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Abstract

Let G=(V, E) be a connected simple graph of order p and size q. If Gy, Ga,...,
Gy are edge disjoint subgraph of G such that E(G)=E(G;) U E(Gy) ... U
E(Gy), then (Gy, Ga,..., Gy) is said to be Decomposition of G. A decomposition
(G1, Gy,..., Gp) of G is said to be a Continuous Monotonic Decomposition
(CMD) if each Gj is connected and |E(Gi)|=i for every i=I, 2,..., n. A
decomposition (G, Ga,..., Gy) of G is said to be an Arithmetic Decomposition
(AD) if each G; is connected and |E(G;)|=a+(i—1)d, for every i=1, 2,..., n and
a, d € Z. A decomposition (G,, Gar, G, Garn'l) of G is said to be a
Geometric Decomposition (GD) if each Gar ' is connected and |E(Gq)|=ar',
for every i=1, 2,..., nand a, r € Z'. In this paper, we study the geometric
decomposition of some classes of graphs.

Keywords. Decomposition, Continuous Monotonic Decomposition (CMD),
Arithmetic Decomposition (AD), Geometric decomposition (GD), Geometric
Star Decomposition (GSD).
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1. INTRODUCTION

Let G=(V, E) be a connected simple graph of order p and size q. If G;, Ga,..., G, are
edge disjoint subgraph of G such that E(G)=E(G;) U E(G;) U... U E(Gy), then (Gy,
Ga,..., Gy) is said to be Decomposition of G.

N. Gnanadhas and J. Paulraj Joseph [3] introduced the concept of continuous
monotonic decomposition (CMD) of graphs.
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Definition 1.1[3]: A decomposition (Gj, Ga,..., G,) of G is said to be a Continuous
Monotonic Decomposition (CMD) if each G; is connected and |E(G;j)l=i for every
=1, 2,..., n.

The concept of Arithmetic Decomposition was introduced by E. Ebin Raja Merly and
N.Gnanadhas [1].

Definition 1.2[1]: A decomposition (Gi, Ga,..., Gy) of G is said to be an Arithmetic
Decomposition (AD) if each G;j is connected and |E(G;j)l=a+(i-1)d, for every i=1, 2,...,
nanda,d £ Z.

Definition 1.3[2]: An Arithmetic decomposition (G, Gs. .., G@n-1y) in which each G-
1) 1s a star is said to be an Arithmetic Star Decomposition (ASD).

Definition 1.4[1]: An Arithmetic decomposition (Gi, Gs,..., Gen1)) in which each
Gn-1 1s a path is said to be an Arithmetic Path Decomposition (APD).

Definition 1.5: The graph P, + K;, (n>2) is called a fan and is denoted by F,. F,-P, +
Ky

Definition 1.6: Caterpillar is a tree in which the removal of pendent vertices results
in a path.

Definition 1.7 : Lobster is a tree in which the removal of pendent vertices results in a
caterpillar.

Definition 1.8: In a Lobster L, the vertex with degree atleast 3 is called a junction of
L.

Definition 1.9: An edge e=uv such that u is adjacent to a junction and v is adjacent to
another junction is said to be a junction-neighbor.

2. GEOMETRIC DECOMPOSITION
In this paper, we define a new decomposition known as Geometric Decomposition
(GD).

Definition 2.1: A decomposition (G,, Gar, Gar'ye..s Garn'l) of G is said to be a
Geometric Decomposition (GD) with initial value a and common ratio r if each Gar
is connected and |E(G,,")I=ar"", for every i=1, 2,..,nand a, r £Z".
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Definition 2.2: A Geometric decomposition (G,, Gar,..., Garn'l) in which each Gari’l,
i=1, 2,..., n is a star is said to be a Geometric Star Decomposition (GSD).

Definition 2.3: A Geometric decomposition (Ga, Gar,..., Ga™') in which each G,
i=1, 2,..., nis a path is said to be a Geometric Path Decomposition (GPD).

