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ABSTRACT

Graph Theory is the branch of mathematics. Graph partitioning is one of the
concepts associated with it. There are various types of graph partitioning
algorithms are available all over the globe. Multilevel Graph Partitioning
(MGP) algorithm / scheme / method / technique, which are one of the
multilevel schemes, are used for Graph partitioning. Graph partitioning is a
mechanism to deals with partitioning the graph in equal size component and
each component has minimum number of edges. Graph partitioning problems
are of NP-hard category for which solution is given with the help of
approximation or heuristic algorithms. Many heuristic approaches such as
graph growing and greedy algorithms, spectral method, multilevel approaches
and algorithms based on meta heuristics i.e., ant colony, simulated annealing,
genetic algorithm, tabu search, memetic algorithm are devised to solve the
problem.

In this paper, we have focused on detailed analysis of MGP in terms of
coarsening, partitioning and uncoarsening phases and these phases can be
implemented with the help of various types of suitable algorithms. Again its
results are also varied algorithm to algorithm. MGP concept is explained and
is used for various applications in the available literature but it is available in
bits and pieces. The consolidated summary of the MGP with respective to
single graph with various phases is not yet available at this point of time. Our
objective is to identify and study the existing and evolved schemes associated
with each phases of MGP, finally preparing the research paper which gives
clear cut idea about how to perform MGP on any given graph for partitioning
and also focused on local refinement by using Kernighan-Lin algorithm.
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1. INTRODUCTION

Graph partitioning problem deals with partitioning the graph vertices into specified
sizes such that minimum edges cross between sets. This problem is applied in many
applications such as parallel scientific computing, task scheduling, VLSI design,
image segmentation, telephone network design and so on. The graph partitioning
problem is NP-complete, many algorithms have been developed which helps in
finding reasonably good partitions [Bui, T. N., & Jones, C, 1993, Cheng, C. K, &
Wei, Y. C. 1991, Garbers, J., Promel, et al 1990, Hagen, L., & Kahng, A. B. 1992,
Karypis, G., & Kumar, V. 1995, Kernighan, B. W., & Lin, S. 1970, Miller, G. L., et al
1993, Hendrickson, B., & Leland, R. 1995]. Here authors have explained the
multilevel graph partitioning approach in detail. This approach is very generic and is
applicable with a variety of different approaches in terms of partition quality.

2. BACKGROUND

Earlier only standard graph partitioning approaches have been implemented. In these
approaches, vertices of the graph into are partition into equally weighted sets so that
the weight of the edges crossing between sets is minimized. Chaco [Hendrickson, B.,
& Leland, R. 1995] and METIS [Karypis, G., & Kumar, V. 1998] can be used for this
purpose. Due to the NP completeness, Graph partitioning problem purely apply
heuristics to produce approximate solutions. Standard graph partitioning approaches
has several major problems such as edge cut metric, an inadequate model of
communication in a parallel computation. This approach also has drawback of, lack of
expressibility which restrict the applications which it can address [Hendrickson, B., &
Kolda, T. G. 2000][ Anily, S., & Federgruen, A. 1991].

Multilevel graph partitioning (MGP) approach gives good quality partitions and
overcomes the problem from standard graph partitioning approach. But the
consolidated translation of MGP is nowhere available and its illustration of the
stepwise execution is also not available in any literature. In this paper, authors have
thoroughly explained MGP concept and also phase wise illustration have been
incorporated.

3. MAIN FOCUS OF THE PAPER

The MGP, illustrated in this paper was mainly inspired by the work of Barnard and
Simon [Barnard, S. T., & Simon, H. D. 1994], in which they use a multilevel
approach to calculate an eigenvector required for a spectral partitioning algorithm.
Authors have decided to study and emphasize here on phase wise execution of MGP
and also its justification is given with the help of example.

Authors have initially, constructed a sequence of increasingly coarse approximations
to a graph, and then partition the smallest graph in the sequence using spectral
method. Instead of spectral method, other methods can be used for partitioning the
smallest graph (see Figure 6). After partitioning, project the coarse partition back
through the sequence of graphs iteratively improving it with a local refinement
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algorithm. For this local improvement phase authors have used a popular algorithm
Kernighan and Lin [Kernighan, B. W., & Lin, S. 1970].

4. Issues, Controversies, Problems

MGP concept is explained and is used in various applications as it is given in the
available literature but it is available in bits and pieces. MGP algorithm is
implemented in three phases. These phases are again based on few other sub
approaches, In other words one phase may consist multiple algorithms for its
implementation.

