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Abstract 
 

In this paper, we consider stochastic queueing models for Steady-state 
behavior of a multi-phase M/M/1 queue in random evolution subject to 
catastrophe failure. The arrival flow of customers is described by a marked 
Markovian arrival process. The service times of different type customers have 
a phase-type distribution with different parameters. To facilitate the 
investigation of the system we use a generalized phase-type service time 
distribution. This model contains a repair state, when a catastrophe occurs the 
system is transferred to the failure state. The paper focuses on the steady-state 
equation, and observes that, the steady-state behavior of the underlying 
queueing model along with the average queue size is analyzed. 
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1. Introduction 
In real life, many queuing situations arise which are not reliable and Catastrophe may 
occur leading to loss of several or all customers. Such situations are common in 
computer network applications, telecommunication applications that depend on 
satellites and inventory system that store perishable goods. Customer impatience is 
also observed in queue models like impatient telephone switch board customers, 
packet transmission etc… Also many traditional studies analyze queuing system in 
steady state, requiring appropriate warm up period. 
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However, in many cases the system being modeled never reaches steady state and 
hence do not accurately portray the system behavior, as in military air traffic control, 
emergency medical service etc… The earlier works on the transient behavior of 
queues in literature were published in the late 1950’s and in early 1960’s. The 
transient solution of various single server queue models like state dependent queues 
[4], potential customers discouraged by queue length[3], feedback with catastrophes 
[8] etc… are studied in the literature. In [11] derived transient solution of a single 
server queue with system catastrophe and customer impatience [6]. 
A queueing system with this constraint is of much interest and is studied by many 
authors. Such models are useful for the performance evaluation of communications 
and computer networks which are characterized by time-varying arrival, service and 
failure rates. To incorporate the effects of external environmental factors into a 
stochastic model a queue with a random environment is considered. The random 
environment process may take a number of varied forms such as a discrete-or 
continuous-time Markov chain, a random walk, a semi-Markov process, or a 
Brownian motion, etc. If the random environment is Markovian, the primary 
stochastic process to which it is attached is said to be Markov-modulated. [5] 
considered an infinite-capacity storage model with two-state random environment and 
characterized its steady-state behavior. [4] Formulated a queueing system under batch 
service in an M/G/1 System and assumed that the batch size depends on the state of 
the system and also on the state of some random environment whereas [11] 
considered a queueing system in a semi-Markovian random environment. [7] 
Considered an M/M/1 queueing system with catastrophes and found the transient 
solution of the system concerned. [8] analyzed discouraged arrivals queue with 
catastrophes and derived explicit expressions of the transient solution along with the 
moments. [11] Studied a queue with system Catastrophes and customer impatience 
and derived its system-size probabilities using continued fraction technology. When 
occurs, a failure causes all present jobs to be cleared out of the system and lost. The 
system itself then moves to a repair phase that its duration is exponentially distributed. 
Being repaired, the system moves to an operative phase i ≥1 with probability iq where  

1
1

n

i
i

q
=

=∑ . 

Instead of having one repair state if we have a checking state to check the overall 
condition of the system after getting repaired the efficiency of the model will get 
improved. Hence in our paper we have considered an M/M/1 multi-phase queueing 
model in random evolution with Catastrophe. This model contains n+1 operational 
units including a repair state followed by a checking state. Whenever a Catastrophe 
occurs the system moves to the repair state and after getting repaired it moves to the 
checking state with probability one. From the checking state it moves to any one of 
the remaining units. For the above model steady-state behavior is analyzed. 
The rest of this paper is organized as follows. In section 2, we describe the 
mathematical model. Section 3 deals with the steady-state equation of the model 
under consideration are analyzed. The above probabilities are analyzed using 
generating functions in Section 4. In section 6, we analyze the performance measures 
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and cases are discussed. Finally, some concluding remarks. 
 
 
2. Model Description 
In this paper, we consider an M/M/1 queueing model with n+1 units operating in a 
random environment. These n+ 1 operating units form a continuous time Markov 
chain with units i = 0, 1, 2, 3,,,, n and the corresponding Transition Probability Matrix 
as given below. 

