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Abstract: 
 

Let G be a fuzzy graph without isolated vertices. The dominator coloring 
problem seeks a proper coloring of G with the additional property that every 
vertex in the graph dominates an entire color class. In this paper, a new 
concept of fuzzy dominator coloring and fuzzy chromatic number is 
introduced on Cartesian product of simple fuzzy graph such as fuzzy path, 
fuzzy cycle and complete fuzzy graph. Fuzzy dominator coloring, chromatic 
number of fuzzy complete graph, fuzzy path, and fuzzy cycle has been 
discussed. Bounds for fuzzy dominator coloring, chromatic number have been 
found. The relationship between domination number, fuzzy dominator 
coloring and chromatic number is derived. 
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1. Introduction: 
Graph is a simple model of relation and it is a convenient way of representing 
information involving relationship between objects. The object is represented by 
vertices and relations by edges. When there is vagueness in the description of the 
objects or in its relationship or in both we need to design fuzzy graph model. One of 
the most important properties of fuzzy graph model is fuzzy graph coloring which is 
used to solve problems of combinatorial optimization like traffic light control, exam 
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scheduling, register allocation etc. In these applications, fuzzy dominator coloring 
plays a vital role. The concept of fuzzy Dominator coloring was introduced by 
Ralucca Michelle Gera in 2006 [1]. In the same time, the fuzzy coloring of a fuzzy 
graph was defined by the authors in Eslachi and Onagh[2]. Then pourspasha [3] also 
introduced different approaches to color the fuzzy graph. In fuzzy graph, it is very 
important to identify the nature of arcs. In this paper, we consider all arcs as strong 
arcs for deriving the bounds in theorem. In this paper we determine the fuzzy 
dominator coloring, fuzzy chromatic number for cartesian product of fuzzy path, 
fuzzy cycle and complete fuzzy graph. The fuzzy dominator coloring of a graph G×H 
is a proper coloring in which each vertex of the graph dominates every vertex of 
atleast one color class. The minimum number of colors requiredfor a fuzzydominator 
coloring of G×H is called the fuzzy dominator chromatic number andit is denoted 
byχfd(G×H). 
 
 
2.  Preliminary Notes 
In this section, basic concepts of fuzzy graph and coloring are discussed. Notation and 
more formal definitions which are followed as in [1], [2], [4], [10]. 
 
Definition 2. 1[4]: 
A fuzzy graph G=(σ, μ) is a pair of functions σ: V→ [0, 1] and μ:V×V→[0, 1], where 
for all u, v∈V, we have μ(u, v)≤ σ(u)∧σ(v). 
 
Definition 2. 2[10]: 
The order p and size q of a fuzzy graph G=(σ, μ) are defined to be p = ∑ σሺxሻ୶∈V  and 
q=∑ μሺxyሻ୶୷∈V . 
 
Definition 2. 3[2]: 
Two vertices u and v in Ĝ are called adjacent if (½)[σ(u) ∧ σ(v)] ≤ μ(uv). 
 
Definition 2. 4[2]: 
An arc (u, v) is said to be a strong arc or strong edge, if μ(u, v) ≥ μ∞(u, v) and the 
node v is said to be the strong neighbor of u. A node u is said to be isolated if μ(u, v) 
= 0 for all u ≠ v. In a fuzzy graph, every arc is a strong arc then the graph is called 
thestrong arc fuzzy graph. 
 
Definition 2. 5[4]: 
u is a node in fuzzy graph G then N(u) = {v: (u, v) is a strong arc} is called the 
neighborhood of u and N[u] = N(u) ∪{u} is called closed neighborhood of u. 
 
Definition 2. 6[2]: 
A path in which every arc is a strong arc then the path is called strong path and the 
path contains n strong arcs is denoted by Pn. 
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Definition 2. 7[2]: 
A cycle in G is said to be fuzzy cycle if it contains more than one weakest arc. 
 
Definition 2. 8[10]: 
A fuzzy graph G=(σ, μ) is called complete fuzzy graph if μ(u, v)=σ(u)∧σ(v), for all u, 
v∈V and is denoted by Kσ. 
 