For example; In coarsening, i.e., first phase, several coarsening schemes are available
in the globe and major issues pertaining to improve the performance of overall
concept [Karypis, G., & Kumar, V.1995]. The second phase i.e., partitioning, can be
carried out by applying any partitioning algorithm. But, the controversies is that
consolidated summary of the MGP with respective to single graph is not yet available
over the globe. In third phase - uncoarsening stage, a graph is projected back to the
original graph by applying approximations and KL refinement algorithms.

The objective is to identify and study the existing and evolved schemes associated
with each phase, finally preparing the research paper which gives clear cut idea about
how to perform MGP on any given graph for partitioning, local refinement using
Kernighan-Lin. In this paper, authors have focused on detailed analysis of MGP in
terms of coarsening, partitioning and uncoarsening phases and these phases can be
illustrated with the help existing algorithms such as bisection spectral method, random
matching, KL algorithm etc. Again its results are also varied algorithm to algorithm
that is but natural.

5. Introduction of Multilevel Graph Partitioning (MGP):

Graph partitioning (GP): In mathematics, the graph partition problem is defined on
data represented in the form of a graph G = (V, E), with V vertices and E edges, such
that it is possible to partition G into smaller components with specific properties. For
instance, a k-way partition divides the vertex set into k smaller components.

Simply, partitioning G means dividing V into the union of n disjoint sets
V=V;UV,U....... uVn

The main aim of a multilevel based algorithm is to create a hierarchy of problems
where each level representing the original problem. The creation of hierarchies at
different levels ends up at the level with a very small number of degrees of freedom
i.e coarsest levels which allows getting a first approximation to the original problem.
After this, achieved approximation is sequentially projected along all levels until it
reaches the original problem with some approximation for it. The projection stage can
be secured at each level by some_applying refinement algorithm which improves the
quality of approximation before further projection. This step, which uses refinement
method, is called uncoarsening.

Figure 1 depicts an example of a multilevel context for the 4-partitioning problem.
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initial partitioning

Figure 1: Four-partitioning problem

There were three unfilled ellipses, which represent levels of the coarsening. The
ellipse in the center with four resembles to the coarsest level graph where the
partitions are formed by applying partitioning algorithm. In uncoarsening stage four
colors of the graphs is projected back to the original graph by applying
approximations and refinement algorithms.

5.1 Different techniques and algorithms of GP:

Different methods, algorithms and techniques are available and are evolved for
solving partitioning problem. Few algorithms and techniques are mentioned below:

a) Kernighan-Lin Graph partitioning

b) Recursive co-ordinate Bisection (based on Graph separator)
C) Recursive Graph Bisection

d) Spectral partitioning method

e) Multilevel spectral Bisection

f) Multilevel Graph partitioning

9) Geometric partitioning algorithm

Among the above, Multilevel Graph Partitioning method is explained here in detail
with suitable example.

6. Translation of MGP:
There are three phases by which we can achieve translation of MGP with suitable
example and that is given in sub section 6.1, 6.2 and 6.3.

6.1 Coarsening Phase

The graph Gy is transformed into a sequence of smaller graphs G1, G2,..., Gm such
that |Vo|>|V1|>|V2|>->|Vm.

In this phase main graph G is partitioned into sequence of smaller graphs (coarsen
graph) i.e., with compressed node.

There are different schemes available by which coarsening of graph can be achieved.
It can be obtained by breaking up or collapsing adjacent edges. This edge collapsing
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idea can be expressed by performing maximal matching. Maximum matching is used
to determine which node to reduce together. Applying matching concept means
finding a set of edges where no two edges incident on the same vertex [Karypis, G., &
Kumar, V. 1995].

There are sub techniques/methods used while applying matching concept

a) Random Matching (RM)

b) Heavy Edge Matching (HEM)

c) Light Edge Matching (LEM)

d) Heavy Clique Matching (HCM)

In our example, Authors have applied first technique i.e, the random matching. It uses
randomized algorithm where vertices are visited in random order.

6.1.1 Random algorithm steps:-

---Initially for vertex ‘u’ which has not been matched yet, for any of its unmatched
adjacent vertex is selected randomly.

--- If such a vertex ‘v’ exists, we include the edge (u, v) in the matching and mark
vertex u and v is being matched.

----- If there is no unmatched adjacent vertex v, then vertex ‘u’, remains unmatched in
the random matching

When vertices collapse the weight of vertex is set to be equal to the sum of the weight
of vertex (u, v).

Example:

6

7

Figure 2: Original Graph
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Edge in original
graph

Edge in a maximal
matching

Figure 3: Vertex identified for coarsening

N

New supernode in coarser mesh

Edge in original
graph

Edge in a maximal
matching

Figure 4: Formation of Super node
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n = weight on new
edge

3,5

Figure 5: Coarsen Graph

6.2 Partitioning Phase
A 2-way partition Pm of the graph Gm = (Vm, Em) is computed that partitions Vm
into two parts, each containing half the vertices of Go.

