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Abstract

All natural numbers less than "0for any positive integem, are under
consideration. The very first natural number and-rero digit symbol is 1. An
extensive analysis of occurrence of digit 1 in narsdess than 10Gs done here.
The formula for the number of occurrences of 1'sléveloped. The very first
instance of 1 is an easy guesstimate; a little mmtathe last occurrence also;
their formulations are provided. All the analysisfiirther extended to multiple

number of occurrences of 1's. Finally all results generalized for occurrences
of all non-zero digits.
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1. Introduction

Natural numbers form infinite list of positive iggers
1, 2’ 3,
Their study is integral part of branch of Mathemsitcalled Number Theory.
They are so fundamental that their applications \a@espread in all branches of

Mathematics. They are those occurring outside Madies the most. Every branch of
study involving counting uses these numbers.

Out of these, first nine members 1, 2, 3, 4, 5,8, 9 are digits also. One more
fundamental digit in place value number systemis O

In current work, the term number is used throughwaithh the meaning of natural
number. Adopting the modern standard conventionhGhiself is not in the set of Natural
numbersN, we consider the ranges 1 -"1barring 10, for n € N. In the range 1 — 1p
the numbers under consideration amewith 1< m< 10'. The last number £0s omitted
as it contains more number € 1) of digits.
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2. Occurrence of Digit 1

Digit 1 enjoys the status of being first naturahrber. It's one more specialty is
that it is present in number systems used so ftn ali bases [1]. In this work, the
occurrence of digit 1 is analyzed in the range ef 10', except the last number "L.Gor
all natural numbers.

We have determined these counts of occurrencenglesil and also double 1's in
numbers just one less than one quintillion, i.6™ by using modern computer language

Java program and are as given below.

Sr. | Numbers Range Less Number of Numbers with singl{Number of Numbers with two
No. Than 1 1's
1. 10t 1 0
2. 107 18 1
3. 10° 243 27
4. 10* 2,916 486
5. 10° 32,805 7,290
6. 10° 354,294 98,415
7. 10’ 3,720,087 1,240,029
8. 10¢° 38,263,752 14,880,344
0. 10° 387,420,489 172,186,884
10. 10 3,874,204,890 1,937,102,44%
11. 10" 38,354,628,411 21,308,126,895
12. 10% 376,572,715,308 230,127,770,466
13. 10" 3,671,583,974,253 2,447,722,649,502
14. 104 35,586,121,596,606 25,701,087,819,771
15. 10 343,151,886,824,415 266,895,911,974,545
16. 10 3,294,258,113,514,384 2,745,215,094,595,320
17. 10" 31,501,343,210,481,297  28,001,193,964,872,264
18. 10" 300,189,270,593,998,260 283,512,088,894,331,673

In the first range £ m< 10" = 10, single 1 occurs just once as itself a numiber
can be seen 3€,9"" = 1 times.

In the second range<im< 1 = 100, single 1 occurs 18 times. Its 9 instances

are in numbers

1,21, 31,41,51, 61, 71, 81, and 91,
at unit's places and 9 instances are in numbers
10, 12, 13, 14, 15, 16, 17, 18, and 19,

at ten’s places. So, occurrence second block F8s3t* = 2 x 9 = 18 times.
In this range, double 1 occurs once in number 1his Tcount can be seen as

C9%%=1x1=1.

In the third range, £ m< 10 = 1,000, single 1 occurs 243 times in numbers
1,21, 31+, 91, 201, 221, 291, 301, 321, 391;--, 901, 921, 991,

at unit’s places

12, 13, 14;-, 19, 210, 212,-, 219, 310, 312, 319;--, 910, 912,-, 919,

at ten’s places and

100, 102, 103+, 109, 120, 122, 123,, 130, 132, 133, 139;--, 190, 192, 193, 199

at hundred’s places.