Theorem 2.1: If a tree T has a geometric decomposition (Ga, Gar,..., Ga™') With initial
alFi=1) 4 (1]

vertices.
=1

value a and common ratio r, then T has with

Proof: Let G be a tree with p vertices. |E(G)|=p—1. Let a, r be positive integers.

Suppose T has a geometric decomposition (Ga, Gu, Gars..., Ga'), then
(il b I L i

IE(G)I=E‘P 2 Hence p=w,

=1 =1

Corollary 2.1: If a tree T with p vertices has a geometric decomposition (G,, Gar,...,
Garn'l) with a=1 and r=2, then number of vertices p=2".

Proof: Take a=1 and r=2 in Theorem 2.1.

2 8 R e 1
7 L=

Theorem 2.2: If K, ., is a star with vertices then K ;i has a geometric star

-

decomposition (G,, Gyr, Gar's..., Garn'l) with initial value a and common ratio r.

Proof: Let G be a star with p vertices |E(G)|=p — 1. Let a, r be positive integers. Let T
has a geometric decomposition with a=1 and r > 2, then |E(G)|=a(rf1_—1)/(r -1). If G

5 A graph

G =S, is a star obtained from G. A graph G,=S, is a star having r edges obtained from
G-G; and G3-S,” is a star obtained from G—G,. Continuing this process we get a
geometric star decomposition. Therefore, G can be decomposed into geometric star

and "R
! i

has a geometric star decomposition (S,, Sar, Sty -.e Sarn'l), then p=
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decomposition (S,, Sa, Sa, ..., Sar ). Hence, a star with vertices has a

-

geometric star decomposition with initial value a and common ratio r.

Corollary 2.2: A star has a geometric star decomposition with a=1 and r=2, if number
of vertices p=2"

Proof: Take a=1 and r=2 in Theorem 2.2.

Theorem 2.3: If G is a path with =222

path decomposition with initial value a and common ratio r, where a and r are
positive integers.

vertices if and only if G has a geometric

Proof: If G has a geometric decomposition (G,, Gar,..., Garn'l), then number of edges
n-lzﬁ":i"“‘.l':'l-;.:I
=1

. =
Hence number of vertices= F_im

inGisa+ar+...+ar
=E':i“n-1:!'|":i“-1;§

=1
(=134 (=10

+1

On the other hand, let G be a path with

(T b [iThe -
of G== L dr y 1?.=a+ar +.. +ar™!,
=11 =1

Since G is a path, we can divide edges of G into sub paths G,, Ga,..., G with a, ar,
...,ar™" edges respectively. Hence the theorem.

vertices. Then number of edges

Theorem 2.4: G=P, ° K, has a Geometric tree decomposition Ga, Gar,..., G, if and
only if any one of the following is true:

[ il
(1) ais odd, r is even and 2p—1= %‘La (I+r+1+ ..+,

alri-1) 2 n-l
—==a (It + L),
= a(l+r+r r)

(i1) ais odd, r is even, nis odd and 2p—-1=

Proof: Let G=P, ° K,. Then G has 2p vertices and 2p—1 edges. Hence G contains odd

number of edges. Thus, if G has a geometric decomposition (Ga, Gar,..., Ga™), then
alri=1)
=odd
(i) =1
But &22=a (I+ 1+ 17 + .+ 1)
This implies that, both aand 1+ r+1° + ...+ 1" are odd.
Case (i) r is even
Ifris evenandr, 17, ..., i are even. Hence, a, ar, ..., ar"™ are even. Also, G is of the
following type.

number of edges=
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Hence, we can always decompose this into G1=G,, Go=Gap, ..., GGo™! with each G~
'=G; is of the form K, or a tree of the following form:

SEEEREESTNNESE

Case(ii) risodd
When 1 is odd, r, 1%, ..., " are odd. But a is odd, implies that a, ar, ..., ar"! are odd.
But their sum is even. Therefore, N must be odd. Thus, P, ° K; has a geometric tree

ﬁl:;nn'—l:l . . . .. . .
—y and (i) ais odd, r is even. (ii) a is odd, r is

decomposition if and only if 2p—1=
odd and n is odd.