Definition 2. 9[4]: 
Two nodes of a fuzzy graph are said to be fuzzy independent if there is no strong arc 
between them. A subset S of V is said to be fuzzy independent of if any two nodes of 
S are fuzzy independent. 
 
Definition 2. 10[10]: 
G is a fuzzy graph on V and S ⊆V, then the fuzzy cardinality of S is defined to be Σ 
v∈S σ(v). 
 
Definition 2. 11[4]: 
The Cartesian product G=G1×G2=(V, X) of graphs G1 and G2. Then V=V1×V2, and 
X={(u, u2), (u, v2)| u∈V1, (u2, v2)∈X2}∪{(u1, w), (v1, w)| u∈V2(u1, v1)∈X1}. 
Let σi be a fuzzy subset of Vi and let μi be a fuzzy subset of Xi, i=1, 2. Define the 
fuzzy subsets σ1×σ2 of V and μ1×μ2 of X as follows: 
(σ1×σ2)(u1, u2)= min{σ1(u1), σ2(u2)} for all (u1, u2)∈V 
(μ1×μ2)((u, u2), (u, v2)) = min{σ1(u1), μ2(u2, v2)} for all u∈V1 and (u2, v2)∈X2 
(μ1×μ2)((u1, w), (v1, w)) = min{σ2(w), μ1(u1, v1)} for all w∈V2 and (u1, v1)∈X, 
Then the fuzzy graph G=(σ1×σ2, μ1×μ2)1 is said to be the cartesian product of G1=(σ1, 
μ1) and G2=(σ2, μ2). 
 
Definition 2. 12[4]: 
A dominating set D of fuzzy cardinality |D|= Σ σ(u), for all u∈D= γ(G) is called 
minimum dominating set or γ-set. A dominating set D of a fuzzy graph G is called the 
minimal dominating set if and only f for each vertex v∈V, D-{u} is not a dominating 
set of G. 
The minimum fuzzy cardinality taken over all minimal dominating sets in G is called 
the domination number of G and is denoted by γ(G). 
 
Definition 2. 13[2]: 
A family Γ = {γ1, γ2, …, γk} of fuzzy sets on V is called a k-fuzzy coloring of Ĝ = (V, 
σ, μ) if 
a)  ∨Γ = σ 
b)  γi ∧γj = 0 
c)  For every strong edge uv of Ĝ, γi(u) ∧γi(v) = 0 for 1 ≤ i ≤ k. 
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A fuzzy graph G is k-fuzzy colorable if G has a proper k-fuzzy coloring. The fuzzy 
chromatic number χf (G), of a fuzzy graph G, is the minimum k for which G is k-
fuzzy colorable. 
The above definition of k-fuzzy coloring was defined by the authors Eslahchi and 
Onagh [2] on the fuzzy set of vertices. 
 
Definition 2. 14[1]: 
A fuzzy dominator coloring (FDC) of a fuzzy graph G is a proper fuzzy coloring in 
which each vertex of G dominates every vertex of atleast some color class. 
 
Definition 2. 15[1]: 
Fuzzy dominator chromatic number of a fuzzy graph is the minimum number of color 
classes in a dominator fuzzy coloring of G. It is denoted by χfd (G). 
 
 
3.  Results on domination number of Cartesian product of fuzzy graphs 
In this paper, the Cartesian product on same type of two fuzzy graphs (say G and H) 
such as fuzzy path, fuzzy cycle and complete fuzzy graph. The order of H should be 
greater than or equal to the order of G. Let G=(V1, σ1, μ1) be a fuzzy graph. and 
H==(V2, σ2, μ2) be a fuzzy graph. The Cartesian product G×H=(V, X) of fuzzy graph 
G and H. where V=V1×V2, X={((u, u2), (u, v2))| u∈V1, (u2, v2)∈X2}∪{((u1, w), (v1, 
w)) | w ∈V2, (u1, v1)∈X1}. Using these notations, the following theorems are defined. 
To derive the theorem we use independent fuzzy path and fuzzy cycles which does 
not have unique strong neighbors in fuzzy path and fuzzy cycle of G×H. 
In 1941, Brook’s gave an upper bound for the chromatic number in case of crisp 
graphs and stated that ‘For a connected graph which is neither an odd cycle nor a 
complete graph, the chromatic number χ(G) ≤ Δ(G)′[6]. 
 
