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Abstract

In this paper, the authors investigate the generalized Ulam-Hyers stability of a
Leibniz type additive and quadratic functional equation

F(x—t)+ f(y—t)+ f(z—t) :3f[x+;’+z—tj+ f[%}

N f[—x+2y—z}r f[—x—y+22j
3 3

in the setting of intuitionistic fuzzy normed spaces using direct and fixed point
methods.

1. INTRODUCTION

The stability problem of functional equations was first described by S.M. Ulam [43].
This topic further addressed by D.H. Hyers [23] and then generalized by T. Aoki [2],
Th.M. Rassias [35] and JM. Rassias [33] for additive and linear mappings. Further
generalizations on the above stability results was have been described in references
[15, 20, 21, 37]. Since then, several stability problems for various functional
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eguations have been investigated in referenes[1, 3-13, 16, 24, 31, 34, 36, 44]. Various
fuzzy sability results concerning Cauchy, Jensen, quadratic and cubic functional
equations have also been discussed in studies such that [18, 19, 26-29, 40-42].
Recently, Matina J. Rassias et. al., [32] introduced the Leibniz type additive-quadratic
functional equation of the form

F(x—t)+ f(y—t)+ f(z—1) :3f[x+;’+z—tj+ f[%}

+f[—x+2y—zj+f[—x—y+22j (L11)
3 3

and obtained its general solution and generalized Ulam-Hyers stability of Leibniz
AQ-mixed type functional equation in quasi-beta normed space using direct and fixed
point methods.

The solution of the Leibniz type additive and quadratic functional equation (1.1) is
given in the following lemmas.

Lemma 1.1 [32] If an odd function f : X —Y satisfies the functional equation (1.1)
then f isadditive.

Lemma 1.2 [32] If an even function f : X —Y satisfies the functional equation (1.1)
then f isquadratic.

In this paper, the authors investigate the Generalized Ulam-Hyers stability of a
Leibniz type additive and quadratic functional equation (1.1), using direct and fixed
point methods, in the setting of intuitionistic fuzzy normed spaces.

2. PRELIMINARIES OF INTUITIONISTIC FUZZY NORMED SPACES
In this section, some preliminaries about intuitionistic fuzzy normed space is given.

Lemma 2.1 [17] Consider the set L" and the order relation < defined by:
L= {(xl,xz): (x,%,)e [0,2f and x, + %, Sl},

(%) < (V1 ¥2) © X S V1% 2 Y5, V0, %)W Y )e L

Then (LSL) isacomplete lattice.

Definition 2.2[14] An intuitionistic fuzzy set A, inauniversal set U isan object

A;,n = {(;A(U)WA(UMUE U}
for al ue U, ¢,(u)e [0,1] and 77,(u)e [0,1] are called the membership degree and the
non-membership degree, respectively, of u in A . Furthermore, they satisfy

£ (W)<1.
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We denote its units by 0. =(0,1) and 1. =(10). Classicaly, a triangular norm
*=Ton[0,1 is defined as an increasing, commutative, associative mapping
T:[0,1f —[0,1] satisfying T(1,x)=1*x=x for al xe[0,1]. A triangular conorm
S =0 isdefined as an increasing, commutative, associative mapping S:[0,1]° — [0,1]
satisfying S(0,x)=00x=x for al xe[0,1]. Using the lattice (LSL) these
definitions can be directly extended.

Definition 2.3 [14] A triangular norm (t—norm) on L* is a mapping T : (L )2 - L
satisfying the following conditions:
. (Ve L )(T(x 1. ): x) (boundary condition);

XT (x,y)=T(y,x)) (commutativity);

. ( V(x,Y,2)e XT x,T(y,2))=T(T(x,y), z)) (associativity);

. (V (x,X,y, )/ ) Xx< Xandy<. y = T(x, y)< T(X, )/)) (monotonicity).

If (LSL ,T) is an Abelian topological monoid with unit lL* ,then L issaidto bea
continuous t — norm.

Definition 2.4 [14] A continuous t-norms T on L is sad to be
continuoust — representable if t—there exist a continuous t —norm and a continuous

t —conorm¢ on [0, 1] such that, for all x=(x,x,),y=(y,,¥,)e L,

T(%y)=06* ¥, %,0¥,)
For example,

T(a,b)=(ab, minfa, +b,,1})
and

M (a,b) = (minfa;, b jmax{a,,b,})

for all a=(a,,a,),b=(b,b,)e L" are continuous t — representable.
Now, Wedefineasequence Tn recursively by T' =T and

T (XY, X)) =T (T (x,...,x"),x"V) vn=2,xVe L,

Definition 2.5 [40] A negator on L isany decreasing mapping N:L" — L' satisfying
N:(OL*)::LL* and N(lL*):OL*. If N(N(x))=x for al xeL", then N is called an
involutive negator. A negator on [0,1] is a decreasing mapping N:[0,1]— [0,1]
satisfying P,,(0)=1 and P, (1)=0. N, denotes the standard negator on [0,1] defined
by N, (x)=1-x, ¥xe [0,1]
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Definition 2.6 [40] Let x# and v be membership and nonmembership degree of an
intuitionistic fuzzy set from Xx(0,4e) to [0,1] such that u(t)+v,(t)<1 for all
xe X andal t>0. Thetriple (X, PW,T) is said to be an intuitionistic fuzzy normed
space (briefly IFN-space) if X isa vector space, T is a continuous t — representable
and P,, isamapping Xx(0+e)— L satisfying the following conditions: for all
X,ye X and t,s>0,

* P, (x0)= 0.

