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Abstract

A subset D of the vertex set V(G) of a graph G is said to be a dominating set if
every vertex not in D is adjacent to at least one vertex in D. A dominating set
D is said to be an eccentric dominating set if for every v € V-D, there exists
at least one eccentric vertex of v in D. The minimum of the cardinalities of the
eccentric dominating set of G is called the eccentric domination number
Yed(G) of G. For a graph G, let V'(G) = {v': ve V(G)} be a copy of V(G). Then
the splitting graph S,(G) of G is the graph with the vertex set V(G) U V'(G)
and edge set{uv, u'v, uv': uve E(G)}. In this paper, we initiate the study of
eccentric domination in splitting graph of a graph.

Keywords: Eccentric dominating set, Eccentric domination number, Splitting
graph.
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1. INTRODUCTION

Let G be a finite, simple, undirected (n, m) graph with vertex set V(G) and edge set
E(G), | V(G) = n, | E(G) = m. For graph theoretic terminology refer to Harary [4],
Buckly and Harary [1]. Janakiraman, Bhanumathi and Muthammai [5] introduced
Eccentric domination in Graphs. Bhanumathi and Muthammai [2] studied bounds on
Eccentric domination in Graphs. Splitting graphs were first studied by Sampathkumar
and Walikar [8] and were further developed by Patil and Thangamari [7].
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Janakiraman, Muthammai and Bhanumathi studied eccentricity properties of splitting
graphs in [6].

Let G be a connected graph and v be a vertex of G. The eccentricity e(v) of v is the
distance to a vertex farthest from v. Thus, e(v) = max{d(u, v): u € V}. The radius r(G)
is the minimum eccentricity of the vertices, whereas the diameter diam(G) = d(G) is
the maximum eccentricity. For any connected graph G, r(G) < diam(G) <2r(G). vis a
central vertex if e(v) = r(G). The center C(G) is the set of all central vertices. For a
vertex v, each vertex at a distance e(v) from v is an eccentric vertex of v. Eccentric set
of'a vertex v is defined as E(v) = {u e V(G) / d(u, v) = e(v)}.

A set D ¢ V is said to be a dominating set in G, if every vertex in V-D is adjacent to
some vertex in D. The minimum cardinality of a dominating set is called the
domination number and is denoted by Y(G) [3, 10]. A set D < V(G) is an eccentric
dominating set if D is a dominating set of G and for every v € V-D, there exist at
least one eccentric vertex of v in D. The minimum cardinality of an eccentric
dominating set is called the eccentric domination number and is denoted by Yed(G). If
D is an eccentric dominating set, then every superset Do D is also an eccentric
dominating set. But D'c D is not necessarily an eccentric dominating set. An
eccentric dominating set D is a minimal eccentric dominating set if no proper subset
D'c D is an eccentric dominating set [5].

For a graph G, let V/(G) = {v’: v € V(G)} be a copy of V(G). Then the splitting graph
Sp(G) of G is the graph with the vertex set V(G) U V’(G) and edge set {uv, u’v, uv’:
uve E(G)}[7]. Clearly, (i) For any graph G, Y(G) < Y.d(G).(i1)For any graph G,
Y(Sp(G)) = Yed(Sp(G)).

Theorem 1.1[9]: Foralln>2,
(2 if n=0(mod 4)

Y(Sy(Py)) = 4 2 if n=1,3(mod 4)

n+2

Ik 5 if n=2(mod 4)

Theorem 1.2[9]: For alln> 3,
(2 if n=0(mod4)

n+1

Y(SH(C)) = 47 if n=1,3(mod 4)

n+2

Ik 5 if n =2(mod4)

Theorem 1.3 [6]: Let G be any graph with at least three vertices and r(G) = 1.Then
Sp(G) is self-centered with radius 2 if and only if G has no pendant vertices.

Corollary 1.3 [6]: If r(G) = 1 and G has pendant vertices, then S,(G) is bi-eccentric
with radius two.
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Theorem 1.4 [6]: Let G be a self-centered graph with radius two. Then Sy(G) is also
self-centered with radius two if and only if for every pair of adjacent vertices u, v in

G, Ng(u) N Ng(v) #0.

Corollary 1.4 [6]: Let G be a self-centered graph with radius two. If there exists a pair
of adjacent vertices v;, v; in G with Ng(vi) N Ng(vj) = 0, then, S,(G) is bi-eccentric
with radius two.

Theorem 1.5 [6]: 1(Sp(G)) = max{2, r(G)}.

Theorem 1.6 [5]: If G is of diameter two Yeq(G) < 1+3(G).

