 GEvv p   and 3213 vvvv  is a cycle. 
Then 424 vve   (otherwise 3423 vvvv  is anothercycle, a contradiction); and so 514 = vve
. 
If 5r , then 3513 vvvv  is another cycle, a contradiction. Hence 5=r  and 7=p . 
Thus deg( 1v ) = 4 = 3p and 1v  is also a 3333root of 31, pK , contradicting the choice 
of the 
root iv . 
 

)E(Gvv    3.2  Case p2   
Now pp vve 2= ; and so 13  pp vve . Hence 1= pr vv ; and so 6r . 
Then )(,..., 232313 GEvvvvvv p  . Hence 3213 vvvv  is a cycle. 
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But 424 = vve  or 51vv  would form another cycle, a contradiction. 
 

4  Case 1 pj4for   v=v ji  
Now 1V  = },...,,{ 43 pjpjp vvv   },{ sr vv ; and so 4j . Hence 4= vvi . Thus 

1= pr vv  and ps vv = . As 7p , 6r .But 4214 vvvv  and 4314 vvvv  are two cycles, a 
contradiction. 
Considering all the four cases, the number of SEMT labelings of G is S1 + S2. 
On simplification, we get the result. ∎ 
 
 
7.  Graphs in 𝓖𝒑−𝟒 
Theorem 5 Let G be a graph in 4pG  with 9p . Then the number of SEMT labelings 
of G is 

































































8). ( 7   if                                                     
192

1110364302564

8) ( 6   if                                                      
192

984472314564

8) ( 5   if                                                     
192

1350340302564

8) ( 4   if                                                      
192

720544317564

8) ( 3   if                                                    
192

1206364302564

8) ( 2   if                                                   
192

1080472314564

8)) ( 1   if                                                   
192

1446340302564

16) ( 8   if                                                    
192

480556317564

24 when and  16) ( 0   if                          
192

384556317564

16)=  ..( 24< when and  16) ( 0   if  
192

576544317564

=

234

234

234

234

234

234

234

234

234

234

modppppp

modppppp

modppppp

modppppp

modppppp

modppppp

modppppp

modppppp

pmodppppp

pwheneipmodppppp

S

 

 

Proof Let i  be the smallest index such that iv  is the root of 41, pK . Let tsr vvv ,,  be 
the three vertices not in 4pK . Note that 2pr  . 
 

Case 1 1v=v i  
We have 11= jj vve  where 11,1,  tsrj  and 11  qj . 
Now 1re  is not incident with 1v  and rv . Moreover if srsr vve  11 = , then 1< rs  
which implies that rs  , a contradiction. Similarly trtr vve   11 . 
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Hence krkr vve  11 =  where 









2
2 rk . 

Hence the number of chances for the edge 1re  is .....(1)....................
2

2







 r  

As tsr vvv ,,  are not isolated vertices, these vertices are incident with one of the edges 

1se , 1te , qe . Note that 1 st . Hence tsts vve   11 . 
Also 11 vve ss  . Hence rsrs vve  11 = . Then rrs vv 1 ; and so 12rs  . Also 

srs vv 1  as 1r . Moreover trs vv 1  as 1 st . 
Thus 1se  is incident with rv , but not incident with sv  and tv . 
Also 11 vve tt  . Hence tptq vve 2=  and stst vve  11 =  where ttp  2 ; 

sst 1 ;. 

Hence 12rs  ; 12st  ; ...(2)...........................................................
2

2p
t


  

Note that 1<  psr . 
Now fixing r, we count the number of chances of t, by considering the following 
possibilities: 

Case 1.1 ps 12  and 
2

2=12 


ps  

Case 1.2 ps 12  and 
2

212 


ps  

Case 1.3 pr 12  and ps >12   
Case 1.4 pr >12   
Note that ps 12  imples that pr 12 . 
 

Case 1.1 p12s  and
2

2p
=12s


  

Now 
2

2=12 


ps  implies that 
4

4= ps . 

Hence this case arises only when 4) (mod 0p  . 

Since st > , using (2), we have )
2

21(=,21,2,..., 


psst . 

Thus the number of chances of t  is 1 sp  = 
4

83=1
4

4 





ppp . 

Since sr < , 
4

4< pr  and so 
4
pr  . 

Also 12  rs . Then 12
4

4


 rp ; and so 
8

8


pr . 

Note that 
48

84 pp



 only if 24p  . 

Hence the number of SEMT labeling of G in this case is 
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1S

























 







 











 








otherwise                           
4

83
2

2

8) ( 0   and 24  if  )
4

83(
2

2

= 2

4=

2

8
84=

pr

modpppr

p

r

p

prr

 































24.    16) ( 8   if       
256

768448683

24    16) ( 0   if     
256

1024544683

24 < 8  8) ( 4   if          
256

384272563

24 <  8  8) ( 0   if         
256

512320563

=        

23

23

23

23

pandmodpppp

pandmodpppp

pandmodpppp

pandmodpppp

 

 

Case 1.2 p12s  and
2

2p
12s


  

Then 
2

1< 


psr ; and so 
2

14 


pr . 

Now 
2

212 


ps  implies that 
4

4


ps . Also 12  rs . 

Hence 
2

21,,21,2,... 


psst  and the number of chances of t is 2 sp . 

Thus the number of SEMT labelings of G in this case is 

2S 2)(
2

2=
2

1

4
4
12

1=

2
1

4=








 









 














 

spr
p

ps
rs

rs

p

r
 

 
1.3  Case p12r  and p>12s  

Then 
2

1


pr  and 
2

2


ps . Also 12  rs ; and so 
2

2


ps . 