* Pﬂyv(xi):l* if andonlyif x=0;
* P, (axt)=P ( = |Jforalla;;ﬁo

* PﬂvV (X+ y’t + S) U T(P/t,v (X’t)’ P/l,l/ (y’ S))
Inthiscase, P,, iscalled anintuitionistic fuzzy norm. Here, P, , (X, t) = (1, (t). v, (t))

Example 2.7 [40] Let (X,||) be a normed space. Let T(a,b)=(a,b,min(a, +b,,1))

for al a=(a,a,),b=(b,b,)e L and u,v be membership and non-membership
degree of an intuitionistic fuzzy set defined by

2, )= 00l0)=[ g U e .

Then (X, P, ,T) is an IFN-sapce.

Definition 2.8 [40] A sequence {x } inan |FN-space (X, PW,T) is called a Cauchy
sequence if, for any £ >0 and t > 0, there exists n,e N such that

P, (X, = Xnt)> L (Ng(€).€), Ynm=n,,
where N, isthe standard negator.

Definition 2.9 [40] The sequence {x } is said to be convergent to a point xe X

P 14
(denoted by X, 8 X) if Pﬂyv(xn—x,t)elﬁ as n— oo forevery t>0.

Definition 2.10 [40] An IFN-space (X,P,,,T) is said to be complete if every Cauchy

sequence in X isconvergent to apoint xe X .
Throughout this paper, we assume that X is a linear space, (Z, P’

Space and (Y, P, ,T) is a complete | FN-space.

,T) is an IFN-

uv
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3. STABILITY RESULTS: DIRECT METHOD

In this section, the authors present the generalized Ulam-Hyers stability of the Leibniz
additive-quadratic functional equation (1.1) in intuitionistic fuzzy normed spaces.
Now we use the following notation for a given mapping Df : X — Y such that

Df (%, y,2,t) = f(x=t)+ f (y—t) + f(z—t)—sf[”;’”—tj

~ f[Zx—y—zj_ f[—x+2y—zj_ f[—x—y+22j
3 3 3

foral x,y,zte X.

Theorem 3.1 Let 7e{1-1}. Let 0: Xx Xx Xx X — Z be a function such that for
some O<[gj <1,

P, (027 %27 %, 27 %2 x) )ZL* P, @ a(xxxx)r) (3.1
for al xe X anddl r >0 and

limP',, (6(2"x,2my,2"22"t)2"r ) =1 (3.2)

for all x,y,z,te X and all r>0. Let f ;: X =Y be an odd function satisfies the
inequality

#

P,.(Df.(x, Y, z,t), r)zﬁ P, (o(xy.zt)r) (3.3)
foral x,y,z,te X andall r >0. Then the limit
PW(A(x)— f°(22n X),rj—xr;, as N—sos, >0 (3.4)

exists for al xe X and the mapping A: X —Y is a unique additive mapping
satisfying (1.1) and
P, (fo(x)— A(x),r) 2. P, ((2x,x,0,0),]2—a]r) (3.5

foral xe X andall r >0.

Proof. Let z=1. Since f, isan odd function, replacing (x,y,zt) by (2x,x,0,0) in
(3.3), we get
P, (f,(2)—2f,(x),r) = (o(2x,%,0,0),r) (3.6)

foral xe X andall r >0. Using (IFN3) in (3.6), we obtain

Pﬂyv[ f0(22><) _ fo(x),%j 2. P, (o(2x,%,0,0),r) (3.7)

forall xe X andall r >0. Replacing x by 2"x in(3.7), we have

P, (%MX) (@ X)’%j >, P, (0(2"%2"x00).r) (39

foral xe X andall r >0. Using (1), (IFN3) in(3.8), we arrive
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f (2"'x) ¢ , r
P, B f (2 x),Ej >, P, [a(zx, x,o,o)?J (3.9
forall xe X andall r >0. It iseasy to verify from (3.9), that
f.2"x) f(2"x) r , r
Pur| = 5 | 2o Pl o(2x, x,o,o)? (3.10)
holds for all xe X andall r >0. Replacing r by a"r in(3.10), we get
f.2"x) f(2"x) a"r ,
Pur| =~ 5 | 2 Pl (o(2%,%,0,0),r) (3.11)
foral xe X andall r >0. It iseasy to seethat
f (2" (2% f (2'X
( ) f() Z 0((i+1) )_ O(i ) (3.12)
2" = 2 2

for all xe X . From equations (3.11) and (3.12), we have

P“’”(f s )22 2'j E Tiz({p"'” (Z fﬁ”)() : (22 ) Z; 2r jj

i=0 i=0

> TP, (6(2x,x00).1))
= (o(2x,%,0,0),r) (3.13)