This occurrence in third block 7€,9%1 = 3 x = 3 x 81 = 243 times.
In this range, double 1's occur in
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211, 311+, 911,
at unit's and ten’s places and in
101, 121, 131, 191
at unit's and hundred’s places and then in
110, 112, 113,-, 119
at ten’s and hundred’s places.
This count iSC,9%% = 3 x 9 = 27 times.
This way all numbers in above table can be expthine
There is similar explanation for occurrences oftipléd 1's in these ranges. There
is clearly a specific pattern in the resulting figgt We have formulated it.

Notation : First we introduce the notatidfO" for number of numbers less thar' #0th
r number of 1's.

Theorem 1 : If r andn are positive integers with < n, then the number of numbers
containing exactly number of digit 1's in the range<im < 10 is

ror="com.
Proof. Letn andr be positive integers with< n. There are in total 10 digits, viz., 0, 1, 2,
3,4,5, 6,7, 8,9, available to occupylaces in all numbers in range<in< 10". We
wantr places to be occupied by digit 1. The various ad®ifor these places for digit 1
will be "C; in number. Now for each such choice, remainingr places are to be
occupied by any of the remaining 9 digits excepndl there are"d choices for each of
that. This totals td'C,9™" and hence/O"="C.9"". This completes the proof of the
theorem.
The table given above can be extended to highemrmawes of 1's by using this formula.

Sr. |Number |[Number of Numbers witt Number of Numbers witfNumber of Numbers with
No. |Range < 31's 41's 51's
1. | 10 1 0 0
2. | 10 36 1 0
3. | 10 810 45 1
4. | 10° 14,580 1,215 54
5. 10’ 229,635 25,515 1,701
6. | 10 3,306,744 459,270 40,824
7. 10° 44,641,044 7,440,174 826,686
8. | 10% 573,956,280 111,602,61( 14,880,344
9. 10" 7,102,708,965 1,578,379,770 245,525,742
10. 10" 85,232,507,580 21,308,126,895 3,788,111,448
11. | 10% 997,220,338,686 277,005,649,635 55,401,129,927
12. 104 11,422,705,697,676 3,490,271,185,401 775,615,818,978
13. 10%° 128,505,439,098,855 42.835,146,366,285 10,470,813,556,203
14. 10 1,423,444,863,864,240 514,021,756,395,420 137,072,468,372,112
15. 10" 15,556,218,869,373,480 6,049,640,671,423,020 1,747,673,971,744,428
16. 10 168,007,163,789,233,58470,002,984,912,180,66021,778,706,417,122,872
Sr. |Number |Number of Numbers withNumber of Numbers withNumber of Numbers with
No. |Range < 61's 71's 81's
1. | 10 1 0 0
2. | 10 63 1 0
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Sr. |Number |[Number of Numbers withNumber of Numbers withNumber of Numbers with
No. |Range < 61's 71's 81's
3. 1¢ 2,268 72 1
4. | 10° 61,236 2,916 81
5 | 10 1,377,810 87,480 3,645
6. | 10" 27,280,634 2,165,130 120,285
7. | 10“% 491,051,484 46,766,809 3,247,695
8. | 10% 8,207,574,804 911,952,756 75,996,063
9. | 104 129,269,303,168 16,415,149,608 1,595,917,323
10. | 10 1,939,039,547,445 277,005,649,635 30,778,405,515
11. | 10 27,922,169,483,208 4,432,090,394,160 554,011,299,270
12. | 10 388,371,993,720,984  67,810,983,030,648 9,418,192,087,590
13. | 10* 5,243,021,915,233,284 998,670,840,996,816 152,574,711,818,958
Number of Number of Number of
Sr. |Number N“mbef of ,| Numbers with 10| Numbers with 11] Numbers with 12
No. |Range <|Numbers with 9 1's , , )
1's 1's 1's
1. | 10° 1 0 0 0
2. | 10* 90 1 0 0
3. | 10" 4,455 99 1 0
4. | 10% 160,380 5,346 108 1
5. | 10% 4,691,115 208,494 6,318 117
6. | 10" 118,216,098 6,567,561 265,356 7,371
7. | 10% 2,659,862,205 177,324,147 8,955,765 331,695
8. | 10¢ 54,717,165,360  4,255,779,528 257,926,032 11,941,02(
9 | 10Y 1,046,465,787,510 93,019,181,112 6,577,113,816 365,395,212
10. | 10% |18,836,384,175,1801,883,638,417,518 152,213,205,456  9,865,670,724
St |Number Number of | Number of | Number of | Number of | Number of | Number of
No. Ranoe < Numbers | Numbers | Numbers | Numbers | Numbers | Numbers
: 9€ < with 13 1's |with 14 1’s |with 15 1's |with 16 1's | with 17 1's | with 18 1's
1. | 10 1 0 0 0 0 0
2. | 10" 126 1 0 0 0 0
3. | 10% 8,505 135 1 0 0 0
4. | 10* 408,240 9,720 144 1 0 0
5. | 10 15,615,180 495,720 11,016 153 1 0
6. | 10 |505,931,83220,076,660 594,864 12,393 162 1