Corollary 1.6.1 [5]: If G is of radius 2 and diameter three, then ¥.4(G) < min {n —
degg v/2, (n + degg u — 1)/2)}, where the minimum is taken over all central vertices.

Corollary 1.6.2 [5]: If G is of radius two and diameter three and if G has a pendant
vertex v of eccentricity three then Yeq(G) < A(G)+1.

Theorem 1.7 [5]: If G is of radius two with a unique central vertex u then Y.q(G) <n —
deg(u).

Theorem 1.8 [5]: If G is of radius greater than two, then Yeq(G) < n —A(G).

2. ECCENTRIC DOMINATION IN SPLITTING GRAPHS
Let us find out the eccentric domination of Sy(G) of the following graph G.

¥ ¥

D = {v,, vs} is a dominating set of Sy(G), ¥(Sp(G)) = 2.
S = {va, vs, V5, Vs} 1s an eccentric dominating set of Sy(G), Yea(Sp(G)) = 4.
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Observation: 2.1 For any (n, m) graph G, which has no isolated vertices, 2 <
Yed(Sp(G)) < n.The bounds are sharp, Y.d(Sp(G)) = 2 if and only if G =P, and .4(Sp(G))
=nif and only if G = C,, n is even or G =K.

Theorem: 2.1 If S;(K,) is a splitting graph of complete graph K, then Yeda(Sp(Kn)) = n,
n>2.

Proof: Let vi, v2, ..., va be the vertices of the complete graph K, which are duplicated
by the vertices V1,, V2, ..., Varespectively in Sp(Ka). Then the resulting graph S,(K,)
will have 2n vertices. When G = Sp(K4), G is a graph with radius 2 and diameter 2. D
= {vj, Vi,}, (i=1,2,...,n)is ay-set of G. Therefore, Y(G) =2. S = {vy, v, ..., Vsand

{Vi, V2, ..., Va } areeccentric dominating sets of G. Thus, Yea(G) < n.(1)

Sp(Kny) is self-centered of radius 2, v; has exactly only one eccentric vertex vi, 1= 1, 2,
., 0. Hence either v; or v; must lie in a Yyeg¢-set for i =1, 2, ..., n. Therefore, Y.a(G) >

n. (2)

From (1) and (2), Y.4(G) = n.
Remark: 2.1 y.4(Sp(K»)) = 2.

Theorem: 2.2 If S,(W,) is a splitting graph of wheel graph W, = K; + C,, then
Yed(Sp(Wn)) =3 for n> 3.

Proof: Let v, v, V2, .5 Vi be the vertices of the wheel graph W, which are duplicated
by the vertices V, V15 V2s eeey Va respectively in Sp(Whr), where v is the central vertex of
W, and vy, vy, ..., vy are the vertices of cycle C,. Then the resulting graph S;(W,) will
have 2(n+1) vertices. When G = S,(W,), G is a graph with radius 2 and diameter 2.D
= {v, v} is a y-set of G. Therefore, (G) =2. S = {v, vi, vir1} and {v, vi, vis1 }, (=1, 2,
., n-1) are eccentric dominating sets of G.Thus, Y.a(G) < 3. (1)

Sp(Wy) is self-centered of radius 2, v is an eccentric vertex of V' {vi, vir1} and {vi,
vir1 }are eccentric vertex sets of G. An eccentric vertex set must lie a subset of a Yea-
set of G.Also there exists no y-set which is a ye4-set for G.

Therefore, Yea(G)> 3. ()

From (1) and (2), Y.a(G) = 3.
Remark: 2.2y.4(Spy(W3)) = 4.

Theorem: 2.3 If S,(F,) is a splitting graph of Fan graph F, =K, + Py, thenYea(Sp(Fn)) =
3.

Proof: Let v, vi, va, ..., vy be the vertices of the fan graph F,, which are duplicated by
the vertices v, vi, va, ..., Vn’respectively in S,(F,), where v is the central vertex of F,
and vi, va, ..., vaare the vertices of path P,. Then the resulting graph S,(F,) will have
2(n+1) vertices. When G = S(F,), G is a graph with radius 2 and diameter 2. D = {v,
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v} is a y-set of G. Therefore, Y(G) = 2. S = {v, vi, vir1} and {v, vi, vis1 }, (1 =1, 2
n—1) areeccentric dominating sets of G. Thus, .4(G) < 3. (1)

Sp(Fn) is self-centered of radius 2, v is an eccentric vertex of v, {Vi, vir1} and {vi,
Vi+1’}are eccentric vertex sets of G. An eccentric vertex set must lie a subset of a Yeq-
set of G. Also there exists no y-set which is a ye-set for G. Therefore, Yed(G) > 3.(2)

From (1) and (2), Y.a(G) =3.