Theorem 2.5: Let G=C, ° K;. G has a Geometric tree decomposition (Ga, Gar,-.., Gar
" if and only if any one of the following is true:

[
@) ais even, I may be even or odd and 2p= %ﬁ
[
(ii) ais odd, r is odd, nis even and 2p= %ﬁ

Proof: G has 2p vertices and 2p edges. That is, G has even number of vertices and

edges. Hence G has a geometric decomposition with initial value a and common ratio
airlt=

. . . i i“ﬂ_ ~
r if and only if is even. But = ﬂ=a(l+r+r2+ LA,
=1 i
Case (i)
When a is even, a, ar, ar’, ..., ar"" are even and G can decomposed into geometric

tree decomposition (Ga, Gar,..., Gar™).

Case (i) ais odd and 1+ r+ > + ...+ ™ is even.

Ifais odd, then 1+ r + r* + ...+ r™"' must be even. This implies that r + r* + ...+ ™" is
odd. Thus r is odd and n is even.

Hence, C, ° K, has a geometric tree decomposition (Ga, Gar,..., G if and only if a
is odd, r is odd, nis even or ais even.

Theorem 2.6: Let T be a spider with m legs. Then T has a geometric tree

decomposition with initial value a and common ratio r if and only if Zm = % and

a, r satisfy any one of the following
@) a=1 and r=2m -1
(ii) aisevenanda (1+r+r’ + ...+ ™")=2m.

Proof: Let T has a geometric decomposition with initial value a and common ratio r.
Then |E(G)|= 22

T—a(H r+r* + ...+ ™). But number of edges in T is always
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even=2m.

Hence a(1+ 1 +1* + ...+ ™) must be even. Thus the following cases arise:
@) aisoddand 1+ 1+ + ...+ ™" is even.

(ii) aisevenand 1+ r+1*+ ...+ is odd or even.

Case (i) aisodd and 1+ r+1* + ...+ ™" is even.

Suppose a > 1 and is odd, we cannot decompose T into G, Ga,..., G, such that G;j is
connected. Hence a=1 and 1+ r+ > + ...+ " is even. 1+ r+ 1> + ...+ ™" is even.
This implies that, r + r* + ...+ r"" is odd. Hence r cannot be even. Hence r must be
odd.

Therefore, In this case a=1 and r is odd. If r is odd and n > 2, then also, we cannot
decompose T into Gy, Ga,..., G, such that G;j is connected.

Hence n must be 2. Thus in this case a=1 and r is odd with 1+ r=2m, that is r=2m—1
Case (i) ais even and 1+ r + % + ...+ ™" is odd or even.

When a is even, a, ar, ar’, ..., ar"" are also even. Hence T can be decomposed into G,,
Gar,..., Go ' .In this case, r is odd or even and n is also odd or even.

Theorem 2.7: If T is a caterpillar on p vertices, then T has a geometric tree
decomposition (Ga, Gar,..., Ga™") if and only if %}“La (I+1+1P+ .. +1")=p-1.

Proof: Let T be a caterpillar with p vertices. |[E(G)|=p—1. Let a, r be positive integers.
Suppose T has a geometric decomposition (Ga, Gar, Gars., Ga'), then

_alri-13 _alr -1
[E(G)|= —r) . Hence p—1= e
alrh

—-E':_':F_m. Let a graph G,=T, be a tree obtained from

G by selecting edges from a peripheral vertex. G,=T,, is also a tree having ar edges,

obtained from G — G, having pendent edge of G—G; incident with a peripheral vertex

of G=G,. G3-T,’ is a tree with ar’ edges obtained from (G—G;)-G; having pendent

edges incident with a peripheral vertex of (G—G;)—G,. Continuing this process, we get

a geometric tree decomposition. Therefore, (G, Ga,..., G,) is a geometric tree

gl =152 (p=13
r=1

On the other hand, assume p=

decomposition. Hence, a caterpillar T with vertices has a geometric tree

decomposition (G, Gy,..., Gy) where Gi=G, ™.