for all xe X and all r >0. Replacing x by 2"x in (3.13) and using (3.1), (IFN3),
we obtain

f2""x) f(2"x) & a'r , r
P o -2 : — >, P', | 0(2x,%,0,0),— 3.14
/l,v( on+m om ; 2. gi+m K 4, O'( ) am ( )
forall xe X andall r >0 andal mn>0. Replacing r by a™r in(3.14), we get
f(2""x) f (2"x) B a™r ,
P ° - : — =, P, (0(2%,x,0,0),r 3.15
ﬂ,V( 2n+m 2m ; 2 2|+m I u, (O-( ) ) ( )

forall xe X andall r >0 and all m,n>0. It follows from (3.15), that

5 (fo(z X)_fo(2 X)’szL* - Lo@xx00,

uy 2n+m 2m

(3.16)

n+m-1 i
a

i=m 22'

holdsfor all xe X andal r>0 andall mn>0. Since 0<a<2 and Z[g) < oo,

i=0

f (2")

Thus { ° } is a Cauchy sequence in (Y, PW,T). Since (Y, PW,T) is a complete

|FN-space this sequence convergent to some point A(x)e Y . So, one can define the
mapping A: X =Y by
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ﬂv(A( X) — fo (22nx) rjelL, as N—oo, 1>0 (3.17)

for all xe X. Letting m=0 in(3.16), we get

P (f o0 _ ¢ (), r} P, | 5(2%%,0,0), —— (3.18)

MV 2n z a.i
22
forall xe X andall r >0. Now for every ¢ >0 and from (3.18), we have

P, (AX)— T, (x). +0) zL*T( (A() (")5J,p-w(fo(x)_%”x),r}j

2n n-1

we

>, T P'W(A(x)—m,a}pw (2%, %,0,0),—— n (3.19)

foral xe X andall r >0. Taking thelimit as n — « in (3.19), we get
P (A= f,(0,r +6)2 . TlL_,P',, (0(2x,x0,0),(2-a)r))

= (o(2x,%,0,0),(2—a)r) (3.20)

for al xe X and al r>0 and 6>0. Since ¢ is arbitrary, by taking 6 — 0 in
(3.20), we obtain
P, (Ax)-f,(x),r)z . P',, ((2x,%,0,0)r(2-a)) (3.21)

uv

for al xe X and al r>0. To prove A satisfies (1.1), replacing (X,Yy,zt) by
(2"x,2"y,2"2,2"t) in(3.3), we get

1 n n n n 1 n n n n n
PW(E Df_(2"%,2"y,2"2,2 t),rjzﬁ P, (0(2"x2"y,2"2,2"t),2"r) (3.22)

forall x,y,z,te X andall r >0. Now,
X+y+2z
PW(A(x—t)+A(y—t)+A(z—t)—3A{ 3 —tj

A A2

>, T{P',,,V [A(x—t)—z—ln fo(zn(x—t»,g} P, [A(y—t)—z—ln f0(2”(y—t)),éj,

P [A(z—t)—z—ln fo(z”(z—t)),éj,

P _3){x+y+z_tJ 3 £ 2n[x+y+z_tJ ia
e 3 2" 3 8
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P _3)&{x+y+z_tJ+if0 2n[x+y+z_tJ T
e 3 2" 3 8
P —A{ZX_y_ZJ+ifO 2n[2x—y—z} ia
e 3 2" 3 8
. —x+2y—zJ+ifo 2n[—x+2y—z} T
e 3 2" 3 8

|1 n 1 n 1 o 3 o XHY+2Z
P (E fo(2 (X—t))+§ fo(2 (y—t))+§ fo(2 (Z—t))—§ fO(Z ( 3 tD

1 f{zn[Zx—y—ZD_i f{zn[—x+2y—zD£j} (3.23)
2" 3 2" 3 8

foral x,y,z,te X andal r >0. Letting n— < in (3.23) and using (3.22),(3.2), we
arrive

PW(A(x—t)+ Aly—t)+ A(z—t)—3A{X+§+ Z—tj

_A{Zx—y—zj_A{—x+2y—zj_A{—x—y+22j !
3 3 3 !
>, T(lL*,1L*,1L*,1L*,1L*,1L*,1L*,P'W (6(2"x2"y,2"2,2"),2"r ))

>, P, (0(2'x2"y,2" 2,2 27 ) (3.24)

foral x,y,z,te X and al r >0. Letting n— <« in (3.24) and using (3.2), (IFN2),
we arrive

AX—-t)+Aly—-t)+A(z-t) = 3A{X+§+ Z—tj+ A{%j

+A{—x+2y—zj+ﬁ{—x—y+22j
3 3

for all x,y,zte X .Hence A satisfiesthe functional equation (1.1). In order to prove
A(Xx) isunique, let A'(x) be another additive functional equation satisfying (1.1) and
(3.5). Hence,

P,u,v (A(X) - A,(X)’ r) = P,u,v(

2" 2"

, N f (2"x) r.2") _, f(2"%) ., 12"
> TP, | A"X)————=, P o - A2"x),—
L* ( /l,V( ( ) 2n 2 j /I,V( 2n ( ) 2

A2'x)  A(2'%) rj

>, P'ﬂv (0-(2 2"x 2" X,O,O),MJ >, P (O’(ZX, %,0,0), r2 (Z—a)J
- 2 S 2a"
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foral xe X andall r >0. Since |imw:m, we obtain

Nn—oco

n

R r2"(2-a
.MQ P .. (O‘(ZX, x,0,0),%J =1..