Partitioning Appraches

Multiconstraint Apprach Irregular Graph Heuristic Algorithm Mesh Partitioning ~ Skewed Approach
Multilevel Algorithm Multilevel Algorithm
Coarsening
Partitioning
UnCoarsening
Figure 6: Partitioning approaches

After coarsening step, authors have applied high quality spectral partitioning method.
For partitioning, Authors uses spectral bisection Partitioning algorithm among the
several available algorithm. It finds all eigenvalues of dense matrix.

6.2.1 Spectral Bisection Graph partitioning consists of three steps:-

Step 1) Preprocessing

Construct a matrix representation of the graph.

Step 2) Decomposition

-Compute eigenvalues and eigenvectors of the matrix
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-Map each point to a lower dimensional representation based on one or more
eigenvectors.

Step 3) Grouping

Assign point to two or more clusters, based on the new representation.

Authors have applied the above steps/ Spectral Bisection Graph partitioning on Figure
5 i.e., coarsen graph.

6.2.1.1 Preprocessing
In this case, matrix representation of the graph has been performed.

6.2.1.1.1 Prepare adjacency matrix (A)

Following steps gives details about adjacency matrix.

> It represents the connection between the nodes/vertices.
> It is n*n matrix

> A=[ajj], a; =1 if edge between node i & j.

12 1G5 @7 |66
(1.2) 0 1 1 0

A= [(35) 1 0 1 1

y @.7) 1 1 0 1
(8.6) 0 1 1 0

6.2.1.1.2 Prepare Degree matrix(D)

Following steps gives details about preparation of degree matrix.
> n*n adjacency matrix

> D=[djj], djjis the degree of a node i.

(L.2) | 3.5 @.7) | (8.6)
(1.2) | 2 0 0
D= (3.5) | 0 3 0 0
a @7 | o 0 3 0
8.6) | 0 0 0 2

6.2.1.1.3 Build Laplacian Matrix L of the graph
Following steps gives detailed view of laplacian matrix
> n*n symmetric matrix

> L=D-A
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1.2

(1,2) | 3.5 @7 ] 8.6)
- (1,2) | 2 -1 -1 0
L= . - _ _
J.“S) -1 2 -1 -1
- 4,7) | -1 -1 3 -1
86) 0 -1 -1 2

8,6

6.2.1.2 Decomposition
It is based on eigenvalues and eigenvectors of the matrix.

6.2.1.2.1 Find eigenvalues A and eigenvectors x of the matrix L

Eigenvalues of Matrix L are: A =4, A,=4, A3=2, A4=0.

Eigenvectors of Matrix L are: x;=(1, -2, 0, 1), X,=(0, -1, 1, 0), x3=(-1, 0, 0, 1), x4=(1,
1,1,1)

Sort the eigenvalues and its corresponding eigenvectors. Their matrix representation
is given below:

0 (1,2) 1335 | @7 8.6

2 (1,2) 1 -1 0 1

A= 4 X= |(3.5) 1 0 -1 2
4 (4,7) 1 0 1 0

(8,6) 1 1 0 1

6.2.1.2.2 Map vertices to corresponding components of A, (second smallest
eigenvalue A value)
Second smallest Eigenvalue is 2 and corresponding Eigenvector is (-1, 0, 0, 1)

1 0
2 0
X= 3 1
4 -1

6.2.1.3 Grouping
Grouping is nothing but cluster formation based on new representation.
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6.2.1.3.1 Sort X (based on Eigenvector)

| 0
2 0
X= 3 1
4 -1
6.2.1.3.2 Identify clusters by splitting the sorted vector.

6.2.1.3.2.1  How to choose a splitting point?
Following procedure deals with splitting point:

> Use naive approach
> split at O or median value
> More expensive approaches

Attempt to minimize normalized cut in 1-D. Swap over ordering of nodes induced by
the eigenvector. Split at O i.e, what are positive and negative value.

l 0 Cluster A Cluster B
2 0 Cluster A > +ve

— 1 0 4 -1
3 1 Cluster B > —ve ~ 5 --
4 -1 3 1

6.3 Uncoarsening Phase

In uncoarsening phase, the partition of the coarsen graph (Pm) is projected back to
original graph, Gy by going through intermediate partitions Pm—1, Pm—2... P, P,.
While projecting back the uncoarsening process maintains the sum of the vertex
weight in each set (Figure 7).

The partitions obtained in Phase 2 may not be best for its uncoarsened counterpart. To
make the optimal partitions, local refinement methods have been applied on
uncoarsened graph.
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-

Figure 7: Uncoarsen graph

Further, authors have illustrated a method for refinement i.e., the Kernighan and Lin
(K-L).

