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Abstract

In this paper, we introduce soft d-closed sets in soft Cech closure spaces which
are defined over an initial universe with a fixed set of parameters. Also we investi-
gate the behavior relative to union, intersection and soft subspaces of soft d-closed
sets as well as soft d-open sets. In the study of soft d-closed sets, we introduce and
discuss the relationship between separation axioms, namely T%/ -space and T%”-space.
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1. Introduction

Closed sets are fundamental objects in a topological space. For example, one can define
the topology on a set by using either the axioms for the closed sets or the Kuratowski
closure axioms. In 1970, N.Levine [9] initiated the study of generalized closed sets in
topological space in order to extend some important properties of closed sets to a larger
family of sets. For instance, it was shown that compactness, normality and completeness
in a uniform space are inherited by g-closed subsets.

E. Cech [2] introduced the concept of closure spaces. In Cech’s approach the operator
satisfies idempotent condition among Kuratowski axioms. This condition need not hold
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for every set A of X. When this condition is also true, the operator becomes topological
closure operator. Thus, the concept of closure space is the generalisation of a topological
space.

In 1999, D. Molodtsov [10] introduced the notion of soft set to deal with problems of
incomplete
information. Later, he applied this theory to several directions [11] and [12]. Gen-
eralized closed sets in Cech closed spaces were introduced by Chawalit Boonpok [5].
R. Gowri and G. Jegadeesan [8] introduced and studied the concept of lower separation
axioms in soft Cech closure spaces. In [7] R. Gowri and G. Jegadeesan introduced and
characterized the soft g-closed sets in soft Cech closure spaces.

In this paper, we introduce soft d-closed sets in soft Cech closure spaces which are
defined over an initial universe with a fixed set of parameters. Also we investigate the
behavior relative to union, intersection and soft subspaces of soft d-closed sets as well as
soft d-open sets. In the study of soft d-closed sets, we introduce new separation axioms,
namely T -space and T -space.

2 2

2. Preliminaries

In this section, we recall the basic definitions of soft Cech closure spaces.

Definition 2.1. Let X be an initial universe set, A be a set of parameters. Then the
function k : P(Xf,) — P(XF,) defined from a soft power set P(XF,) to itself over X
is called Cech closure operator if it satisfies the following axioms:

(Cl) k(Ba) = 0a.

(C2) Fa S k(Fa).

(C3) k(FAUGA) =k(Fa) Uk(Ga).

Then (X, k, A) or (Fa, k) is called a soft Cech closure space.

Definition 2.2. A soft subset U4 of a soft Cech closure space (Fy, k) is said to be soft
k-closed (soft closed) if k(Uy) = Ua.

Definition 2.3. A soft subset U4 of a soft Cech closure space (Fjy, k) is said to be soft
k-open (soft open) if k(UE) = Ug.

Definition 2.4. A soft set Int(U4) with respect to the closure operator k is defined as
Int(Ua) = Fa — k(Fa — Up) = [k(US)]IC. Here US = F4 — Ua.

Definition 2.5. A soft subset U4 in a soft Cech closure space (F4, k) is called soft
neighbourhood of ef if e € Int(Uy).
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Definition 2.6. If (Fy4, k) be a soft Cech closure space, then the associate soft topology
on Fpist = {UE ck(Uy) = UA}.

Definition 2.7. Let (F4, k) be a soft Cech closure space. A soft Cech closure space
(G a, k) is called a soft subspace of (Fa, k) if G4 € Fa and k*(Uy) = k(Ua) N G4,
for each soft subset Uy C G4.

3. Soft 0-closed sets

In this section, we introduce and characterize a new class of soft closed sets lying between
the soft closed sets and the class of soft generalized closed sets in soft Cech closure spaces.

Definition 3.1. Let (F4, k) be asoft Cech closure space. A softsubset Uy C Fy4 iscalled
a soft d-closed set, if k(Us) € G4, whenever G 4 is an soft g-open subset of (Fy, k)
with Uy € G 4. A soft subset Uy C F4 is called a soft d-open set, if its complement is
soft d-closed.