Theorem: 2.4 If Sy(Ki,»), n 21 is a splitting graph of star graph K, ,, then
_(2ifn=1
Yee oK )) = {3 if n>1.

Proof: Let v, vi, va, .. » Va be the vertices of the star graph K; , which are duplicated
by the vertices v, V1,, V2, ..., Varespectivelyin Sp(Ki, n), where v is the central vertex
of K; ». Then the resulting graph Sp(Ki, n) will have 2(n+1) vertices. When G = Sy(K;,
»), G is a graph with radius 2 and diameter 3. D = {v, v} is a y-set of G. Therefore,
Y(G) =2.

Case (i):n=1
S = {v, vi} and {v, v, } are minimum eccentric dominating sets of G. Thus, Y4(G) =
2.

Case (i):n>1

= {v, v, vi} and {v, v, vi}, 1 <i<n are eccentric dominating sets of G. Thus, Yea(G)
=< 3 (1
v is an eccentric vertex of vand v; is an eccentric vertex of {vi, v}.Also there exists
no y-set which is ayeg-set for G. Therefore, ¥.4(G) =3.(2)

From (1) and (2), Yea(G) = 3.

Theorem: 2.5 If S,(P, ° K)) is a splitting graph of corona graph P,° K, then Yea(Sp(Pn°
K]))=1’1+2,1’1>3.

Proof: Let A = {vi, vz, ..., vn} be the set of vertices of P, and B = {uy, uz, ..., us} be
the set of pendent Vertlces attached at vy, vy, ..., v, respectively. Let u;, W, . U,
Vi, V2, ..., Vs be the duplicate vertices of u;, u, ..., Uy, Vi, V2, ..., Vy respectivelyin

Sp(Py° Kl). Then the resulting graph S,(P.° Kj) will have 4n Vertices. When G =

Sp(Px° Ki), G is a graph with radius[nTH] and diameter n + 1. D = {vy, va, ..., Vq} 1S

the only y-set of G. Therefore, Y(G) = n.uy, uy, u, u, are the eccentric vertices of G.
{wi, wn}, where w; = uy andu,, w, = u, andu,, are eccentric vertex sets of G. An
eccentric vertex set must lie a subset of a yeg-set of G.S = {vy, vo, ..., Vo, Wi, Wy} 1S a
Yed-set of G. Therefore, Ye4(G) = nt+2.

Remark: 2.3Yed(Sp(P2° K1) = 4, Yed(Sp(P3° K1)) = 6.
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Theorem: 2.6If S;(C,°K})) is a splitting graph of corona graph C,° K;, then

3n| . i
Yed(Sp(Cr® Ki)) = {[7] if nisodd.

2nif nis even.

Proof: Let A = {vy, va, ..., va} be the set of vertices of C, and B = {uy, u, ..., uy} be

the set of pendent Vertlces attached at vy, vy, ..., v, respectively. Let Ui, U, oony Up s

Vi, V2, ..., Vn be the duplicate vertices of uj, u, ..., Up, Vi, Vo, ..., Vo respectively in
Sp(Crn° Kl). Then the resulting graph S,(C,° K;) will have 4n vertices.

Case (i): n is odd
When G = S,(C,, ° K). G is a graph with radius [ ]and diameter [ J +2D= {V], V2,

., Vn} 1s the only ¥ -set of G. Therefore, Y(G) =n. uy, us, ..., uy, Uy, us, ..., upare the
eccentric vertices of G. W = {uy, us, ..., up} and{ull, us, ..., un}are eccentric vertex
sets of G. An eccentric vertex set must lie a subset of a Yeq-set of G.S = {vy, va, ..., Vn}

UW is a Yeq-set of G. Therefore, Yea(G) = |2].

Case (ii): n is even
When G = S,(C, ° Ky). G is a graph with radius [—]and dlameter = +2. D = {vi, v,

, Vn} 1s the only y-set of G. Therefore, Y(G) = n.uy, uy, ..., Uy, u, uz, ..., uy are the
eccentric vertices of G. W = {uy, uy, ..., Uy} and{u;, uy, ..., un} are eccentrlc vertex
sets of G.An eccentric vertex set must lie a subset of a Yeq-set of G.S = {vy, vo, ..., Vn}

U Wis a Yeq-set of G. Therefore, Y.a(G) = 2n.
Remark: 2.4y.4(Sy(Cs° Ki)) = 6.

Theorem: 2.7 If Sy(P,) is a splitting graph of path P, then

{21 +1 if n=4k+1k>2.

n+2 it n=dk+2.k>1.
V(SR =1 -2

{51 +1 if n=4k-1k=>3.