Thus
P (AX) - A(X),r)=1,

for all xe X andall r >0, hence A(X) = A(X). Therefore A(X) isunique.

For 7=-1, we can prove a similar stability result. This completes the proof of the
theorem.

The following corollary is an immediate consequence of Theorem 3.1, regarding the
stability of(1.1)

Corollary 3.2 Suppose that an odd function f : X —Y satisfiesthe inequality
P,u,v (D fo(X’ y’ Z,t), r)
P (A,r),
> AP, (AIXIE+ 1y IF -+ 1zl +NE i) ) (3.25)
P UIXIE Y IE NZIE e IE QX + Ty IS + Dzl + eI )
for al x,y,z,te X and al r >0, where A,s are constants with 4> 0. Then there
exists a unique additive mapping A: X — Y such that

P, (4.r)
P (- AN, . 1P, (@+22)Alx|Pr [2-2°))  s#1; (3.26)

1 S S S 1.
P (29X r12-2%]) s

foral xe X andal r >0.
Proof. Replacing

A,
a(x Y, 28) = AIXIP + Y IP + 1 ZIE + 1t IP)
AP NI ZIP e +00x 10 + 1y P + Dzl + e )
then the corollary follows from Theorem 3.1, if we define
1,
a=12°,
2%,

Example 3.3 Let X beanormed spaceand P,, and P',, be an intuitionistic fuzzy
normson X and P defined by
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r
_ r>0, xe X,
P, (r)=1 T+ )
0, r<0, xe X.
r
_ r >0, xeP,
P ()= T+ )
0, r<o, xeP.

Let o:(0,00)—(0,0) be a function such that «(2l)<ac(l) for al 1>0 and
O<a<2.Define

Bty 2=l ) safly- - -3 [ L2
(Pl

for al x,y,zte X. Let x,e X be a unit vector and define f:X — X by
f (x)=x+a(| )%, - Now for any x,y,zte X and r >0, we have
r

P Dlalx Y, 200 )= 2 0 T

S r
U r+IB(x,y, 2, )|
=P, (B(xy,zt)r).
Forany x,y,z,te X and r >0, we have
r
r+ A(2x,2y,2z,2t)

Plﬂ,v (ﬂ(ZX,Zy,ZZ,Zt), r ) =

. r
U r+aB(xy, zt)
=P, (@B(xy,zt)r).

Hence the inequalities (3.1) and (3.3) are satisfied. Using Theorem 3.1, there exists a
unique additive mapping A: X —Y such that

P, (AX)- £,()r)> . P, [M,rj

2-a
xe X and r >0.
The proof of the following Theorem and Corollary is similar tracing to that of
Theorem 3.1 and Corollary 3.2, when f, is even. Hence the details of the proof is

omitted.
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Theorem 3.4 Let 7e{1-1}. Let 0: XxXx Xx X — Z be a function such that for
some 0< [Ej <1,

4
P, (o2 x,27x,27x.27X), 1 )ZL* P, (@ o(xxxx)r) (3.27)
foral xe X andal r >0 and
limP',, (6(2"x,2my,2"22"t)4"r ) =1 (3.28)

foral x,y,z,te X andal r>0.If f:X —Y isan even function that satisfies the
inequality

®

P, (Df,(x y.20).1)2_ P',, (o(x y,2.t)r) (3.29)
foral x,y,z,te X andall r >0. Then the limit

f (2"x
PW(Q(X)—%JJ—AL, as N—oo, >0 (3.30)

exists for all xe X and the mapping Q: X — Y is a unique quadratic mapping such
that
P, (f.(x)—Q(x), r)zﬁ P, (0(2x,%0,0),|4-a]r) (3.31)

uyv

foral xe X andall r >0.

Corollary 3.5 Suppose that an even function f,: X —Y satisfies the inequality
P,.(D f.(x.y,zt),r)
P (A,r),
> AP AXIF+ 1y I+ zZIF+ 1t 1)) (3.32)
P, U IF I ZIE NI+ + 1y I + 1z I + e,
for al x,y,zte X and all r >0, where A,s are constants with 4> 0. Then there
exists a unique quadratic mapping Q: X — 'Y such that

P, (4.3r)
P, (f.(0-Q(x).r)2 . 1P, (A@ +1) I x|P.r [4-2°]) S#2; (3.33)

P B D X r [4-2°]) 522

foral xe X andall r >0.

Example 3.6 Let X beanormed spaceand P,, and P',, be an intuitionistic fuzzy
normson X and P defined by
r
_— r>0, xe X,
P, (xr)=1 r+|x
0, r<0, xe X.
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r

r>0, xeP,
P ()= T )
0,

r<0, xeP.

