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Abstract

In this paper, we introduce and investigate a new concept of conformable delta frac-
tional derivative which has the identity operator on time scales. Basic properties of
the theory are proved. This work extends the results in [11].
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1. Introduction

Fractional Calculus is a generalization of ordinary differentiation and integration to
arbitrary (non-integer) order. The subject is as old as the calculus of differentiation and
goes back to times when Leibniz, Gauss, and Newton invented this kind of calculation.
During three centuries, the theory of fractional calculus developed as a pure theoretical
field, useful only for mathematicians. Nowadays, the fractional calculus attracts many
scientists and engineers. There are several applications of this mathematical phenomenon
in mechanics, physics, chemistry, control theory and so on [1-5].

Recently, the authors in [6] defined a new well-behaved simple fractional derivative
called “the conformable fractional derivative” depending just on the basic limit defini-
tion of the derivative. The notion of conformable fractional derivative was developed in
[7-10]. Especialy, in [11], Nadia Benkhettou, Salima Hassani and Delfim F.M. Torres
introduced a conformable time-scale fractional calculus, which providing a natural ex-
tension of the conformable fractional calculus. But none of them have identity operator,
in other words,

T0(f
�)(t) �= f (t).
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In this paper, by defining a conformable function h(α), we introduce and investigate a
new concept of conformable delta fractional derivative which has the identity operator
on time scales. Basic properties of the theory are proved.

2. Definitions and Basic Properties

A time scale T is a nonempty closed subset of real numbers R with the subspace topology
inherited from the standard topology of R. For a, b ∈ T we define the closed interval
[a, b]T by [a, b] = {t ∈ T : a ≤ t ≤ b}. For t ∈ T we define the forward jump
operator σ(t) by σ(t) = inf{s > t : s ∈ T} where inf ∅ = sup{T}, while the backward
jump operator ρ(t) is defined by ρ(t) = sup{s < t : s ∈ T} where sup ∅ = inf{T}. If
σ(t) > t , we say that t is right-scattered, while if ρ(t) < t , we say that t is left-scattered.
If σ(t) = t , we say that t is right-dense, while if ρ(t) = t , we say that t is left-dense. A
point t ∈ T is dense if it is right and left dense; isolated if it is right and left scattered. The
forward graininess function µ(t) and the backward graininess function η(t) are defined
by µ(t) = σ(t) − t , η(t) = t − ρ(t) for all t ∈ T respectively. If sup T is finite and
left-scattered, then we define T

k := T\ sup T, otherwise T
k := T; if inf T is finite and

right-scattered, then Tk := T\ inf T, otherwise Tk := T. We set T
k
k := T

k
⋂

Tk.

A function f : T → R is conformable fractional differentiable of order α at t ∈ T
k

if there exists a number Tα(f )(t) such that, for each ε > 0, there exists a neighborhood
U of t such that

|(f (σ (t)) − f (s))t1−α − Tα(f )(t)(σ (t) − s)| ≤ ε|σ(t) − s|
for all s ∈ U . We call Tα(f )(t) the conformable fractional differentiable of f of order
α at t .

Throughout this paper, α ∈ (0, 1].

3. Conformable Delta Fractional Derivative

Let the function h(α) be continuous such that lim
α→0+ h(α) = 1, lim

α→1− h(α) = 0.

Definition 3.1. Let T be a time scale and α ∈ (0, 1]. A function f : T → R is
conformable delta fractional differentiable of order α at t ∈ T

k if there exists a number
Tα(f �)(t) such that, for each ε > 0, there exists a neighborhood U of t such that

|h(α)f (t)(σ (t) − s) + (1 − h(α))(f σ (t) − f (s))σ 1−α(t)

− Tα(f �)(t)(σ (t) − s)| ≤ ε|σ(t) − s|
for all s ∈ U . We call Tα(f �)(t) the conformable delta fractional derivative of f of
order α at t and we say that f is conformable delta fractional differentiable if f is
conformable delta fractional differentiable for all t ∈ T

k. The collection of all functions
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that are conformable delta fractional differentiable of order α on T
k
k will be denoted by

CFD.
Some useful properties of the conformable delta fractional derivative of f are given

in the next theorem.