2 3

0 1 0 0 . . . 0
0 0 . . .
1 0 0 0 . . . 0
1 0 0 0 . . . 0
1 0 0 0 . . . 0
1 0 0 0 0 0 0 0

nq q q
⎛ ⎞
⎜ ⎟
⎜ ⎟
⎜ ⎟
⎜ ⎟
⎜ ⎟
⎜ ⎟
⎜ ⎟⎜ ⎟
⎝ ⎠

 

The duration of time the markov chain stays in phase i is an exponentially distributed 
random variable with mean 1=´i. When the system ends its sojourn period in phase i, 
it jumps to phase j with probability ijq . Occasionally a failure occurs when the system 
is in unit i ≥ 2. At that instant the system is transferred to the unit i = 0 and then to i = 
1. The time spent by a system at the failure unit i = 0 is an exponentially distributed 
random variable with mean 01 η . The time taken for the verification process at i = 1 is 
also an exponentially distributed random variable with mean 11 η . After the 

completion of the verification process the system is transferred to any one of the 

operating units 2i ≥ with probability iq  and hence
2

1
n

i
i

q
=

=∑ . The arrival rate for each 

of the failure units 0i = and 1i = are 0 0λ ≥  and 1 0λ ≥ respectively. As there is no 
service in these units 0 1 0μ μ= = . In each active unit i = 2 to n, the system stays until a 
catastrophe occurs which sends it to unit 0 and then to unit 1. The above system can 
be represented by the stochastic process {U(t), N(t)} where U(t) denotes the unit in 
which the system operates at time t and N(t) denotes the number of customers present 
at time t. The system is said to be in state (i, m) if it is in phase i, and there are m 
customers in the system. The steady state probabilities of the system being in state i 
with m customers is denoted by imp . That is 

{ }lim ( ( ) , ( ) ) 0,0 , 0,1, 2... (2.1)im t
p P U t i N t m t i n m

→∞
= = = ∀ ≥ ≤ ≤ =

 

 
 
3. Steady State Equations: 
The system’s steady-state balance equations are given as follows: For the failure 
phase i = 0, while m = 0, 
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( )0 0 00 .
1 1 1

(3.1)
n n n

i im i i
i i i

p p pλ η η η
= = =

+ = =∑ ∑ ∑  

And while 1m ≥  
( )0 0 0 0 0 , 1 (3.2)mp p mλ η λ+ = −  

For i = 1, 2.,, n and m = 0, 
( ) 0 1. 0 00 (3.3)i i i i i ip p q pλ η μ η=+ +  

And when m ≥ 1, 
( ) , 1 , 1 0 0 (3.4)i i i im i i m i i m i mp p p q pλ μ η λ μ η= − ++ + + +  

From (1) and (2) we get that 

0
0 00

0 0

0 (3.5)
m

mp p mλ
λ η

⎛ ⎞
= ≥⎜ ⎟+⎝ ⎠

 

1

0
0 00

0 0

(3.6)p pλ
λ η

=
+

 

Where 
10

0
, 0,1, 2,3..., .im

m
p p i n

∞

=
= =∑  The limit probabilities of the underlying MCQ, 

{ }lim ( ( ) )j t
d P U t j

→∞
= = satisfy 

0
1

n

j
j

d
=

=∑ 0
1

n

j
j

d d
=

=∑ and 0j jd d q=  for j ≥ 1. Therefore 

0
1
2

d = and
2

j
j

q
d =  for for j ≥ 1. Hence the proportion of time the system resides in 

phase1is given by 

1

0 10

1 (3.7)
1

i i

i i
i n n

k k

k kk k

d q

p i n
d q

η η

η η η= =

= = ≤ ≤
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1

0

0 0
0

0

0 10

1
1 (3.8)

1n n
k k

k kk k

d

p
d q

η η
αη

η η η= =

= = =
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Where 
10

1 n
k

k k

qα
η η=

= +∑  

From (7) it follows that 
1 10 0 0 , 1, 2,3..., .i ip q p i nη η= = Now given 0p 00p is calculated 

from (6), It is
 
( )00

0 0

1 (3.9)p
α λ η

=
+

 