Let «:(0,00)—=(0,0) be a function such that o(2l)<ac(l) for al 1>0 and
O<a<4.Define

iy, 22)= el ally -t ol 2o 721
2X-y-z —X+2y-z —X-y+2z

i i

for al x,y,zte X. Let x,e X be a unit vector and define f:X — X by

f (x)=x+ e[ )%, - Now for any x,y,zte X and r >0, we have
r
r+|B0y. 2.t

P,u,v (Dfe(X, ya Z’t)! r ) =

S r
U r+IB(x v, zt)|
=P, (Bxy,zt)r)
Forany x,y,z,te X and r >0, we have
r
r+ A(2x,2y,2z,2t)

Pl,u,v (,B(ZX,Zy,ZZ,Zt), r ) =

. r
U r+aB(xy,zt)
=P, (@B(xy,zt)r).

Hence the inequalities (3.27) and (3.29) are satisfied. Using Theorem 3.4, there exists
aunique quadratic mapping Q: X —Y such that

P, (QX)-£,(00)>. P, [%rj

foral xe X and r >0.

Theorem 3.7 Let 7 =+1 be fixed and let o: X* — Z be a mapping such that for d
is defined as 0< [gjr <1 and satisfies (1),(2),(27) and (28). Suppose that a function
f: X —>Y saisfiesthe inequality

P.(Df(xy, z,t),r)zL* P, (c(x Yy, z1),r)V xy,zte X,r >0. (3.34)

Then there exists a unique additive mapping A: X —Y and unique quadratic
mapping Q: X —» Y satisfying (1.1) and

P,u,v ( f (X) - A(X) - Q(X)! r ) ZL* F?jv (G(ZX! X,0,0), r) (335)
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where

P2, (0(2%,%0,0),r) = T{P:, (6(2x,x,0,0),2 | 2-a), P?, (5(2x,x,0,0),% | 4-a|)} (3.36)

foral xe X andall r >0.

Proof. Clearly

|[4K|2Ka

Let fa(x):w for dl xe X. Then f,(0)=0 and f (-x)=-f_(Xx) for

al xe X . Hence

P, (D f(xy,zt),r) > T{P (D f,(x,y,zt),r)P,, (D f (—x—y,—z~t),r)}
T{P (o(x,Y,z1), r) o (Oo(= X—y,~z-t),r)} (3.37)

for al x,y,z,te X and aII r >0. By Theorem 3.1 there exists a unique additive

mapping A: X — Y such that

P, (f,()—AX),r) =y P, (0(2x,%0,0),r [2—-al) (3.38)
for al xe X andall r >0, where
P! (0(x Y, 2,t),1) =T{P',, ((%, Y, 2,t), 1), P, (6(~x~y,~2-1),1)} (3.39)

forall X, y,z,te X andal r >0.

fe(x) + fe(_x)
2

Also, let f (x) = for all xe X . Then f,(0)=0 and f (-x) = f,(X)

for all xe X . Hence

(Df(xyzt)r) P..(D f.(x y,2t)-D f(-x—y,—z-1),2r)

T{P (o(x,Y,z1), r) i (O(=X—y,— z-t),r)} (3.40)
for al x,y,z,te X and al r >0. By Theorem 3.4, there exists a unique quadratic
mapping Q: X —Y such that

P, (f.()-Q(x),r)> . P;, (6(2x,x0,0),r |4-a]) (3.41)
for al xe X andall r >0, where

P2 (a(x, Y, 2,t),F) =T{P',, ((%, ¥, 2,t), 1), P, (0(~x~y,~2-1),1)} (3.42)
for al x,y,z,te X andall r >0. Define
f(x) = f,(x)+ f,(x) (3.43)

for all xe X . From (3.35),(3.38) and (3.39), we arrive
P, (f)-AX)-Q(),r) =P, (f.(x)+ f,(x)—AX) -Q(X),r)

ZL*T{ [f(x) A(X), j ,,V[f(x) Q(x), j}

T{P!, (0(2%,%0,0),2r |2-a[), P2, (5(2%,%,0,0),2r |4-a)}
=P? (o(2x,x,0,0),r),

)78
where

v
'_a(-
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P, (0(2%,%0,0),r)=T{P, (6(2x,x0,0),2 | 2-al), P, (6(2x,x,0,0),2 | 4-a|)} (3.44)

forall xe X andall r >0. Thus, the theorem is proved.
The following corollary is the immediate consequence of corollaries 3.2, 3.5 and
Theorem 3.7 concerning the stability for the functional equation (1.1).

Corollary 3.8 Suppose that afunction f : X — Y satisfies the inequality
P, (D f(xy,zt),r)
P, (4.r)
> AP (A XIF+ 1y I+ ZIF -+t )T, (3.45)
P XIF LY P I ZIF I+ + Iy I +ul + v i) r)
for al x,y,zte X and al r >0, where A,s are constants with 4> 0. Then there
exists a unique additive mapping A: X —Y and a unique quadratic mapping

Q: X —>Y suchthat
3
ID/iV[l’er’

P (F(0-AX-Q(X).r)=. {P2 @ +D)lIx|F,r)  s#1,2 (3.46)
P2 (A@=+D)[IxI1% 1), 5%,

foral xe X andall r >0.