Then using (2), we have st 1,2,...,  and the number of chances of t is sp  . 
Thus the number of SEMT labelings of G in this case is 

3S )(
2

2=
1

12
2

2=

2
1

4=
sprp

rs

ps

p

r








 












 








 
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



















































8). ( 7   if   
384

39170138343

8) ( 6   if  
384

48152120343

8) ( 5   if  
384

15218138343

8) ( 4   if          
384

128120343

8) ( 3   if  
384

87218138343

8) ( 2   if 
384

144200120343

8) ( 1   if 
384

159266138343

8) ( 0   if           
384

80120343

=

234

234

234

234

234

234

234

234

modppppp

modppppp

modppppp

modppppp

modppppp

modppppp

modppppp

modppppp

 

 
1.4  Case p>12r   

Then 
2

2


pr ; and so 
2

4


ps . 

Hence using (2), st 1,2,...,  and the number of chances of t is sp  . 
Thus the number of SEMT labelings in this case is 

4S )(
2

2=
1

2
2=

sprp

pr








 










 

 































4). ( 3   if  
768

117348238605

4) ( 2   if  
768

48192160485

4) ( 1   if 
768

285492262605

4) ( 0   if            
768

96136485

=

234

234

234

234

modppppp

modppppp

modppppp

modppppp

 

Combining the above four cases, the number of SEMT labelings of G in Case 1 is

4321 SSSS  . 
Case 2 2i v=v  
Then jj vve 2=  for pj 1 , except for tsrj ,,= . 
We have two cases: 3>r  and 3=r . 
 

Case 2.1 3>r  
Then >},,{< 321 vvv  is 3K . Since tsr vvv ,,  are not isolated vertices, these vertices are 
incident with one of the edges tsr eee ,, . 
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Also note that 2 rt . Hence trtr vve  2 . Also 2vve rr  ; and so srsr vve 2= . 
Then 2< rs ; and so 1r=s  . 
Moreover tsts vve 2= , rtrt vve 2= ; and so 2=1=  rst . Then 4= vve rt ; and so 

4r . Hence 25  pr . 
Thus we have a SEMT labeling for every r  with 25  pr ; and so G has 6p 

SEMT labelings in this case. 
 

Case 2.2 3=r  
We have two cases: 4=s  and 4>s . 
 

 2.2.1  Case 4=s  and  3=r  
Now 211 = vve , rvvvve 1312 == , sr vvvvee 1413 === . Since tv  is not an isolated 
vertex, it follows that tsts vve 2= . Hence 5=1= st . Thus we have only one SEMT 

labeling 
 

2.2.2  Case 4>s and 3=r  
Now 413 == vveer  and so >},,{< 421 vvv  is a cycle.Also )(= 131 GEvvvvr  . 
Since sv , tv  are not isolated vertices, we have tsts vve 2= , stst vve 2=  and 1= st
. Then 1= vve ts  and 3= vve st . Thus we have a SEMT labeling for every s  with 

15  ps  and e.cas  this  in  labelings  SEMT  5p  hasG   . 
Thus, the number of SEMT labelings in Case 2 is p-6 + 1 + p-5 = 2p-10. 
 

3  Case 3i v=v  
As pv  is not adjacent with jv  for pj 3 , pt vv = . 
 

Case 3.1 p1vv E(G)  
Then 23 pvv )(GE . Then 2= ps  or 2= pr . 
 

2p = s   3.1.1  Case   
Then pps vvee 111 ==  . Now 31 vve rr  . Moreover sv  is not an isolated vertex. Hence 

srsr vve  31 =  which implies that 2 sr ; and so 54  pr . Thus 
)(,, 432313 GEvvvvvv   and 3213 vvvv  is a cycle.Now if 4e  = 42vv , it would form 

another cycle, a contradiction. 
Hence 514 = vve  and 5=r , 7=s  and 9=p . 
Now >,,,,< 9171513121 vvvvvvvvvv  = 1,5K  = 41, pK , contradicting the choice of the root 

iv  
 

2p =r    3.1.2  Case   
Then 7r  and )(,...,, 632313 GEvvvvvv  . 
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Now 1321 vvvv  is a cycle. Then 514 = vve  or 42vv  would form another cycle, a 
contradiction. 
 

E(G)vv   3.2  Case p1   
Then )(2 GEvv p  ; and so )(13 GEvv p  . Hence 1= ps . 
Now pps vvee 21 == . As 31 vve rr  , and sv  is not an isolated vertex, srsr vve  31 = . 
Hence 63=2  psr . Then as in Case 3.1.2, we would have two cycles, a 
contradiction. 
Thus in Case 3, G has no SEMT labeling. 
 

4  Case 1 pj4 ,v=v ji  
Since )(GEvv jkjp   for 3k ,we have },...,,{ 43 pjpjp vvv   },,{ tsr vvv ; and so 

5j . Hence 4=j  or 5 .Then 1pv , pv  are not adjacent with jv ; and so 1= ps vv  
and pt vv = . 
Now pt vv =  is adjacent with 1v  or 2v . 
Now jrjr vve  2 . Moreover sv  is not an isolated vertex. Hence sjrsjr vve  =2 . 
Then 1 sjr  which implies that 45=1  pjpjsr . 
Then )(,, 321 GEvvvvvv jjj  . Now jj vvvv 21  and jj vvvv 31  are two cycles, a 
contradiction. 
Thus in Case 4, labeling.  SEMT  no  hasG . 
Considering all the four cases, the number of SEMT labelings of G is

102pSSSS 4321  . On simplification, we get the result. ∎ 
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