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Abstract

A graph that admits a super edge-magic total labeling is called a SEMT graph.
In this paper, we study the structure of connected unicyclic SEMT graphs with
magic constant A= p+g+3. We also enumerate SEMT labelings with
A= p+q+3, for connected unicyclic graphs that contain a star of maximum
sizem, with p—4<m<p-1
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1. Introduction

In 1970, Kotzig and Rosa [3] defined a magic valuation of a graph. This notion was
rediscovered by Ringel and Llado [4] in 1996 and they called it by the name
edge-magic labeling. Enomoto et al. [1] introduced the concept of super edge-magic
total labeling.

Let G be a simple, connected and undirected graph with p vertices and ¢ edges. An
edge-magic total labeling / is a bijection from V' (G)uw E(G) to the set of integers
{1,2,...,p+q} such that if xy is an edge of G, then f(x)+ f(y)+ f(xy)=A41 for
some integer constant A .

A super edge-magic total labeling is an edge-magic total labeling f with
fV(G))=412,..,p} and f(EG)={p+1,p+2,.,p+q}.
Some of the super edge-magic graphs are C, iff nis odd, K, , iff m=1 or n=1,

n
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K, iff n =12 or 3, kP, if k is odd, K, v 2nK,, forall m and n, C,UP,
if m>6 even and n2%+2 and a connected 3-regular graph on p vertices iff

p=2(mod4). For a detailed list of SEMT graphs, refer Gallian Survey of Graph
Labeling [2].

In this paper, we study SEMT labelings with A= p+¢g+3 for connected unicyclic
graphs that contain a star of maximum size m with p—4<m<p—1.

. Notations

1. Let G denote the class of all connected unicyclic SEMT graphs with
A=p+qg+3.

2. Let G be any graph inG, with a SEMT labeling f. For our convenience, we fix
V(G) and E(G) as follows: V(G) = {v,v,,...,v,}, E(G)={¢ge,,....e,}, where
f(v ;)=i and f(e;)) =p+q+1—i.

3. Let G,,denote the class of all connected unicyclic SEMT graphs that contain a
star of maximum size m, and magic constant 1= p+qg+3.

3. Graphsin g
Let G be any graph inG. We first make the following Observations:
1. If S={f(w)+ fW)uve E(G)},then S={34,..p+1,p+2}.

2. v, isnotadjacent withany v, for 3<i< p,since f(u)+ f(v)<p+2 forall
uve E(G).

3. Sum of the labels of the vertices incident with the edge e, is i+2 for
I1<i<gq.

e, =wvv, and e, =vv,.

e,(=e,) is not incident with v,.

Theorem 1 Let G be any graphin G. Then G contains K, (andso K, =C, isthe only

cycle in G). Moreover,in any SEMT labeling with 1= p+q+3, the vertex v, lies in
K;.

Proof Let G be a given graph satisfying the given hypothesis with the super edge-magic
labeling f. By Observation 4, e, =v,v,and e, =v,v,. Also e, =v,v, or vv,.

If e;=v,v,, then G contains K, and v, lies in K,. If e, =v,v,, then the edges
e,e,,e; form K, ; with v, as the root.

Suppose that the edge set {e,e,,...,e,} forms K, where 3<r<g-2 with v, asthe
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root and the set {e,e,,...,e.,,} doesnot form K

Lr+l*
Then e, is not incident with the vertex v,. Since the sum of the labels of the end
vertices of the edge e,,, is » + 3, vy, € E(G) forsome 2<i<j<r.
Thus G contains K, and v, liesin K;.

Next, suppose that the edge set {e,,e,,....,e,,} forms K, , with v, as the root.

Then G= K, ,,+e and the result follows. m

4. Graphsin G,_4
Note that K, ,, +e is the only graphin G .

Theorem 2 The graph K, , +e with p>4 has LPTHJ SEMT labelings with

A=p+q+3.