Example 3.2. Let the initial universe set X = {uj,us} and E = {x1, x3, x3} be the
parameters. Let A = {x1,x2} C E and Fg = {(x1, {u1, u2}), (x2, {u1, u2})}. Then
P(XF,) are

Fia = {(x1, {u1}}, Foa = {(x1, {uz2})},

F3a = {(x1, {u1, u2})}, Fya = {(x2, {u1}},

Fs4 = {(x2, {uz2})}, Fea = {(x2, {u1, u2})},

Fra = {(x1, {u1}), (x2, {u1 D)}, Fga = {(x1, {u1}), (x2, {u2h)},
Foa = {(x1, {uz}), (x2, {u1})}, Fioa = {(x1, {u2}), (x2, {u2D)},

Fria = {(xeq, {ur}), 2, {ur, u2d)},  Fioa = {(x1, {u2}), (x2, {u1, u2b)},
Fi3a = {(x1, {ur, u2}), G, {ur D)}, Fraa = {(x1, {ur, u2}), (x2, {u2h)},
Fis4 = Fa, Fiea = 9a.

An operator k : P(Xfr,) = P(XF,) is defined from soft power set P(XF,) to itself
over X as follows.

k(Fia) = Fia, k(Foa) = k(F34) = F34, k(F3a)
= Fya, k(F54) = k(Foa) = Foa, k(F74) = F74,
k(Fga) = k(F114) = Fr1a, k(Foa) = k(F134) = F13a,
k(Fi0a) = k(F124) = k(F1aa) = k(Fa) = Fa, k(@4) = Da.
Here, the soft d9-closed sets are B4, Fia, F3a, Faa, Foa, Fr4, F114, F134, Fa.

Remark 3.3. In a soft subset U4 of a soft Cech closure space (Fy, k), the following
implications hold.
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U 4 1s soft closed = Uy is soft d-closed = U}, is soft g-closed.
The converse of the above implications is not true from the following example.

Example 3.4. Let us consider the soft subsets of F4 that are given in example 3.2. An
operator k : P(Xp,) — P(XF,) is defined from soft power set P (X r,) to itself over X
as follows.

k(F1a) = Fia, k(F24) = k(Foa) = Fi24, k(F44)
= Fyp, k(F54) = k(F3a) = Flaa,

k(F74) = F1a, k(F34) = k(Foa) = k(F104) = k(F114)
= k(F124) = k(F134) = k(F144) = k(Fa)
= Fa, k(@a) = 0a.

Here,
Fria = {1, {ur}), (x2, {u1, u2})},

is soft 0-closed set but not soft closed. Also,

Fga = {(x1, {u1}), (x2, {uz2})}

is soft g-closed set but not soft d-closed.

Theorem 3.5. Let (Fy, k) be a soft Cech closure space. If U4 and V4 are soft d-closed
subsets of (F4, k), then U4 U V4 is soft d-closed.

Proof. Let G 4 be a soft g-open subset of (F4, k) such that Uy U V4 € G4. Then
Usgy € G4 and V4 € Gy. Since, Uy and V4 are soft d-closed, k[Ua] € G4 and
k[Va] € G4. Then, k[Us U V4] = k[UA] U k[VA] € G 4. Therefore, U4 U V4 is soft
d-closed. [ |

Theorem 3.6. Let (F4, k) be a soft Cech closure space. If Uy is soft d-closed and V4
is soft closed in F4, then U4 N V4 is soft d-closed.

Proof. Let G4 be a soft g-open subset of (F4, k) such that U4 N V4 € G4. Then
Us C Gy U VX and k[Us] C G4 U VAC. Thatis, Uy C G4 U (Fqa — Vy) and k[U4] C
Ga U (Fa — Vy). Then, k[Ua]l N V4 € Gy. Since, V4 is soft closed. Therefore,
k[Us NV4] € G4. Hence, Ug N Vy is soft 0-closed. [ |

Theorem 3.7. Let (Hy, k) be a soft closed subspace of (Fga, k). If V4 is a soft 9-closed
subset of (Hy, k™), then V4 is a soft 9-closed subset of (Fa, k).