Example 3.9 Let X beanormed spaceand P,, and P',, be an intuitionistic fuzzy
normson X and P defined by

r
_ r>0, xe X,
P, (6r)=1 T+ -
0, r<o0, xe X.
r
_ r>0, xeP,
P (6r)=1 T -
0, r<0, xeP.

Let «:(0,00)—(0,0) be a function such that o(2l)<ac(l) for al 1>0 and
O<a<?2.Define

Blxy,2.t)= 05(“X—t||)+05(“y—t||)+05(“z—t||)—30{ Y
2X-y-2 —X-y+2z

APl

for al x,y,zte X. Let x,e X be a unit vector and define f:X — X by
f (x)=x+ e[ )%, - Now for any x,y,zte X and r >0, we have

X+Y+2z _tHJ

—X+2y-2
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r
B0y, z o

P,u,v (Df (X, Y,z1), r):

S r

U +IB(x .z t)|

=P, (Bxy,zt)r)

Forany x,y,z,te X and r >0, we have

r
P’ 2Xx,2y,22,2t),r )=
v (Bl2X2Y ) r+ A(2x,2y,2z,2t)

S r

U r+ap(xy, zt)

=P, (@B(xy,zt)r).

Hence the inequalities (3.1),(3.27) and (3.34) are satisfied. Using Theorem 3.7, there

exists a unique additive mapping A: X —Y and a unique quadratic mapping
Q: X —>Y suchthat

P, (f(x)= A(x)-Q(x),r)= . P, (8(2x,x0,0)r)
foral xe X and r >0.

4. STABILITY RESULTS: FIXED POINT METHOD

In this section, we discuss the generalized Ulam-Hyers stability of the functional
equation (1.1) in intuitionistic fuzzy normed space using fixed point method.

First, we will recall the fundamental results in fixed point theory.

Theorem 4.1 [25](The alternative of fixed point) Suppose that for a complete
generalized metric space (X,d) and a strictly contractive mapping T : X — X with

Lipschitz constant L. Then, for each given element xe X, either
(B1) d(T"x,T™X) = V¥V n=0,

or

(B2) there exists anatural number n, such that:

(i) d(T"X,T™x) < foral n>n, ;

(ii) The sequence (T"X) isconvergent to afixed point y* of T

(iii) y" isthe unique fixed point of T intheset Y ={ye X :d(T™Xx,y) <od};

(iv) d(y*,y)sﬁ d(y,Ty) foral yeY.

In order to prove the fixed point stability result, we define a constant y, such that:
2 if i=0,

CAAEIT Y
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and Q isthe set such that
Q={g|g:X -Y,g(0) =0}

Theorem 4.2 Let f : X =Y be an odd mapping for which there exist a function
o : X* = Z with the condition

limP',, (a(;(i”x,;(i”y,;(i”z,;(i”t),;(i”r):1[,(, VX Vy,zte X,r>0 (4.2
and satisfying the functional inequality
P,.(D f(xy, z,t),r)zﬁ P, (0(XY,zt),r), VX y,zte X,r >0. (4.2)

If thereexists L = L(i) > 0 such that the function

X— p(X) = a[x,g,0,0}
has the property
P, (Lm,rj =P, (p(X).1), ¥ xe X, >0. (4.3)

Then there exists a unique additive function A: X —Y satisfying the functional
equation (1.1) and
1-i

P,u,v ( fo(x) - A(X)! r)ZL* Pl,u,v (p(XL 1L_ L

I’J,VXE X,r>0. (4.9

Proof. Let d be ageneral metric on Q, such that

d(g.h) =inf{K € (0,) [P, (9() —h(x),r)2 . P',, (p(x),Kr).xe X}

It is easy to seethat (€2,d) iscomplete. Define T:Q — Q by Tg(X) :ig(;(ix), for
Xi

al xe X. For g,he Q, we have

d(g,h) <K= P, (9(x)-h(x),r)=. P, (p(x),Kr)
= P,,,{g%x) LA ,rJz P (p(X), Kyr)
Xi Xi - Y
= P, (Tg()=Th(x).,r)= . P',, (p(x),KLr)
=N d(Tg(x), Th(x))< KL (4.5)
= d(Tg,Th)< Ld(g,h) (4.6)

for al g,he Q. Therefore T is strictly contractive mapping on Q with Lipschitz
constant L. Replacing (x,y,zt) by (2x,x,0,0) in (4.2) and using oddness, we get
P, (f,(2)—2f,(x),r) 2. P, ((2x,%,0,0),r). (4.7)

for all xe X,r >0. Using (IFN2) in (4.7), we arrive at
P [@— fo(x),rjzﬁ P, (0(2x,%x,0,0),2r) (4.8)

uv
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for al xe X,r >0. Withthe help of (4.3), when i =0, it follows from (4.8), that