Proposition3. 1: 
If G and H are fuzzy path on m and n vertices and the cartesian product G×H of G and 
H is a fuzzy graph on mn vertices. Then χf(G×H)=2. 
 
Proof: 
In G×H, consider a fuzzy path with distinct vertices say P1= {(u1, v1), (u1, v2),.. (u1, 
vn)}, P2= {(u2, v1), (u2, v2),.., (u2, vn)}, ….., Pm= {(um, v1), (um, v2), …, (um, vn)}. The 
vertices in P1 assign color1 and color2 alternatively. Depending upon the color of 
verticesin P1, assign alternate color class 2 and color1 in P2 andso on. We get 
χf(G×� ��  
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Example 3. 2: 
 

 
 
 
The two independent fuzzy paths are P1= {(u1, v1), (u1, v2), (u1, v3), (u1, v4)}, P2= {u2, 
v1), (u2, v2), (u2, v3), (u2, v4)}. Color 1 and color 2 are assigned to the vertices of 
P1alternatively. However, color 2 and color 1 are assigned to the vertices in 
P2alternatively. Thus χf(G×H)=2. 
Consider the fuzzy graph of G×H in figure 3. The fuzzy chromatic number 
χf(G×H)=2 since there exists a family Γ={�1, �2}. Satisfying the definition of fuzzy 
coloring for fuzzy graph G×H is shown in the table below. 
 

Table 1: Fuzzy coloring of P2×P4 
 

Vertices �1 �2 Maximum
(u1, v1) 0. 5 0 0. 5 
(u1, v2) 0 0. 3 0. 3 
(u1, v3) 0. 6 0 0. 6 
(u1, v4) 0 0. 4 0. 4 
(u2, v1) 0 0. 5 0. 5 
(u2, v2) 0. 5 0 0. 5 
(u2, v3) 0 0. 5 0. 5 
(u2, v4) 0. 4 0 0. 4 
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Proposition 3. 3[5]: 
Let G and H be a fuzzy path on m and n vertices and G×H be a fuzzy graph on mn 
vertices. 
i)  If m=4 then γ(G×H) = n+1 
ii)  If m=5 then γ(G×H) = n+2 
iii)  If m=6 then γ(G×H) = 2n-3 
iv)  If m=7 then γ(G×H) ≥ m+n 
v)  If m=8 then γ(G×H) = 2n+2 
vi)  If m=9 then γ(G×H) = 3n-3. 
 
Proposition 3. 4: 
Let G be a fuzzy path on 2or 3 vertices and Hbe a fuzzy path on n vertices. G×H is a 
fuzzy graph on 2n or 3n vertices. Then χfd (G×H) = ቒ ௠௡௠ା௡ቓ ൅ ቔ௡ଶቕ ൅ ቒ௠ଶ ቓ 
 
Theorem 3. 5: 
If G isa fuzzy path on m(≥ 4) vertices and H is a fuzzy path on n(≥ m) vertices. G×H 
is a cartesian product of fuzzy paths with mn vertices then χfd (G×H) = γ+2. 
 