Proof Let G be a graph satisfying the given hypothesis with a SEMT labeling f.
Let v,, 1<i< p—1 be the root of K

1,p-1°
By Observation 2, v, #v, for 3<j<p.

Caselv; =v,
+1
Now e, =vyv,, where 1<j<g-1 and e=¢,=v,v, ,, where 2£k£{pTJ.

Thus the number of SEMT labelings of G is [pTHJ 1.

Case2v, =v,
Now e=e, =vyv;,e =V, and e, =v,v; for 3<j<q.
Thus G has only one SEMT labeling.

Thus the total number of SEMT labelings of G is LPTHJ -IHZVDTHJ [

5. Graphsin G,_,

Theorem 3Let G be a graph in G,_,with p>6. Then the number of SEMT labelings
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(”_3)(1:_2)*6 if p=0(mod 4)
of G is (p_3)(i_2)+4 if p=2(mod4)
“"3)({4’_1”4 if p=1or3(mod4).

Proof Let i be the smallest index such that v, is the rootof K, ,,.Then i< p—I.
Let v, be the vertexnotin K, ,, inG.

By Theorem 1, K; = C; istheonlycyclein G, , and v, lies in this cycle.

Now v.v, ¢ E(G). Hence, if r+i—2<gq, e,

i

_, 1s an edge, and it is not incident with
v. and v,. Hence the edge e, , and the vertex v, form a triangle; and by Theorem
1, v, lies in this triangle... (D)
Since g = p, it follows that deg(v,) =1.

By Observation 4, deg (v,)=2;andso v, #v,.

Caselv, =v,
Since vy, and wyv; € E(G), r>4.By Observation 5. ¢, is not incident with v,.

Now e, = vy, € E(G) for 1<j<g-1 and j=r-1.

r+l—k >

Using (1), e, ,= vv where 2< k < [%J

Hence the number of chances for the edge e, is [gJ -1.

1 < = =
Since r<gq, e,,#e,. Hence e, =e,=v,v

r’ p+2-r-
p+2

r—1

Then r#p+2—r;andso r=

Hence the number of SEMT labelings of G is

(1"3)(Z‘Z)+2 if p=0(mod 4)
,;% W if p=1lor3(mod4).

Case2v, =v,
Using (1), e,,, , =e, isincident with v, and e, = vv_,. Also, v,v; € E(G); and so
r =3. Thus G has only one SEMT labeling.
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Note that deg(v,) =3 < p—2; and so this labeling is not counted in Case 1.

Case 3v; =v; where3<j<p-1

By Observation 2, v, =v,.

If v, = v;, then v,y v,v, is a cycle. On the otherhand, e, =v,v, or v,v, would form
another cycle v,vv,v, or v,v,v,v;, a contradiction.

If v, #v,, then we have two cycles vv,v,v, and v,v,v,v,, a contradiction.

Considering all the three cases, the number of SEMT labelings of G is S; +1; and we
get the result. m

6. Graphsin G,_3

Theorem 4Let G be a graph in G,_3 with p>7. Then the number of SEMT
labelings of G is

3 12 _
2p 18172:851? 168 i p=0(mod$)
3 an2 _
4p” —33p 4;13417 201 if p=1lor5(mod 8)
2p° —18p° +82p—132 .
- if p=2or6(mod8
G | z p ( )
4p° -33p 4;13410_213 if p=3or7(mod 8)
3 1en2 _
2p” —18p 2: 85p 156 if p=4(mod8).

Proof Let i be the smallest index such that v, is the root of K| , ;.
Let v,,v, betwo vertices notin K, , ;.

Without loss of generality, let » <s. Then r<p-1.

Case lv, =v,
Now e, =wyv,, where j=r—1,s—1 and 1<j<qg-1.
Moreover’ lf er—l :Vs r+l-s?

where

then »+1>s which implies that s <r, a contradiction.

Hence e, =v, v, .,
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Hence the number of chances for the edge e, is L%J .