Proof. Let G 4 be a soft g-open subset of (F4, k) such that V4 C G4. Then, V4 C
G AN Hy. Since, V4 is soft d-closed and G 4 N Hy is soft g-openin (Hy4, k™). Therefore,
k[VAINHy = k*[Va] € G 4. But Hy is asoftclosed subset of (F4, k) andk[V4] € G 4.
Hence, V4 is a soft 9-closed subset of (Fy, k). |
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Theorem 3.8. Let (F4, k) be a soft Cech closure space and let Uy € Fy4. If Uy is both
soft g-open and soft d-closed, then Uy is soft closed.

Proof. The proof is obvious. |

Theorem 3.9. Let (Fg4, k) be a soft Cech closure space and let Uy € Fy4. If Uy is soft
d-closed, then k[U4] — U4 has no non-empty soft g-closed subset.

Proof. Suppose that U is soft d-closed. Let V4 be a soft g-closed subset of k[Us]—Ujy.
Then V4 C k[Up]N(Fg—Ux)andsoUy C Fy—Vy. Consequently, Vy4 € Fa—k[U4].
Since, V4 C k[U4l, Va C k[Us] N (Fg — k[UA]) = @4. Thus V4 = @ 4. Therefore,
k[U 4] — U4 contains no nonempty soft g-closed subset. |

Remark 3.10. The converse of the above theorem 3.9 is not true as shown in the fol-
lowing example.

Example 3.11. In example 3.4, take Uy = Fos. Then, k[Ups] — U = k[Fos]l — Fos =
Fs4, which does not contain non-empty soft g-closed subset. But, Fg4 is not soft o-
closed.

Theorem 3.12. Let (Fg4, k) be a soft Cech closure space. A soft set Uy C Fy is soft
d-open if and only if V4 € F4 — k[F4 — Uy4], whenever V, is soft g-closed subset of
(Fa,k)and V4 C Uy.

Proof. Suppose that Uy is soft d-open and V4 be a soft g-closed subset of (Fg, k)
such that V4 C U4. Then F4 — Ug C Fs — V4. But, F4 — Uy, is soft d-closed
and F4 — V4 is soft g-open. This implies that, k[F4 — U] € F4 — V4. Therefore,
Va € Fq — k[Fp — Uy]. Conversely, Let G4 be a soft g-open subset of (Fy, k)
such that F4 — Uy € G4. Then Fy — G4 C Uy. Since, F4 — G4 is soft g-closed,
Fo—Gp C Fgp—k[Fg — Uga). This implies, k[F4 — Ua] € G 4. Therefore, Fqy — Uy
is soft d-closed. Hence, U4 is soft d-open. [ |

Theorem 3.13. Let (F4, k) be a soft Cech closure space. If Uy is soft d-open and V4
is soft open in F4, then Uy U V4 is soft d-open.

Proof. Let G4 be a soft g-closed subset of (Fga, k) such that G4 € Uy U V4. Then
Fa—(UaUVy) € F4—Gy. Hence, (Fg—Us)N(Fa—V4) € F4—G 4. By theorem 3.6,
(Fa—Ua)N(F4—Vy)issoft d-closed. Therefore, k[(FA—Ua)N(Fs—V4)] C Fa—G4.
Consequently,

Ga C Fa—kl[(Fa—Ua)N(Fa—Va)l = Fa—k[Fa— (UaUVa)l.
By theorem 3.12, U4 U V4 is soft d-open. |

Theorem 3.14. Let (Fy4, k) be a soft Cech closure space. If U4 and V4 are soft 9-open
subsets of (F4, k), then Uy N Vy is also soft d-open.
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Proof. Let G4 be a soft g-closed subset of (Fy, k) such that G4 € Uy N V4. Then,
Fa—(UaNVy) € Fgp— Gy. Consequently, (Fg —Uag) U (Fg —Va) C Foa— Gy By
theorem 3.5, (F4 — U4) U (F4 — V4) is soft 0-closed. Thus,

k[(Fa —Ua) U (Fgs—Va)] S Fa—Ga.
Hence,
Ga S Fo—k[(Fa—Ua)U(Fa—Va)l=Fa—k[Fa—(UanNVa)l
By theorem 3.12, U4 N V4 is soft d-open. [ |

Theorem 3.15. Let (Fy, k) be a soft Cech closure space. If Uy is a soft 9-open subset of
F4,then G4 = F4 whenever G 4 is soft g-open and (Fq —k[Fpa —Ual)U(Fg —Uy) C
Ga.