Theorem 2.8:
Let L be a Lobster. If the distance between any two nearest junction is greater than 5
then L does not admit a Geometric Star Decomposition(GSD) with a=1 and r=2.

Proof: Suppose L admits GSD. To prove the distance between any two nearest
junction is < 5. Let u; and u; be two nearest junction. To prove d(u;, u;) < 5. Suppose
not then d(u;, uj) > 6, therefore the uj-uj path P contains a u.iy — ug.1) subpath P” of
length atleast 4. But P’ cannot be geometrically decomposed into stars. Therefore L
cannot be geometrically decomposed into stars which is a contradiction.
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Theorem 2.9: If a lobster L admits Geometric Star Decomposition (GSD)
(Sa, Sar, Sar’s +.., Sa™") with a=1 and r > 2, then diam (L) <2n — 1.

Proof: diam (L) < diam (S,) + diam (Sar) + ... + diam (So"™).
=1+ (2+2+ ... +2) (n — 1)times]

=1+2n-2

diam (L) <2n - 1.

Corollary 2.9: If a lobster L admits Geometric Star Decomposition (GSD)
(S1,S2, S4, ..., S2™") with a=1 and r=2, then diam (L) <2n — 1.

Proof: diam (L) < diam (S;) + diam (S;) + ... + diam (S;"").
=1+ (2+2+ ... +2) (n — 1)times]

=1+2n-2

diam (L) <2n - 1.

Theorem 2.10: Let L be a lobster with diam (L)=2n — 1, then L admits Geometric Star

Decomposition (GSD) (Sa, Sar, Sars ..., Sar”') with a=1, r > 3 and q=°":::;1"-' if and

only if
@) L is a caterpillar
(ii) There are (n — 1) non-adjacent junction supports in L whose degrees are ar,
2 3 n-1
ar, ar, ..., ar

(iii) There is atmost one junction neighbor in L.

Proof: Suppose L admits GSD (Sa, Sar, Sars ..., Sa). Since a=1, r > 3 and diam
(L)=2n — 1, the centres of each stars lie in the longest path P.

Example: If a=1, r=3 and q=¥
i —i &
3 L |
Therefore, L is a caterpillar. Let Va, Var', ..., Vo be the centres of Sar, Sar’s ..., Sar™.

Therefore, they are junctions. Also since diam (L)=2n — 1, all the centres are distinct
and are supports. Given that S; lie in the longest path and the origin and terminus of
S are not supports. Hence, there are (n — 1) non-adjacent junction supports in L
whose degrees are ar, ar’, ar’, ..., ar".

To Prove: L has atmost one junction neighbor.
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Suppose e; and e, are two distinct junction neighbors such that e;=v; v, and e;=v3 va.
Then there exists pair of junction supports u;, u; and uy, u; such that d(u;, u;)=3 and
d(u,, w)=3.Therefore, < E(L) —E(Sar U Sa” U ... U Su™') >=2K, which is
contradiction. Hence, there is atmost one junction neighbor in L.

Conversely, Assume (i), (ii), (iii) To prove L admits GSD (Sar, Sar’, ..., Sar™). By (iii)
S, must be in P. Also since diam (L)=2n — 1, S, is in between Sar, Sar’s ..., Sar. By
(ii) (Sar, Sar’s ..., Sa™) exist in L. Hence L admits GSD.