ﬂ%ﬁ it nedkk>2.

Proof: Let vi, va, ..., va be the vertices of the path P, which are duplicated by the
vertices vi, v, ..., Va respectlvely in Sp(P,). Then the resulting graph S,(P,) will have
2n vertices.

Case (i): n =4k+1, k>2
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When G = S,(P,), G is a graph with radius EJ and diameter n—1. S = {vi, va, va, ...,
Vak-3, Vak, Vak+1 118 @ minimum eccentric dominating set of G.
Thus, Yea(G) =|2] 1.

Case (ii): n =4k+2, k>1
When G = S,(P,), G 1s a graph with radius % and diameter n—1. S = {vi, v, Vs, ..., Vak.

7, Vak-6, Vak3, Vak2, Vakr1, Vakr2} 1S @ minimum eccentric dominating set of G. Thus,
n+2

Yed(G) = P

Case (iii): n =4k-1, k>3
When G = S,(P,), G is a graph with radius EJ and diameter n—1. S = {vi, va, Vs, ...,

Vak-7, Vak-6, Vak-s, Vak-2, Vak-1} 1S @ minimum eccentric dominating set of G. Thus, Yeq(G)
n

i
2

Case (iv): n =4k, k>2
When G = S,(P,), G 1s a graph with radius% and diameter n—1. S = {vi, V2, Vs, ..., Vak-

6> Vak-s, Vaka, Vak1, Vax} 18 @ minimum eccentric dominating set of G.Thus, Y.4(G) =
n+4

2

Remark: 2.5y.4(Sy(P2)) = 2, Yea(Sp(P3)) = 3, Yed(Sp(P4)) = 4, Yea(Sp(Ps)) = 5, Yea(Sp(P7))
=5.

Theorem: 2.8If S,(C,) is a splitting graph of cycle C,, then

? if n=3k for k=>3.
[2n] .
— | if n=3k+1 for k=>2.
Yt (Sp(C))=1| 3
2n] .
? if n=3k+2 for k=>3.
n if n=2k for k=>3.

Proof: Let vi, v, ..., va be the vertices of the cycle C, which are duplicated by the
vertices Vi, Va, ..., varespectively in S,(C,). Then the resulting graph S,(C,) will have
2n vertices.

When n is odd:
Case (i): n = 3k, k > 3, k-odd.

When G = S,(C,), G is a graph with radius EJ and diameter EJS = {V1, V4, V7, ..., V3k.

8, V3k-s, Viko § 1S @ minimum eccentric dominating set of G.
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Thus, Yed(G) :[Z?n]

Case (ii): n = 3k+1, k> 2, k-even.

When G = S,(C,), G is a graph with radius Ejand diameterEJ. S={Vi, V4, V1, ..., V3k.
6> V3k3, Vak} 1S @ minimum eccentric dominating set of G.

Thus, Yed(G) :[Z?n]

Case (iii): n = 3k+2, k> 3, k-odd.

When G = S,(C,), G is a graph with radius Ejand diameterEJ. S={Vi, V4, V1, ..., V3k.
4, V3k-1, V3kt2 } 18 @ minimum eccentric dominating set of G.

Thus, Yed(G) :[Z?n]

When n is even:

Case (i): kis odd

When G = Sy(C,), G is a graph with radius %and diameter % S = {vi, va, v3, ..., Vak-1,
Vak} 1s @ minimum eccentric dominating set of G.

Thus, ¥.4(G) =n.

Case (ii): k is even
When G = Sy(C,), G is a graph with radius %and diameter % S={vi, va, v3, ..., Vak2,

Vak-1, Vak 1S @ minimum eccentric dominating set of G.
Thus, Yed(G) =n.

Remark: 2.6y.4(S,(C3)) = 3, Yed(Sp(Ca)) = 4, Yea(Sp(Cs)) = 4.

Theorem: 2.9If S;(Ky, 1) is a splitting graph of complete bipartite graph Ky, », then Yeq
(Sp(Km,n)) =4, m,n>2

Proof: Let A= {vi, va, ..., v} and B = {uy, u, ..., us} be the set of vertices of Ky, n.
Let V1,, Vzl, e Vm,, ull, uzl, e u, be the duplicate vertices of vy, vo, ..., Vm, U1, Uz, ...,
u, respectively in Sp(Kp, »). Then the resulting graph Sy(Ku, ») will have 2(m + n)
vertices. When G = S,(Ky, 1), G 1s a graph with radius 2 and diameter 3. D = {v;, u;}, (
1=1,2,...,m), (j=1,2,.., n) arey-sets of G. Therefore, G) =2. S = {v;, Vi, uj, uj,}, (
1=1,2,...,m), (j=1,2,..., n) are minimum eccentric dominating sets of G.Thus, Y4
(G)=4.