Proof. Assume that Uy is soft d-open. Let G 4 be a soft g-open subset of (F4, k) such
that (Fg — k[Fa — Uas]) U (Fa — Us) € Ga. Then (Fo — Gp) © Fo — ((Fa —
k[Fa—Ua]l)U(Fag—Upgp)). Therefore, Fy — G4 C k[Fa — U] N U4 or equivalently,
Foa—Ga Ck[Fa—Upl— (Fa—Upyp). But, Fg — G4 is soft g-closed and Fq — Uy is
soft d-closed. By theorem 3.9, Fy — G4 = (4. Consequently, Fy = G 4. [ |

Remark 3.16. The converse of the above theorem 3.15 is not true as shown in the
following example.

Example 3.17. Inexample3.4,take Uy = Fgs. Then, (Fg—k[Fa—Ua)U(Fg—Uy) =
F13s4 € G4, whenever G 4 is soft g-open. This implies, G4 = Fjy4, but Uy is not soft
d-open.

Theorem 3.18. Let (Fy, k) be a soft Cech closure space and let Uy € Fu. If Ug is a
soft d-closed, then k[U4] — Uy is soft d-open.

Proof. Suppose that Uy is soft d-closed. Let G4 be a soft g-closed subset of (Fg4, k)
suchthat G4 C k[Ug] —Uy. By theorem 3.9, G4 = 4 andhence G4 C Fq —k[F4 —
(k[Ua] — Uga)]. By theorem 3.12, k[U 4] — U, is soft 9-open. [ |

Remark 3.19. The converse of the above theorem 3.18 is not true as shown in the
following example.

Example 3.20. Let us consider the soft subsets of F'4 that are given in example 3.2. An
operator k : P(Xf,) — P(XF,) is defined from soft power set P (X r,) to itself over X
as follows.

k(Fi1a) = k(Fsa) = Fga, k(F24) = F34, k(F34) = k(F94)
= k(F134) = F134, k(F4a) = Faa, k(Fea) = k(F3a)
= k(F114) = Fi1a, k(F74) = F74, k(F104) = F14a, k(F124)
= k(F144) = k(Fa) = Fa, k(Ba) = 04.
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Here, take Uy = F24. Then, k[Us] — Us = Fja, which is soft d-open. But Uy4 is not
soft 0-closed.

4. T, and T{-soft Cech closure space
2 2

In this section, we introduce 7} and T} -soft Cech closure spaces and investigate some
2 2
of their properties.

Definition 4.1. A soft Cech closure space (Fa, k) is said to be a T -space if every soft
2
d-closed subset of Fy4 is soft closed.

Definition 4.2. A soft Cech closure space (Fa, k) is said to be a T} -space if every soft
2
g-closed subset of Fy4 is soft d-closed.

Remark 4.3. The following examples 4.4 and 4.5 shows that T -space and T -space
does not implies each other. ’ ’
Example 4.4. Let us consider the soft subsets of F4 that are given in example 3.2. An

operator k : P(Xf,) — P(XF,) is defined from soft power set P (X r,) to itself over X
as follows.

k(F1a) = k(F24) = k(F34) = F34, k(F54) = Fs54, k(F44) = k(Fea) = Foa,
k(Fga) = k(F10a) = k(F1a4) = Fiaa, k(F74) = k(Foa)
=k(F114) = k(F124) = k(F134) = k(Fa) = Fa,k(W4) = V4.

Here, (Fa, k) is T, -space but not T} -space. Since, Fia = {(x1, {u1})} is soft g-closed
2 2
but not soft d-closed subset of Fy4.