And all 0mp  for 0m≥ are explicitly determined by eq. (5). The system is positive 
recurrent because of catastrophe effect. 
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4. Generating functions: 
Define 

0
( ) , 0,1..... ,0 1 (4.1)m

i im
m

G z p z i n z
∞

=
= = ≤ ≤∑  

Setting i = 0 in (4. 1), we get 
0 0

0 00
0 0

( ) (4.2)
(1 )

G z p
z

λ γ
λ γ

+=
− +

 

using (3. 1), (4. 2) modifies to 

0 0 0
2 0

(1 ) ( ) (4.3)
n

i im
i i

z G z pλ γ γ
∞

= =
− + =∑ ∑  

Setting z = 1 and i = 0 in (4. 1) and using (4. 3) we get 

0 0
0 2 0

(4.4)
n

m i im
m i i

p pγ γ
∞ ∞

= = =
=∑ ∑ ∑  

For i = 1 the equations corresponding to (4. 2), (4. 3) and (4. 4) are obtained as 
0 0

1 10
0 0

( ) (4.5)
(1 )

G z p
z

λ γ
λ γ

+=
− +

 

1 1 1
2 0

( (1 ) ) ( ) (4.6)
n

i im
i m

z G z pλ γ γ
∞

= =
− + =∑ ∑  

1 1
0 2 0

(4.7)
n

m i im
m i i

p pγ γ
∞ ∞

= = =
=∑ ∑ ∑  

Equation (4. 4) and (4. 7) coincides implying 0 0 1 1
0 0

m m
m m

p pγ γ
∞ ∞

= =
=∑ ∑ . Using equation (3. 

5) we get 
1 1 0( )[ (1 ) ( 1) ] ( ) ( 1), 2 (4.8)i i i i i i iG z z z z z q G z p z iλ μ γ γ μ− + − + − = − ≥  

Now, 0 ( )G z  and 1( )G z can be determined from (4. 3) and (4. 6), each ( )iG z i ≥ 2 can 
be found from (4. 8) if 0ip is known. 
Define 0 0 0( ) (1 )f z zλ γ= − +  

1 1 1( ) (1 )f z zλ γ= − +  
( ) (1 ) ( 1) ( ), 2i i i if z z z z z iλ μ γ= − + − + ≥  

The quadratic polynomial ( )if z , I ≥2 each have two roots. Let iz  denote only positive 
roots of 1( )f z in the interval (0, 1). Then we have 

2( ) ( ) 4
(4.9)

2
i i i i i i i i

i
i

z
λ μ γ λ μ γ λ μ

λ
+ + − + + −

=  

In fact, zi represents the Laplace-Stieltjes Transform, evaluated at a point ( )i zγ of the 
busy period in an M/M/1 queue with arrival rate ( )i zλ  and service rate ( )i zμ
Substitution of (4. 9) in (4. 8) gives 
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1 1
0

( )
(1 )

i i i
i

i

q z G zp
z

γ
μ

=
−  

Using (4. 6) modifies to 
2
1 1

0
0

1 1

, 2
( (1 ) ) (1 )

m i i
m

i
i i i

p q z
p i n

z z

γ

λ γ μ

∞

== ≤ ≤
− + −

∑
 

Now, each ( )iG z  can be completely determined using iop  
 
 
5. Mean queue size: 

Let '

1
(1) [ ] , 0,.... (5.1)i i im

m
G E L mp i n

∞

=

= = =∑  

0 0 0
0 00

2 0 0
0

10

[ ] 1 (5.2)
1 n

k

k k

E L p
q

λ λ λ
η η

η
η η=

⎛ ⎞
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⎝ ⎠
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1 10 0 0 0 0( ) [ ] ( [ ]) , 1 (5.3)i i i i i i i ip E L q p E L p iλ μ η η η μ+ + + − + = ≥  
This leads to 

0
0

0

10

1[ ] [ ] (5.4)
1

i i i
i i i n

ki i i

k k

E L p
q

λ λ μ μμ
η η η η

η η=
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= + + −⎜ ⎟
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1

0
0 0

0

1 [ ] 1 (5.5)i i
i i i

i i i

p p iλ λ μμ η
η η η η

⎛ ⎞
= + + − ≥⎜ ⎟
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The total number of customers in the system is 