Proof: 
Let G be a fuzzy path on m (≥ 4) vertices and H be a fuzzy path on n vertices. 
Applying the cartesian product on G×H. We know that the resulting graph is also a 
fuzzy graph. G×H is a fuzzy graph whose underlying graph is a grid graph on mn 
vertices. 
In G×H, split the vertices as some independent set of 4 strong neighbor vertex, 3 
strong neighbor vertex and 2 strong neighbor vertex. To assign the color to the 
vertices of G×H in the following ways, based on the structure of G×H, we consider 
two types of vertices. One is internal vertices and the other is vertices on the border. 
Clearly, in internal, one of the four vertices of G×H dominates itself and its 
neighboring vertices. In G×H, 2n vertices on the border and mn-2n vertices in the 
internal part. Consider the vertices in the border as (u1, v1), (u1, v2),.. (u1, vn), (u2, v1), 
(u2, vn), (u3, v1), (u3, vn),.. (um, v1), (um, vn) and in the internal vertices as (u2, v2), (u2, 
v3),... (u2, vn-1), (u3, v2), (u3, v3),.. (u3, vn-1),.. (um, v2),.. (um, vn-1). We should use 
atleast 2n non repeated colors to obtain minimum fuzzy dominator coloring in the 
border and also in the border, there exists a 3 strong neighbor vertex which have 2 
strong neighbor in the border and one strong neighbor in internal vertices. 
Choose the centre vertex (ui, vj), 1≤ i ≤n, j=1, n, as a dominant vertex which assigns a 
color 1. Consider 4 strong neighbor vertex which lie in the internal part which assign 
color i (1 ≤ i ≤ γ(G×H)). Follow this procedure, we get a Dominating set, D={((u1, 
v3), (u2, v1)…(u3, v4))}. ∴|D|=γ(G×H). The strongneighbors only to the dominant 
vertices assign color γ+1 and γ+2 alternatively. 
Thus χfd(G×H)=γ+2. 
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Example 3. 7: 
 

 
 

The dominating set, D={(u1, v3), (u2, v1), (u2, v4)}. The vertices in D assign color 1, 
color 2 and color 3. They dominate the color classes of 1, 2 and 3. The strong 
neighbors of (u2, v1) assign color 4. The strong neighbors of (u1, v3) assign color 5. 
Since the vertices (u1, v1) and (u1, v2) has strong arc. The strong neighbor of (u2, v4) 
already assigned the colors. 
∴γ(G×H)= 3. χfd(G×H) = 5. 
 
Observation 3. 8: 
If G×H is a cartesian product on fuzzy paths with mn vertices then χf (G×H) <χfd 
(G×H), where m and n are the number of vertices in fuzzy paths of G and H. 
 
Proposition 3. 9: 
If G and H are fuzzy cycle on m and n vertices and the cartesian product G×H of G 
and H is a fuzzy graph on mn vertices then χf(G×H) ≤3. 
 
Proof: 
If G and H is fuzzy cycle on m and n vertices. Applying the cartesian product on G 
and H we get G×H is a fuzzy graph on mn vertices. In G×H, suppose there exists m 
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independent fuzzy cycles with n vertices. Say C1, C2,.. Cm. consider the cycle C1, If n 
is odd then the vertices in C1 assign color 1, color 2 alternatively but the nth vertex 
could not assign color 1 and 2 because it is strong neighbor of vertices in color1 and 
color 2. so nth vertex assign color3. Using 3C1 combination all the vertices in G×H 
assign color1, 2 and 3. Consider the cycle C1, If n is even then the vertices in C1 
assign color 1, color 2 alternatively. Using 2C1 combination all the vertices in G×H 
assign color1 and 2. Thenχf(G×H) ≤ 3. 
 
Example 3. 10: 

 

 
 
 

Consider the fuzzy graph G×H in figure9. The chromatic number of χf (G×H) ≤ 3. 
Since there exists a family Γ = {γ1, γ2. γ3}. Satisfying the definition of fuzzy coloring 
for fuzzy graph G×H is shown in the table below. 
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Table 2: Fuzzy coloring of C3×C3 
 

VERTICES γ1 γ2 γ3 Maximum
(u1, v1) 0. 4 0 0 0. 4 
(u1, v2) 0 0. 6 0 0. 6 
(u1, v3) 0 0 0. 5 0. 5 
(u2, v1) 0 0. 3 0 0. 3 
(u2, v2) 0 0 0. 3 0. 3 
(u2, v3) 0. 3 0 0 0. 3 
(u3, v1) 0 0 0. 4 0. 4 
(u3, v2) 0. 8 0 0 0. 8 
(u3, v3) 0 0. 5 0 0. 5 

 
 
Proposition 3. 11[5]: 
Let G and H be a fuzzy cycle on m and n vertices and G×H be a fuzzy graph on mn 
vertices. 
i)  If m=3, 4 then γ(G×H) = n 
ii)  If m=5 then γ(G×H) ≥ 2n-m 
iii)  If m=6 then γ (G×H) ≤ m+n-2 
iv)  If m=7 then γ (G×H) ≤ m+n 
v)  If m=8, 9 then γ(G×H) = m+n 
 