Remark: 2.7(i) Yea (Sp(K1. 1)) = 2 (ii) If 1 <m < 1, Yea(Sp(Kum. n)) = 3.

Theorem: 2.10 Let G be any graph with at least three vertices and r(G) = 1 with no
pendant vertices, then Yed(Sp(G)) < 1+3(G).
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Proof: By Theorem 1.3, S,(G) is self-centered with radius two. Therefore, By
Theorem 1.6, Y.a(Sp(G)) < 1+ &(Sp(G)) = 1+3(G), since &(Sy(G)) = &(G). Therefore,
Yed(Sp(G)) < 146(G).

Corollary: 2.10 If r(G) = 1 and G has pendant vertices then Ye4(Sy(G)) < min{2n —
degg(u), n + degg(u) —1/2}.

Proof: By Corollary 1.3, Sy(G) is bi-eccentric with radius two. If u is a central vertex
of G with minimum degree then u is a central vertex of Sy(G) and deg u in S,(G) =2
deg u in G. Therefore, By Corollary 1.6.1, ¥.4(Sp(G)) < min {2n — 2degs u/2, (2n +
2degc u —1)/2}.¥4(Sp(G)) < min {2n — degg(u), n + degg(u) —1/2}, where the
minimum is taken over all central vertices.

Theorem: 2.11 Let G be a self-centered graph with radius two and for every pair of
adjacent vertices u, v in G, Ng(u) N Ng(v) #0. Then Yea(Sp(G)) < 1+6(G).

Proof: By Theorem 1.4, Sy(G) is also self-centered with radius two. Therefore, By
Theorem 1.6, Y.a(Sp(G)) < 1+ &(Sp(G)) = 1+3(G), since &(Sy(G)) = &(G). Therefore,
Yed(Sp(G)) < 1+ 8(G).

Corollary: 2.11.1 Let G be a self-centered graph with radius two. If for every pair of
adjacent vertices v;, v; in G, Ng(vi) N Ng(v;) = ¢ then Yea(Sp(G)) < min{2n — degg (v),
n + degg (v) —1/2}.

Proof: By Corollary 1.4, Sy(G) is bi-eccentric with radius two. If v is a central vertex
of G with minimum degree then v is a central vertex of Sy(G) and deg v in S,(G) = 2
deg v in G. Therefore, By Corollary 1.6.1, ¥.4(Sp(G)) < min {2n — 2degs v/2, (2n +
2degg v —1)/2}. Yed(Sp(G)) < min{2n — degs (v), n + degs (v) —1/2}, where the
minimum is taken over all central vertices.

Corollary: 2.11.2 If G is a graph of radius two and diameter three and has a pendant
vertex v of eccentricity three then Y.q(Sy(G)) < 2A(G)+1.

Proof: If u is a vertex of maximum degree A(G) in G then u is a vertex of maximum
degree A(Sp(G)) in Sp(G) and deg u in Sp(G) =2 deg u in G. If G is bi-eccentric with
radius two then S,(Q) is also bi-eccentric with radius two. Also, since G has a pendant
vertex, S,(G) has a pendant vertex. Therefore, By Corollary 1.6.2, .a(Sy(G)) <
A(SH(G))+1 = 2A(G)+1, since A(Sy(G)) = 2A(G). Therefore, 1.a(Sp(G)) < 2A(G)+1.

Theorem: 2.12 If G is a graph of radius two with a unique central vertex then
Yed(Sp(G)) = 2(n — degg (w)).
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Proof: By Theorem 1.5, S,(G) is of radius two and has a unique central vertex. If u is
a central vertex of G then u is a central vertex of S;(G) and deg u in S,(G) =2 degu in
G. Therefore, By Theorem 1.7, Yea(Sp(G)) < 2n — 2degg (u) < 2(n — degg (v)).

Theorem: 2.13 If G is a graph of radius greater than two, then Y.a(Sp(G)) < 2(n
—A(G)).

Proof: By Theorem 1.5, S,(G) is of radius greater than two. If u is a central vertex of
G then u 1s a central vertex of S,(G) and deg u in Sy(G) =2 deg u in G. Therefore, By
Theorem 1.8, Y.d(Sp(G)) < 2n —=A(S,(G)) = 2n — 2A(G) = 2(n -A(QG)), since A(S,(G) ) =
2A(G). Therefore, Y.4(Sp(G)) < 2(n -A(G)).
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