3. First Occurrence of Digit 1

The first number containing 1 is naturally 1. Fot’g, the first instance is 11, for
3itis 111 and so on. We can formulate it simply.

Formulal: If nandr are natural numbers, then the first occurrenagenofimber of 1's in
numbers in ranged m< 10'is

r-1

=15

j=0

,ifr>n

x10') if r<n-
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4. Last Occurrence of Digit 1

It is more interesting to determine the last oaenices of 1. The last number in

ranges shows an interesting pattern.

103

Number
Sr Range <— ,
No. Last |10'|1C? |10°| 10* | 1C° 10° 10 10° 10°

Number

with |
1. 11 1| 91/991] 9,991/ 99,991 999,991 9,099,991 99,999,991 999,999,991
2. 21's - | 11911 9,91199,911 999,911 9,999,911 99,999,011 999,999,911
3. 31's - | - 11119,11299,111 999,111 9,999,111 99,999,111 999,999,111
4. 41's - | - | -1 1,21191,111 991,111 9,991,111 99,991,111 999,991,111
5. 51's -1 -] - - | 11,12 911,111 9,911,111 99,911,111 999,911,111
6. 61s -1 -] - - - 111,11119,111,111 99,111,111 999,111,111
7. 71s -1 -] - - - - 1,111,111 91,111,111 991,111,111
8. 81s -1 -] - - - - - 11,111,111 911,111,111
9. 91's -1 -] - - - - - - 111,111,111

We formulate them.

Formula 2 : If n andr are natural numbers, then the last occurrencenafmber of 1's in
numbers in ranged m< 10'is

- Jfr>n
=)o . 0 Jfr=n
;(1x101)+ S (ox10 )it r<n

j=r
In this course of findings, we have come up witmgnanteger sequences, which
are potential candidates for further analysis.

5. Extension to Other Non-zero Digits

We conclude by mentioning an important thing thaatever discussion has been
done for occurrences of digit 1 can be done pdyalte other non-zero digits 2 through
9. Let's denote the non-zero digit of interest dyywhere 1<d<9. The range under
consideration is £ m< 10'and 1<r <n.

Notation : We generalize the notatiofO" for number of numbers less than” ¥/@th r
number of digitd's.

Theorem 2 : If r, n andd are positive integers with< n and 1<d <9, then the number

of numbers containing exactiynumber of digid's in the range ¥ m< 10" is
AOM="C9"".

Proof. As the presence of each digit with 1<d<n is same in the total range

1<m< 10, the proof is same as that for Theorem 1.

Formula 3 : If r, n andd are positive integers with<1d < 9, then the first occurrence of
r number ofd’s in numbers in ranged m< 10'is

, ifr>n
_]r
=13 (@x10) if r<n:

j=0
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Formula 4 : If r, n andd are positive integers with<ld < 9, then the last occurrencerof
number ofd’s in numbers in rangedm< 10 is

- Jfr>n
=)o . 0 Jfr=n
Z(d x10])+ ni(gxloj)if r<n

i=0 .
j=r
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