Proposition 3. 12: 
Let G be a fuzzy path (cycle) of length m (≥ 2) and H be any fuzzy path (cycle). G×H 
is the cartesian product of fuzzy paths (cycles). We have 
i. χfd(G) ≤ χfd(H) <χfd(G×H). 
ii. Max{χ(G×H), �(G×H)} ≤ χfd(G×H)≤ χ(G×H) + �(G×H) 
 
Observation 3. 13: 
For a fuzzy graph G×H, the fuzzy chromatic number χf (G×H) ≤ Δs(G×H)+1. Where 
Δs(G×H) is the maximum vertex strong degree of G×H. 
 
Theorem 3. 14: 
If G and H is a fuzzy cycle with m and n vertices. G×H is a cartesian product of fuzzy 
cycles G & H with mn vertices. Then 

χfd(G×H) = ቊߛ ൅ 3,௠,௡ ௔௥௘ ௢ௗௗ ௡௨௠௕௘௥௦∀ ௠,௡ ≥ ହ.௜௙ |ீൈு|؆଴ ሺ௠௢ௗ ଵ଴ሻ௢௥ߛ ൅ 2, ݁ݏ݅ݓݎ݄ݐ݋  

 
Proof: 
Let G be a fuzzy cycle on m vertices and H be a fuzzy cycle on n vertices. Applying 
the Cartesian product on G and H. we get a fuzzy graph of G×H with mn vertices. 
From observation we know that the fuzzy graph G×H must contain m cycles with n 
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vertices. Let it be denoted by C1, C2,.. Cm. Hence we get cycles of length n. now the 
vertices have to assign the color as follows. 
 
Case (i): if |G×H|≅0 (mod 10) 
The fuzzy graph G×H contain m cycles of length n. Every cycle should contain atleast 
one dominating vertex so its need � colors because every dominating vertices assign 
individual colors. Randomly choose a cycle, there exists a one dominant vertex in 
cycle C1, the strong neighbors of the dominant vertex assign �+1th color. 
Choose the dominant vertex in second cycle. In C2, the strong neighbors of the 
dominant vertex assign �+2th color. Because there exists, a strong arc between the 
strong neighbors of dominant vertex in C1 and C2. Some cases the vertices are strong 
neighbors of two dominant vertices, for proper coloring the vertex may assign �+1th 
or �+2th color. 
Any one of the cycles should contain atleast two dominant vertices. The strong 
neighbors of these dominant vertices having strong arc between the vertices which 
assigned�+1th and �+2th color so this vertex assign �+3rd color. Thus 
χfd(G×H)=�+3. Similarly, if G×H contains a odd number of cycles with odd length (≥ 
5)then χfd(G×H)= �+3. 
 
Case (ii): if |G×H|≅n(mod 10) for all 1 ≤ n ≤ 9. 
G×His a fuzzy graph and k is a minimum fuzzy dominator coloring of G×H with 
colors 1, 2, 3, …χfd(G×H). for each color class of G×H, (uk, vk) is a vertex in the color 
class k with 1≤k≤χfd(G×H). we know that D={(uk, vk) /1≤k≤χfd(G×H)} is a 
dominating set. 
Let (u1, v1)∈V(G×H). by the definition of fuzzy dominator coloring, each vertex of 
G×H will dominates vertices of some color class. Since D contains atleast one vertex 
of each color class, every vertices of G×H dominates some vertex of D. Thus D is a 
fuzzy dominating set. 
Every minimum fuzzy dominator coloring of G×H gives a fuzzy dominating set of 
G×H. if the fuzzy chromatic number of G×H is 2, we can color the vertices of G×H 
by using two colors 1 and 2. Assign colors 3, 4,.., �+2 to the vertices of D and give 
colors 1 and 2 to the rest of the vertices of G×H. i. e., the strong neighbors only to the 
dominant vertex assign color 1 & 2 alternatively, such that two strong adjacent 
vertices will have different colors. That is, the strong neighbors dominate the color 
class, which contain their dominant vertex. 
Hence χfd(G×H)= �+2. 
 