Example 4.5. In example 3.20, the soft Cech closure space (Fy, k) is 7} but not T -
2 2

2
space. Since, Fgq = {(x2, {u1, uz})} is soft d-closed but not soft closed.

Example 4.6. In example 3.2, every soft g-closed subsets are soft d-closed and also
every soft d-closed subsets are soft closed in F4. Therefore, the soft Cech closure space

(Fa, k) is T| and T/ -space.
2 2
Theorem 4.7. Let (F4, k) be a soft Cech closure space. Then

(i) If (Fa, k) isa T, -space then every soft singleton subset of F4 is either soft g-closed
2
or soft open.

(i) If every soft singleton subset of F4 is a soft g-closed, then (Fjy, k) is a T -space.
2
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Proof.

(i) Let (Fa,k) bea Ti—space. Let (x,u) € F4 and assume that {(x, u)} is not a soft

2
g-closed subset of (Fy4, k). Then F4 — {(x, u)} is not a soft g-open subset of Fjy.
This implies, F4 — {(x, u)} is soft d-closed. Then the only soft g-open subset
containing Fa — {(x, u)} is F4. Since, (Fa, k) is a T{-space, then Fs — {(x, u)}
2

is soft closed. That is {(x, u)} is soft open.

(i) Let U4 be a soft d-closed subset of (Fy4, k). Suppose that (x,u) ¢ Us. Then,
{(x,u)} € Fg — Uy. Thatis, Uy C F4 — {(x,u)}. Since, Uy is soft 9-closed
and Fq — {(x, u)} is soft g-open, k[Us] € Fs — {(x,u)}. Thatis, {(x,u)} C
Fa — k[Uy4]. Hence, (x,u) ¢ k[U,] and then k[U4] € Uy. Therefore, Uy is a
soft closed subset of F4. Hence, (F4, k) is a Tl’—space. [ |

2

Theorem 4.8. Let (F4, k) be a soft Cech closure space. If (F4, k) is a T} -space, then
2
every soft singleton subset of F4 is either soft d-open or soft closed.

Proof. It follows from the theorem 4.7 (i). |
Result 4.9. If (Fu, k) isa T% -space, then (Fy, k) is a T} -space.
2

Proof. Let (Fa, k) be a T% -space. Let U4 be a soft g-closed subset of F4, then Uy is

soft closed. Since, every soft closed subset of F4 is soft d-closed. This implies, U4 is
soft d-closed. Hence, (F4, k) is T} -space. [ |
2

Remark 4.10. The converse of the above result 4.9 need not be true as shown in the
following example.

Example 4.11. In example 3.20, the soft Cech closure space is Tl -space but not T1 -
space. Since, Fga = {(x2, {u1, uz})} is soft g-closed subset of Fy4 but not soft closed

Result 4.12. If (F4,k)isa T%-space, then (Fa, k) is a Ti-space.
2

Proof. Let (Fa, k) be a T% -space. This implies, every soft g-closed subset of Fy4 is soft

closed. Let U4 be a soft d-closed subset of F4. since, every soft d-closed subset of F4
is soft g-closed. This implies, Uy is soft closed. Hence, (Fa, k) is T, -space. [ |
2

Remark 4.13. The converse of the above result 4.12 need not be true as shown in the
following example. following example.

Example 4.14. In example 4.4, the soft Cech closure space is T1 -space but not T1 -space.
Since, F14 = {(x1, {u1})} is soft g-closed subset of F4 but not soft closed.
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Theorem 4.15. Let (Fy4, k) be a soft Cech closure space. Then (Fy, k) isa T% -space if
and only if (Fy4, k) is both T} -space and a T -space.
2 2

Proof. The proof is obvious. [

5. Conclusion

In this paper, we introduced soft d-closed sets in soft Cech closure spaces which are

defined over an initial universe with a fixed set of parameters. Also we investigated the

behavior relative to union, intersection and soft subspaces of soft d-closed sets as well

as soft d-open sets. Through soft d-closed sets, we introduced new separation axioms,

namely 7’| -space and T} -space. Also, we discussed the relationship between 77, T} and
2 2 2 2

T -spaces.
2
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