Now <V(G)—{v,,v,}> has p—3+1= p—2 edges. Hence, it is easy to note that the
edges e, ,,e, areincident with v, and v,.

Also e, #vyy . Hence e, =vv,  and e =vy where r#s+1-r and

rs+l-r s p+2—s

P+2 Note that 2r—1>r.

s#p+2—s.Hence s#2r—1 and s=

Next, we count the number of chances of s, by considering the following possibilities:
p+2

Case 1.12r—1<p and 2r—-1=

Case 1.22r—1< p and 2r—1=1”T+2

Case 1.32r—1>p

Casel.12r-1<pand2r-1= p+2

Now s#1,2,3,...,7,2r —l,pTJr2 ; and so the number of chances of s is p-r-2 if p is even;

Andp-r-1 if p is odd.

p+l1 p+2

Also 2r—1< p implies that » <

;and 2r—1#

implies that r #

p+4
.

p+4 p+l1

Hence Case 1.1 arises only when r # and r <

Case 1.2 2r—1spand2r—1:'°—Jr2

Now s #1,2,3,...,r,2r —1.Thus the number of chances of sis p—r—-1.

Also 2r—1=p;2 implies that r2p14.

Hence Case 1.2 arises only when r = pTM (and p=0(mod4)).

Case 1.32r-1>p

p+1

+2
Now T<r;andso p <r

Thus s#1,2,3,...,r and the number of chances of sis p—r.

Combining Cases 1.1,1.2 and 1.3 and usiing (1), the number of SEMT labelings of G in
Case 1 is
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» p+4
S V;zJ(p—r—2)+ 42 (p—p:4—1)+ pZinJ(p—r) if p=0(mod 4)
r:4¢p+4 r:Lﬂ
IE) r—2 i ) ) ~
Si=12 5 [(p=r=2+ X |5 if p=2(mod 4)
r=4 _p+2|
2
Zzltrgzj(p—r—m SV;ZJ(p—r) if pis odd
r=4 :pTJr}
T g P P;r4_2
—7)=2 + if p=0(mod 4
ri 3 J(P r) ;{ 5 J 5 if p=0(mod 4)
=& r=2 > r—2
{ J(p—r)—ZZ{ J if p=2(mod 4)
r=4 2 r=4 2
&l r-2 5 r—2
[ J(P—’”)—ZL J if pisodd.
r=4 2 r=4 2

On simplification, we get

2p3—18p2+61p_96ifp50(m0d8)
24
3_ 2 —
4p 33p48+86p 57 if p=1lor5(mod 8)
2p° —18p” +58p-60 .
. if p=2or6(mod8
S = 3 %4 ’ ( |
4p —33p48+86p_69 if p=3or7(mod8)
2p3—18p2+61p_84ifp54(1’I10d8)-
24

Case2 v, =v,
As v,v, € E(G),wehave 3<r<s<p.
We consider two cases: »=3 and r>3.

Case2.1r=3
Then e, =v,v,. Also e =vyv, and e, =vv,.

Again two subcases arise: (1) s =4 (i1) s>4.

267
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Case 2.1.1 r=3ands=4
Now e, #v,v,; and so e, =vv;. Hence e, =v,v,, for 5< j< p; and G has exactly

one SEMT labeling in this case.

Case 2.1.2r=3ands>4
Now e; =wyv, and v,y isacycle. Also e, =v,v, for 4<j<p and j#s.Now
e, #v,v, for 4<k<I[<p and k,l#s ; otherwise v,v,v,v, would form another

cycle, a contradiction. Then e, =vv,,, or v,v_,; and so vv,v

s+l

v, OF Vv,V ,V, 18

another cycle, a contradiction.

Case 2.2r>3
Then 4<r<s<p . Now vy, is a cycle. Hence <V(G)—{v,,,vs}> has

p—3+1=p—2 edges. Also, e, #v,v. and e, #v,v,.
Hence the edges e, and e, must be incident with v and v, respectively.