Example 3. 15: 
Case (i): If |G|=4 and |H|=5 then |G×H|=20 |≅0 (mod 10) 
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In the above example, there exists a 4 cycles with length 5. ie., C1, C2, C3 and C4. 
C1={(u1, v1), (u1, v2),.. (u1, v5)}, C2={(u2, v1), (u2, v2),.., (u2, v5)}, C3={(u3, v1), (u3, 
v2),.., (u3, v5)}, C4={(u4, v1), (u4, v2),.., (u4, v5)}. All cycles contain atleast one 
dominant vertex and every dominating vertex assign individual colors by the 
definition of fuzzy dominator coloring. 
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Let D be the minimal dominating set. D= {(u1, v3), (u2, v1), (u3, v4), (u4, v2), (u4, v5)}. 
γ(G×H)= 5. 
The color classes are �1={(u1, v3)}, �2 = {(u2, v1)}, �3= {(u3, v4)}, �4 = {(u4, v2)}, 
�5 = {(u4, v5)}, �6 = {(u1, v1), (u2, v2), (u2, v5), (u3, v1)}�7 = {(u1, v2), (u1, v4), (u2, v3), 
(u3, v2), (u4, v1), (u4, v3)} �8 = {(u1, v5), (u2, v4), (u3, v3), (u3, v5), (u4, v4)}. 
∴χfd(G×H)=8. 
 
Example of Case (ii): If |G|=4 and |H|=4 then |G×H|=16 ≅ 6 (mod 10) 
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In the above example, there exists a 4 cycles with length 4. ie. C1, C2, C3 and C4. And 
C1={(u1, v1), (u1, v2),.. (u1, v4)}, C2={(u2, v1), (u2, v2),.., (u2, v4)}, C3={(u3, v1), (u3, 
v2),.., (u3, v4)}, C4={(u4, v1), (u4, v2),.., (u4, v4)}. All cycles contain atleast one 
dominant vertex and every dominating vertex assign individual colors by the 
definition of fuzzy dominator coloring. 
Let D be the minimal dominating set. D= {(u1, v2), (u2, v4), (u3, v2), (u4, v4)}. 
γ(G×H)= 4. The color classes are �1={(u1, v2)}, �2 = {(u2, v4)}, �3= {(u3, v2)}, �4 = 
{(u4, v4)}, 
�5 = {(u1, v1), (u1, v3), (u2, v2), (u3, v1), (u3, v3), (u4, v2)}, 
�6 = {(u1, v4), (u2, v3), (u2, v5), (u3, v4), (u4, v1), (u4, v3)}. 
∴χfd(G×H) = �+2 
= 4+2= 6. 
 
Observation 3. 16: 
If G×H is a cartesian product on fuzzy cycles of m and n vertices then χf(G×H) <χfd 
(G×H), where m and n are length of fuzzy cycles of G and H. 
 
Theorem 3. 17: 
The fuzzy dominator coloring of a cartesian product of complete fuzzy graph G×H is 
m+n-1 where m and n are the number of vertices of complete fuzzy graph G and H. 
 
Proof: 
As every pair of vertices is strongly adjacent and the strong degree of each vertex is 
m+n-1 in G×H. In G×H, there exists an m complete fuzzy subgraph with n vertices. 
Each vertex in complete fuzzy subgraph dominates itself and they dominate one 
vertex in m subgraphs. So the m dominant vertices assign m colors and the strong 
neighbor of dominant vertices in each complete fuzzy subgraph assign n-1 color. 
Thus, χfd(G×H)=m+n-1. 
 
Example 3. 18: 
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Dominating set D = {(u1, v1), (u2, v3), (u3, v2)}. ∴�=3. �1={(u1, v1)}, �2 = {(u2, v3)}, 
�3= {(u3, v2)}, �4 = {(u1, v3), (u2, v1), (u3, v3)}, �5 = {(u1, v3), (u2, v2), (u3, v1)}, 
∴χfd(G×H) = m +n-1 = 3+3-1= 5. 
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