0
[ ] [ ]

n

i
i

E L E L
=

=∑  

1

1

2
0 00 0 0

00 0
10 0 0 0 0

11 (5.6)
( (1 ) )(1 )

n
i i i i

i
i i i i i i

p q z
p p

z z
ηλ λ λ λ μ η

η η η λ η η η η=

⎡ ⎤⎛ ⎞ ⎛ ⎞
= + + + + −⎢ ⎥⎜ ⎟ ⎜ ⎟− + −⎢ ⎥⎝ ⎠ ⎝ ⎠⎣ ⎦

∑

 
 
 
Performance measure: 
Let M be the number of customers cleared from the system per unit time. Then 

1 1 1
[ ] [ ]

n n

i im i i
i m i

E M mp E Lη η
∞

= = =
= =∑ ∑ ∑  

The fraction of customers receiving full service is therefore 
[ ] [ ]1E M E Mλ

λ λ
− = −
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6. Case
 

When the arrival process stops whenever the system is down, that is, 0 0λ = , implying 
that 0 0 , .0mp m= ∀ . Using the steady-state equations we get for 0i =  

10 00
1

(6.1)
n

i i
i

p pη η
=

=∑  

Remains unchanged, but for 1 1i and m≥ ≥ is replaced by 

, 1 , 1( ) (6.2)i i i im i i m i i mp p pλ μ η λ μ− ++ + = +  
The set of probabilities

1i
p is given by 

10 0
1

( ) (6.4)
n

i i
i

G z pη η
=

=∑  

And for 1i ≥  

0 0 00( (1 ) ( 1) ) ( ) ( 1) (6.5)i i i i i i iz z z z G z z p q p zλ μ η μ η− + − + = − +  
Define 

0 0( )f z η=  
( ) ( )(1 ) 1,....,i i i if z z z z i nλ μ η= − − + =  

Where A(z) is given by 
0

1

2

( ) 0 0 ... 0
0 ( ) 0 ... 0
0 0 ( )... 0

( ) .. . .
.. . .
.. . .
( )0 0 0 n

f z
f z

f z
A z

f z

⎛ ⎞
⎜ ⎟
⎜ ⎟
⎜ ⎟
⎜ ⎟= ⎜ ⎟
⎜ ⎟
⎜ ⎟
⎜ ⎟
⎜ ⎟
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And the vectors g(z) and b(z) are given by 
0 000

10 0 1 001

0 0 00

( )
( 1)( )

..
( ) ( )

..
..

( 1)( )

i

n n nn

pG z
p z q p zG z

g z b z

p z q p zG z

η
μ η

μ η

⎛ ⎞ ⎛ ⎞
⎜ ⎟ ⎜ ⎟− +⎜ ⎟ ⎜ ⎟
⎜ ⎟ ⎜ ⎟

= =⎜ ⎟ ⎜ ⎟
⎜ ⎟ ⎜ ⎟
⎜ ⎟ ⎜ ⎟
⎜ ⎟ ⎜ ⎟⎜ ⎟⎜ ⎟ − +⎝ ⎠⎝ ⎠

 

Then the equivalent is 
0 00( )G z p=  

0 0 00
1( ) [ ( 1) 1
( )i i i i

i

G z z p q p z i
f z

μ η= − + ≥  

Differentiating 
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0[ ] 0E L =  

0 0 00[ ] ( ) 1i i i i i i i i iE L p q p z p iη μ η λ μ η= + + − − ≥  
Since in this case we have that

1 0 00i i ip q pη η= . Substituting this relation in xxxx yields 

10 0[ ] ( )i i i i i i iE L p p pη μ λ+ − =  
Which again equates the inflow and outflow rates of phase-I, only time it does not 
concerning the phase transition intensity. 
 
 
Conclusion: 
In this paper, we have introduced stochastic queueing models for Steady-state 
behavior of a multi-phase m/m/1 queue in random evolution subject to catastrophe 
failure. We are currently investigating the use of more general service time 
distributions. Mean queue sizes, mean waiting times were calculated. However, we 
are investigating various approaches for validation. 
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