So e. =vyv and e, =vv_, . Thus r<s<r+2 implies that s =r+1.

s r42-s rUs+2-r

Hence the number of chances of » (and s)is p—4; and so there are p-4 SEMT
labelings

in Case 2.2.
Hence, the number of SEMT labelings of G in Case 2isS, =1+p-4=p-3.

Case3Vvi=Vvs
As v, isnotadjacent with v, for 3<;j<p-1, v, =v,.

Also v, is adjacent with v, or v,.

Case3.1 vyvpe EHG)
Nowe, ,=wv,;andso e, #wvv, ,.Hence v,=v ,, sothat r=5.
Then v,v,,v3v,,...,v;v, 5 and vy, € E(G) and vyvv,v, is acycle.

Then e, #v,v, (otherwise v,v,v,v; isanothercycle, a contradiction); and so e, = v,v,

If »#5,then v,vv,v, is another cycle, a contradiction. Hence » =5 and p=7.
Thus deg(v,) =4 =p—3and v, is also a 3333root of K

of the
root v, .

1.,3» contradicting the choice

Case3.2 v,v,eHG)
Now e, =v,v ;andso e, #v,v, . Hence v,=v,  ;andso r=>6.

Then vyv,vyv,,..vv, , € E(G). Hence vyvv,v; is acycle.
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But e, =v,v, or v,v; would form another cycle, a contradiction.

Cased4 v, =v;for 4<j<p-1

Now V, = {v, ,3,V, 40V, S {v,,v,}; and so j<4 . Hence v,=v,. Thus
v.=v,, and v.=v . As p>7, r26.But vvv,v, and vy, are two cycles, a
contradiction.

Considering all the four cases, the number of SEMT labelings of G is S1+ So.

On simplification, we get the result. m

7. Graphsin G,_4
Theorem 5 Let G be a graph inG,_, with p>9. Then the number of SEMT labelings

of Gis
4p* —56p° +31197§2 —344P =576 i 1 —0(mod16) and when p < 24 (i.c. when p=16)

4p* —56p° +31197§2 —556p—384 if p=0(mod16) and when p > 24
4p4—56p3+311;§2—556p—480 if p=8(mod16)
4p* —56p° +3(129;: —340p —1446 if p=1(mod8))
4p4—56p3+311‘;1;2—47217_1080 if p=2(mod8)

S=1 4p*-56p° +3(129;;2 —364p —1206 if p=3(mod8)
4p* —56p° +311971;2 —544p -720 if p=4(mod3)
4p* —56p° +3(i291;2 —340p—1350 if p=5(mod8)
4p* —56p° +311;1§2 —472p - 984 if p=6(mod8)
4p* —56p° +3(129;;2 -364p-1110 if p=7(mod8).

Proof Let i be the smallest index such that v, is the root of K, , ,. Let v,,v,,v, be
the three vertices notin K, ,. Note that r<p-2.

Case lv, =v,
We have e, =vyv,,, where j=r—1,s—1,/-1 and 1<;j<g-1.
Now e, is not incident with v, and v,. Moreover if e, =vv_ , then s<r+1

which implies that s <7, a contradiction. Similarly e _, #v,v,

r+l-t*
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r
Hence e, =v,v_,, , where 2<k < {EJ .

Hence the number of chances for the edge e, , is V—J ......................... (1)

As v.,v v, are not isolated vertices, these vertices are incident with one of the edges

s2 7t

e

s—1°

et—l >

e,. Note that #>s+1. Hence e, #v,v

t s+l-t "

Also e, ,#v,v, . Hence e, =v.v Then v, . #v ; and so s#2r—1. Also

s+l-r s+l-r

Vo, #Vv, as r#1. Moreover v

s+l-r

#v, as t=2s+1.

Thus e _, isincident with v,, but not incident with v, and v,.