0

Pﬂy(%— fo(x),rj >, P, (p(¥),Lr), ¥ xe X,r >0
= d(Tf,, f,)<L=L" (9)

Replacing x byg in (4.7), we obtain

X , X
PM[ f, (%) —Zf{Ej, rj 2. P, [a(x,E,O,O), r} (10)
for all xe X,r >0. Withthe help of (4.3), when i =1, it follows from (4.10) that,

PM( fo(x)—Zf{EJ,rsz* P, (p(X),1),V xe X,r >0

= d(f,,Tf)<1=L"=L"". (4.12)
One can conclude from (4.9) and (4.11) that
d(f,,Tf )<L <oo

Now, using fixed point alternative in both cases, it follows that there exists a fixed
point A of T in Q such that

nmpﬂv(M;X)—A(x),rj—uﬁ ¥xe X,r >0. (4.12)
n—e Xi
Replacing (x,Y,zt) by (x:x", 1"y, x"z xt) in(4.2), we get

1 n n n n 1 n n n n n
P,,,V(? Df, ("> 20y X' 2 t),rJzﬁ P o aly iz 50 ) (413

foral x,y,z,te X andall r >0.

By following the same procedure as in Theorem 3.1, we see that the function
A: X —Y isadditive and satisfies the functional equation (1.1).

By fixed point alternative, since A isunique fixed point of T inthe set

A={f,e Q|d(f,, A) <o},

A isaunige function such that

P (f,00—AM),r)=. P, (p(x),Kr) (4.14)
foral xe X, r>0 and K >0. Again, using the fixed point alternative, we get

1
d(f ,A) <——d(f ,Tf
(for M) <= d(f,,TF)

Llfi
= d(f A<

= P (L(0-AXIZ, P, (p(x),ll__l;_ r} (4.15)

forall xe X andall r >0. This completes the proof of the theorem.
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From Theorem 4.2, we obtain the following corollary concerning the stability for the
functional equation (1.1).

Corollary 4.3 Suppose that an odd function f : X —Y satisfiesthe inequality
P,u,v (D fo(X, y’ Z,t), r)
P (A,r),
> AP RXIF+ 1y I+ zZIF+ 1t ), (4.16)
P (X IENYIE I ZIE I I +(0x s + 1y 1% + 1 zI + e )r )
foral r>0 and al x,y,zte X, where A,s are constants with 4 >0. Then there
exists a unique aditive mapping A: X —Y such that

w (A1217),
2°+1 2
P (f,()-AX),r)2. 1P {/1( ~ Vx| = r}, s#1; (4.17)
: (¥+1) e 2 1
P, |4 : , S#—,
ﬂvV{ 243 "X" ‘2_243 I’} S

foral xe X andall r >0.

Proof. Set
A,
a(x y,z,t) =LA+ Y IF + 2 IE + 11 I
AXIEIY P ZIPHE I DX + 1y IS + 1z it + e e
forall x,y,z,te X . Then,
P, (O-U(inx’}(iny’ZinZ’Zint)1Zinr)
',,V(/L;a”r),
i + 1y e+ nzie + e )
X Y IF I T DX + 1y I+ 1z + e 20)
o ),
,,V(ﬂ{uxn FIYIP+IZIE+ LIS %)),
o GRS + 1y I + 2 + b I Iy IR ZIP eI, () ),

'U'U'U 'U'U
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Thus, (4.1) is holds. But, p(x) = a[x,g ,o,oj and has the property

P (L%p(;{ix),rJzL* P, (p(X),r), ¥ xe X,r >0.

Hence

P, (4.r)

. , X , <(1+2°
Pw(p(x),r)zPW(G[X,E,O,OJJJ,: PW(MIXII( > Jrj
, J(1+2%
Pﬂy(/l"x"“( s H

Now,

rl, =4P,, (p(x),;(il’sr),
P (o0, %)

P, (Axr)
, 1 ) J(1+2° o '
Pﬂ,v[—p(;aX),rj= P | — LIl ( j j
X X

A s [ 1+2%
P — || 7. x N
| 12X ( i j j

163

Hence, inequality (4.3) holds for the following cases. Now from (4.4), we prove the

following cases.
Casell L=2'for s=0ifi=0

P (f,00-A00.1)2, P, (p(X), -

1-L

rj =P, (4,(-2r).

Case2 L=2"fors=0ifi=1

P,u,v ( fo(x) - A(X)! r ) EL‘ Plﬂyv (p(x)1

1-1

1 rj =P, (2,2r)

Case3 L=2"°fors>1ifi=0

P,u,v ( fo(x) - A(X)! r ) EL‘ Plﬂyv (p(XL

Cased L=2"for s<1ifi=1

P, (1,00~ AXLT)>.. P',,,V(p(x), J=P',,,V(z(23”) IxIF 5= rj.