Theorem 2.11: Let L be a lobster with diam(L)=2n — 1, then L admits Geometric Star

Decomposition (GSD) (S1, S, Sa, ..., S2™') with a=1, =2 and q=2" — 1 if and only if

@) L is a caterpillar

(ii) There are (n — 2) non—adjacent junction supports in L whose degrees are 4, §,
16, ..., 2",

(iii) There is atmost one junction neighbor in L.

Proof: Suppose L admits GSD (S1, Sz, Sa, ..., S2™'). Since diam (L)=2n — 1, the
centres of each star lie in the longest path P.

Therefore, L is a caterpillar. Let va, vg, ..., V2" be the centres of S, Sg, ...,S."".
Therefore they are junctions. Also since diam(L)=2n — 1, all the centres are distinct
and are supports. Given that S; and S, lie in the longest path and the origin and
terminus of S; and S; are not supports. Hence, there are (n — 2) non-adjacent junction
supports in L whose degrees are 4, 8, 16, ..., 2

To Prove: L has atmost one junction neighbor.
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oty 4.3 Xl%?#a\

Suppose e; and e; are two distinct junction neighbors such that e;=v,v, and e;=v3va.
Then there exists pair of junction supports u;, u; and uy, u; such that d(u;, u;)=3 and
d(ux, w)=3. Therefore, <E(L) —E(Ss U Ss U ... U S$;"")>=2K, which cannot be
decomposed into S; and S, which is a contradiction. Hence, there is atmost one
junction neighbor.

Conversely, Let L be a caterpillar with (n — 2) non-adjacent junction supports vs, Vs,
..., " whose degrees are 4, 8, 16, ..., 2"" and there is atmost one junction neighbor.
Let E; be the set of i edges incident with u;. Take Si=<N[u;]> for all i=4, 8§, ..., ot
Since there is atmost one junction neighbor < E(L) — E(Ssu Sg U ... U Szn'l) >=P; U
P, which can be decomposed into S; and S,. Hence L admits GSD.

Theorem 2.12: Let L be a lobster with diam (L)=2n — 2, then L admits Geometric Star
Decomposition (GSD) (S1, S, Sa, ..., S2™') with a=1, r=2, g=2"— 1 and S, is not in P
if and only if

@) L—e is a caterpillar, where e is the edge of S;.
(ii) There are (n — 1) non—adjacent junctions in L whose degrees are 4, 8, 16, ...,
2"

(iii) There is no junction neighbor in L.

Proof: Suppose L admits GSD (Sy, S, S, ..., Szn’l). Let e;=uju,. Since S; is not in P,
u; and uy not lie on P. Without loss generality, we may assume that u; is at a distance
one from P. Therefore, u; is at a distance two from P.

W
e
->— -
Since diam (L)=2n — 2, all the centres of S,, S, ..., S,"! must lie in P. Therefore,
there is no other vertex in L which is at a distance 2 from P. Hence, |[N»|=1 and L—e is
a caterpillar which can be decomposed into S,, S4, ..., S,™!. Since S; is not in P and

diam(L)=2n — 2, there are (n — 1) non—adjacent junctions in L whose degrees are 4, 8,
16, ..., 2",
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To prove, there is no junction neighbor in L.

Suppose there is an edge e;=u3uy in P which is a junction in above figure. Then there
exist two junctions v; and v; such that d(vi, vj)=3. Since u3 and u4 are not supports, e;
is not in any of Sy, Sa, ..., S2™'. Therefore <E(L) — E(S; U S4 U Sg U... U S,
">=2K,=2S;, which is a contradiction to q=2" — 1. Hence, there is no junction
neighbor in L.

Conversely, assume (i), (ii) and (iii). Since L—e is a caterpillar, we take S;, which has
no vertex common with P. By (iii) Sy, S4, ..., S,™! exists in L. Hence L admits
Geometric Star Decomposition (GSD) (Si, Sz, S4, ..., S,™") such that S, is not in P.
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