Also e #vyv . Hence e =vv,,, 6 and e =vv, . where p+2-t=#t ;
t+l1-s#s;.
Hence s#2r—1; t#2s—1; t;tp;z ......................................................... )

Note that r<s<p-—1.
Now fixing r, we count the number of chances of t, by considering the following
possibilities:

Case 1.12s—1< p and 2s—1=2"2

Case1.22s—1<p and 2s—1¢p+2

Case1.32r—1<p and 2s—-1>p
Case1.42r—-1>p
Note that 2s—1< p imples that 2r—1< p.

Case 1.12s-1<p and 23—1='O—Jr2

Now 2s—1=p;_2 implies that S:pTM.

Hence this case arises only when p=0(mod4).

Since 1>, using (2), we have #1.2,...52s~1(= 272,
Thus the number of chances of ¢ is p—s—1 = p_p:4_1:3p4—8.
Since r<s, F<P% andso rﬁf.

p+38

Also s#2r—1. Then p14¢2r—1;andso reit—

Note that 4 <

p+8<p ]
<Lonlyifp>24.
8 4 yip

Hence the number of SEMT labeling of G in this case is
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ZJ(3p4—8) if p>24and p=0(mod8)

> 5

r=4

4
2
#
8
4
2
r=

,

‘ 2

ZV — 2J[MJ otherwise
L 2 4

3173_561722;632017_512 if p=0(mod8)and8< p<24
3p’ —56p22;6272p—384 if p=4(mod8)and8< p<24
=1 3p’ —68P22J;Z44P‘1024 if p=0(mod16)and p>24
3p3 —68p22;r644819_768 if p=8(modl6)and p=>24.

Case 1.2 23—1Spand2¢~:—1;«t'DTJr2
Then r<ssp;1;andso 4Sr£—p2_1.
p+2 p+4

Now 2s—1=# .Also s#2r-1.

implies that s #

Hence ¢t#1,2,...5,25 —1, p+2

Thus the number of SEMT labelings of G in this case is
ey
2 L& -2
I e

r=4 s=r+l
s#2r—1
p+4

4

5%

Casel.32r-1<pand2s-1>p

Then rSpTH and ssz”.Also s#2r—1;andso s>

Then using (2), we have ¢ #1,2,...,s and the number of chances of tis p-s.

Thus the number of SEMT labelings of G in this case is
en
8 | r-2
S; = Z \‘ J(p -5)
r=4 . Lﬁ—‘ 2

2
s#E2r—

—_

and the number of chances of tis p—s—2.

p+

271
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4 3 2
—34 12 — i
3p 34p” +120p 80p if p=0(mod38)
\ 3384 R
3p* —34p° +138p —266p+159ifp51(m0d8)
\ \ 3842
3p* —=34p° +120p —200P+144ifp52(m0d8)
\ \ 3842
3p" —34p” +138p” ~218p 487 ;o5 aey
\ \ 384 R
=41 3p* —=34p° +120p° —128p if p=4(mod8)
\ 3384 5
3p® —34p° +138p~ —218p +15 if p=5(mod8)
\ \ 384 5
3p" —34p° +120p° —152p + 48 if p=6(mod8)
\ \ 3842
3p* —34p +133sgf —170p +39 if p=7(mod$).

Caseld2r-1>p
p+2 p+4

Then r> ;and so s> S

Hence using (2), ¢#1,2,...,s and the number of chances oftis p-s.
Thus the number of SEMT labelings in this case is

&2l r-2
S, = Z { 5 J(p_S)

r:" p+2
2

4 3 2
5p* —48p® +136p° —96p if p=0(mod4)
768
4 3 2
Sp 60p° +262p 492p+285ifp51(m0d4)
768
_ 4 3 2 _
S5p" —48p” +160p° —192p + 438 if p=2(mod4)
\ 768
_ 3 2 _
5p* ~60p +2;68§ 348+ T e 3 (mod4).

Combining the above four cases, the number of SEMT labelings of G in Case 1 is
S,+S,+S;+8S,.

Case2v, =v,

Then e, =v,v, for 1< j<p,exceptfor j=r,s,t.