L r
1-L 2° 2-2°

1-0 S
S I A G |
1-L s 25 25_2
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Case5 L =2 for s>% ifi=0

, L0 , (2* +1) s 2
Pﬂ,v(fo(x)_A(X)!r)ZL* P,u,v (p(x)'l_l_r}: P/I,V (ﬂ’ 243 "X"4 1mr}

Case6 L =2*" for s<% ifi=1

P, (L,(9- AT P, (p(x), L rj -p (4

2% +1 )
o) e —2 v |
1-L

243 2_24S

Thus, the proof is complete.

The proof of the following Theorem and Corollary is similar tracing to that of
Theorem 4.2 and corollary 4.3, when f iseven. Hence we omit the proof.

Theorem 4.4 Let f,: X —Y be an even mapping for which there exist a function
o : X* — Z with the condition

limP',, (G(;(i”x,;(i”y,;(i”z,;(i”t),;(f”r): 1L*, VX Vy,zte X,r>0 (4.18)
and satisfying the functional inequality
P, (D f,(xy, z,t),r)ZL* P, (0(%Y,z1),r), VX y,zte X,r >0. (4.19)

If thereexists L = L(i) such that the function
X— p(x) = G[X,g ,0,0}
has the property

1
P (L?p(;(i X), rj =P, (p(X),r),V xe X,r >0. (4.20)
Then there exists a unique quadratic function Q: X —Y satisfying the functional
equation (1.1) and

1-i

P,u,v ( fe(x) _Q(X)! r)ZL* Ply,v (p(XL 1L_ L

erXE X,r>0. (4.22)

Corollary 4.5 Suppose that an even function f,: X —Y satisfies the inequality
P, (D fo(x,y,zt),r)
P, (A,r),
>3P (X + 1y 1P+ ZIE+ 1t e ) (4.22)
P (X IEN Y IF I ZIF I I +(0x 1 + 1y 1P + 1z + e ) r )
for al x,y,z,t and al r >0e X, where A,s are constants with 4> 0. Then there
exists a unique quadratic mapping Q: X — 'Y such that



Sability Of A Leibniz Type Additive And Quadratic Functional Equation 165

, 4
P, /1,|§|rj,
, 2°+1 < 4
P, (.00-Qu.)z, 1P, [ 41 > Liixr o ﬂ, s#2, (4.23)
, (2* +1) 4s 4 1
P A x|, ——r |, s#—;
y7R% 243 " " ‘243_4‘ 2

foral xe X andall r >0.

Theorem 4.7 Let f:X —>Y be a mapping for which there exist a function

o : X* — Z with the condition (4.1) and (4.18) satisfying the functional inequality
P.(Df(xy, z,t),r)ZL* P, (0(Xy,zt),r), ¥ xy,zte X,r >0. (4.24)

If thereexists L = L(i) such that the function
X— p(x) = G[X,g ,0,0}

has the properties (4.3) and (4.20) for all xe X. Then there exists a unique additive
function A:X —Y and a unique quadratic function Q: X —Y satisfying the

functional equation (1.1) and
P, (f(X)- A(x)—Q(x),r)ZL* P, (p(X),r), ¥ xe X,r >0. (4.25)

Proof. From Theorem 4.2 in (3.37), there exists a unique additive mapping
A: X =Y such that

P (fa(0—AX),r)2. P,f,v(p(x), L rj (4.26)

1-L

for adl xe X and al r>0. Using Theorem 4.4, in (3.37) there exists a unique
quadratic mapping Q: X —Y such that

P (F,00-Q00.1)2,. P,i{p(x),lL_“L rj (4.27)
foral xe X andall r >0. Define
f(x) = f, 0+ f,(X) (4.28)

for all xe x. From (4.25),(4.26) and (4.27), we get
P (f()=AX)-Q(),1) =P, (f,()+ f,()— A —Q(x).r)

' r . r
ZL* T{P,u,v [ fa(x) - A(X)!Ej’ P ny [ fq (X) _Q(X)!Ej}
L Llfi 5 Llfi 5
>, T{P,,,V(p(x), r} P,,,V(p(x), T rj} =P, (p(x),r),

1-L 1
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where

Llfi Llfi
P® (p(x),r)=T<P: X),——r |,P? | p(X), r 4.29
o (P(X),1) {,,,V(p( VT J W(p( )T j} (4.29)
forall xe X andall r >0. The theorem is thus proved.

The following corollary is the immediate consequence of Corollaries 4.3, 4.5 and
Theorem 4.6 concerning the stability for the functional equation (1.1) using fixed
point method.

Corollary 4.8 Supposethat afunction f : X —»Y satisfiesthe inequality
P, (D f(xy,zt),r)
P, (4.r)
> AP RXIF+ 1y I+ zZIF+ 1t 1)), (4.30)
P, ALY IF I ZIE NI XU + 1y I+ 1z I + e,
for al x,y,z,te X and al r >0, where A,s are constants with 4> 0. Then there

exists a unique additive mapping A: X —Y and a unique quadratic mapping
Q: X —>Y suchthat

P, (4.r)
P, (f ()= A(X)-Q(¥),r)>. Pj{/l(zzfl) ||x||S,rJ, s#1,2; (4.31)
(2* +1) . 11
Pjv(/l—z% ||x||4,r} s;eZ,E,

foral xe X andall r >0.
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