K-L is used for refinement. The K-L algorithm has been found to be effective in
discovering locally optimal partitions [9]. The projected partition is already a good
partition; K-L significantly reduces the edge-cut within a small number of iterations.
A single iteration of the K-L algorithm stops when no further reduction happen in
edge-cut and the number of vertices swapped in each iteration is very small.

The basic idea behind all K-L algorithms deals with the gain related with moving a
vertex into a different set. The gain is mainly the net reduction in the weight of cut
edges that would result from switching a vertex to a different set. Basically, if vertex i
were to move from set a to set b in, the related gain g°(i) can be expressed as

Wijilpa if R()=b
by
g (l) - “WyMpa if R() =a
(i,j)EE .
Wy (Hac. mipe) 1L R() =e,c# b, c#a (D

T hAea

Where,

R(j) =current set of vertex j

wi; = weight of the edge between vertices i and j

Map=symmetric interest cut metric from an edge between sets a and b

Particularly if the gain related with moving a vertex is positive then making that move
will decrease the total cost of the edge cut in the partition. The partition result can be
notified after all such moves. When a vertex is moved the gains of all its neighbors
can be modified. Then another move is selected and the process is repeated. Authors
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have made all such moves and see what partition results. Following are the steps in K-
L algorithm.

6.3.1 Refinement steps of K-L algorithm
Below theory shows refinement steps of K-L algorithm.

Until No better partition is identified

Finest Partition: = Existing Partition
Calculate all initial gains

Until Termination criteria reached

Choose vertex to move

Do move

Revise gains of all neighbors of moved vertex
If Existing Partition balanced and better than Finest Partition Then
Finest Partition: =Existing Partition

End Until

Existing Partition: =Finest Partition

End Until

For illustrations, authors have applied K-L for refining partitions by using Uncoarsen
graph (Figure 7). Figure 8 illustrates the iteration in K-L. The same is represented in
Table 1.

-9

Step 0 Step 1 Step 2

P R

co

Figure 8: Usage of K-L for refinement

It is observed that in each iteration, one vertex from first set is swapped with other
vertex in second set (i.e, 2 & 4).

Table 1: Stepwise iterations in KL

Step # Vertex pair Cost reduction Cost cut
0 - 0 4
1 {2,4} 1 3
2 {1,7} 1 2
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In step 2, vertex 1 and 7 were swapped and locked. Now all the vertices from first set
are locked, so no vertex in first set available to swap with vertex in second set, so the
process terminates. The new partitions after applying K-L i.e (refinement) are {7, 4}
and {3, 2, 5, 6, 1, 8}. Figure 9 shows the diagrammatic form of new partition.

7

Figure 9: Refinement after Applying K-L

7. SOLUTIONS AND RECOMMENDATIONS
Based on the issues, controversies and problems identified while applying MGP for a
given problem, authors have made the following observations.

a)

b)

c)
d)

e)

The local refinements scheme is significantly improves the partitions
generated by spectral partition. In fact application of K-L may actually reduce
actual run time.

Spectral bisection generally produces better partitions than other partitioning
approach.

Stepwise translation of each phase gives clear cut idea about execution of
algorithm.

Various sub schemes are consolidated from available literature and
summarized in this paper, which saves time of user in identifying and
understanding of the schemes.

The complicated computation of calculating eigenvalue and eigenvector is
given to avoid confusion.

The aim of this paper is to give understanding of MGP concept through translation.
That is achieved with the help of example. It is observed that, in the uncoarsening
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phase if local refinement (K-L algorithm) helps to achieve the good partitions then no
need to apply improvement on it using Fiduccia-Mattheyses method.

8. CONCLUSION

Authors have presented a translation of multilevel algorithm for the purpose of graph
partitioning. The algorithm helps to create several numbers of smaller graphs that
approaching towards the original graph; it means partitions the smallest graph in the
sequence, and mapping the yielded partition back to the original graph while
periodically performing a local refinement. The translation given in this paper helps
the researchers, academicians and students in understanding the concept of MGP, its
various schemes available in each phase. The translation of each phase in given
example helps to understand the concept in detail and more precisely.

9. FUTURE RESEARCH DIRECTIONS

One major drawback of the algorithm is that generating a sequence of graphs will take
much more memory.

In this multilevel approach, each phase consist of sub methods, it is not in scope of
author to explain the implementation of each sub method thoroughly. In this paper,
Random matching scheme is used in 6.1 and spectral bisection algorithm is applied in
6.2. Further work can be carried out by applying remaining methods in respective
phases, which may give good partitions. Also K-L refinement method has few issues,
which can be overcome by replacement of other refinement algorithm. Authors hope
that our illustration will inspire further work on related algorithms and schemes for
other problems.
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