We have two cases: >3 and r=3.

Case2.1r>3
Then <{v,,v,,v;}> is K,. Since v v v, are notisolated vertices, these vertices are

N

incident with one of the edges e, ,e e, .
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Also note that t>r+2. Hence e #v,v

V., ,. Also e #vv,; and so e =vv

sVr42-s
Then s<r+2;andso s=r+1.

Moreover e, =vyv,,, ,, ¢, =vV,, ;and so t=s+1=r+2. Then e, =v.v,; and so
r#4.Hence 5<r<p-2.

Thus we have a SEMT labeling for every » with 5<r<p—2; and so G hasp-6

SEMT labelings in this case.

Case2.2r=3
We have two cases: s=4 and s>4.

Case2.21r=3 ands=4
Now e =wv,, e,=vVv,;=wv, , e =e,=VvVv, =WV, . Since v, is not an isolated

vertex, it follows that e, =v,v ., ,. Hence #=s+1=5. Thus we have only one SEMT
labeling

Case2.2.2r=3ands>4
Now e =e, =vv, andso <{v,,v,,v,} > isacycle.Also v.v, =v,v, € E(G).

Since v,,v, are not isolated vertices, we have e, =v,v and 1=s5+1

s+2—t 2 et = VSV

t+2—s
. Then e, =v,v, and e =vv,. Thus we have a SEMT labeling for every s with
5<s<p-1 and G hasp-5 SEMT labelingsin this case..

Thus, the number of SEMT labelings in Case 2 is p-6 + 1 + p-5 = 2p-10.

Case3v; =v,
As v, isnotadjacent with v, for 3<j<p, v,=v,.

Case 3.1v,v, eE(G)
Then vyv, , ¢ E(G). Then s=p-2 or r=p-2.

Case3.1.1 s=p-2

Then e, =e, , =vyv,.Now e, #v,v,. Moreover v, isnotan isolated vertex. Hence

r+l

e vy

=V, which implies that r>=s-2 ; and so r>p—-4>5 . Thus
vV, vy, Wy, € E(G) and vvv,v, is a cycleNow if e, = v,v,, it would form
another cycle, a contradiction.

Hence e, =vyv; and r=5, s=7 and p=9.

Now <vyv,,wv;,ws,mv,,my, > = K 3 = K

1p—4 » contradicting the choice of the root

V.

1

Case3.1.2 r=p-2
Then =7 and v,v,,v,v,,...,v;v € E(G).
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Now wvv,v,v, is a cycle. Then e, =vv, or v,v, would form another cycle, a
contradiction.

Case3.2 v,v, ¢HG)
Then v,v, € E(G);and so vyv, ¢ E(G). Hence s=p—1.

Now e, =e

, =V,v,. As e

#vv,,and v_ isnot an isolated vertex, e, =v.v

r+l1 s r+3—=s"*

Hence r>s—2=p—-3>6. Then as in Case 3.1.2, we would have two cycles, a

contradiction.
Thus in Case 3, G has no SEMT labeling.

Case4 v, =v;,4<j<p-1
Since v, ;.,v;, € E(G) for k>3 ,we have {v
j<5.Hence j=4 or 5.Then v

p7j+3,vp7j+4,...,vp} c {v.,v,,v,}; and so

,1> V, are not adjacent with v and so v, = v,

and v, =v,.
Now v, =v, is adjacent with v, or v,.

Now e, , #v,v,. Moreover v, isnot an isolated vertex. Hence e A

r+j-2 = S r+j—s "
Then r+ j—s>1 which implies that r>s—j+1=p—j>p-5>4.

Then vv,vv,,vv;€ E(G) . Now vyvvy, and vyvwvy, are two cycles, a
contradiction.

Thus in Case 4, Ghas no SEMT labeling.

Considering all the four cases, the number of SEMT labelings of G is
S, +S, +S; +S, +2p—10. On simplification, we get the result. m
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