Theorem 3.2. Let T be a time scale, t ∈ T
k and α ∈ (0, 1]. Then we have the following:

(1) If f ∈ CFD, then f is continuous at t .

(2) If f is continuous at t and t is right-scattered, then f ∈ CFD with

Tα(f �)(t) = h(α)f (t) + (1 − h(α))
f σ (t) − f (t)

µ(t)
σ 1−α(t).

(3) If t is right-dense, then f ∈ CFD if and only if the limit lim
s→t

h(α)f (t) + (1 −
h(α))

f (t) − f (s)

t − s
t1−α exists as a finite number. In this case, Tα(f �)(t) =

lim
s→t

h(α)f (t) + (1 − h(α))
f (t) − f (s)

t − s
t1−α.

Proof. Part (1). The proof is easy and will be omitted.
Part (2). Assume that f is continuous at t and t is right-scattered, By continuity,

lim
s→t

h(α)f (t) + (1 − h(α))
f σ (t) − f (s)

σ (t) − s
σ 1−α(t)

= h(α)f (t) + (1 − h(α))
f σ (t) − f (t)

µ(t)
σ 1−α(t).

Hence, given ε > 0, there exists a neighborhood U of t such that
∣∣∣∣h(α)f (t) + (1 − h(α))

f σ (t) − f (s)

σ (t) − s
σ 1−α(t) − h(α)f (t)

−(1 − h(α))
f σ (t) − f (t)

µ(t)
σ 1−α(t)

∣∣∣∣ ≤ ε.

Hence we get the desired result

Tα(f �)(t) = h(α)f (t) + (1 − h(α))
f σ (t) − f (t)

µ(t)
σ 1−α(t).

Part (3). Assume that f ∈ CFD and t is right-dense. Then for each ε > 0, there
exists a neighborhood U of t such that

|h(α)f (t)(σ (t) − s) + (1 − h(α))(f σ (t) − f (s))σ 1−α(t)

− Tα(f �)(t)(σ (t) − s)| ≤ ε|σ(t) − s|.
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Since σ(t) = t we have that

|h(α)f (t)(t − s) + (1 − h(α))(f (t) − f (s))t1−α − Tα(f �)(t)(t − s)| ≤ ε|t − s|.
It follows that∣∣∣∣h(α)f (t) + (1 − h(α))

f (t) − f (s)

t − s
t1−α − Tα(f �)(t)

∣∣∣∣ ≤ ε

for all s ∈ U , s �= t . Hence we get the desired result

Tα(f �)(t) = lim
s→t

h(α)f (t) + (1 − h(α))
f (t) − f (s)

t − s
t1−α.

On the other hand, if the limit

lim
s→t

h(α)f (t) + (1 − h(α))
f (t) − f (s)

t − s
t1−α

exists as a finite number and is equal to J , then for each ε > 0, there exists a neighborhood
U of t such that

|h(α)f (t)(t − s) + (1 − h(α))(f (t) − f (s))t1−α − J (t − s)| ≤ ε|t − s|.
Since t is right-dense, we have

|h(α)f (t)(σ (t) − s) + (1 − h(α))(f σ (t) − f (s))t1−α − J (σ (t) − s)| ≤ ε|σ(t) − s|.
Hence, f ∈ CFD and

Tα(f �)(t) = lim
s→t

h(α)f (t) + (1 − h(α))
f (t) − f (s)

t − s
t1−α.

�

Example 3.3. If f : T → R is defined by f (t) = C for all t ∈ T, where C ∈ R is
constant, then Tα(f �)(t) ≡ Ch(α).

Example 3.4. If f : T → R is defined by f (t) = t for all t ∈ T, then Tα(f �)(t) =
h(α)t + (1 − h(α))σ 1−α(t). If α = 1, then Tα(f �)(t) ≡ 1.

Example 3.5. If f : T → R is defined by f (t) = t2 for all t ∈ T := {n
2

: n ∈ N0},
then from Theorem 3.2 (2) we have that f ∈ CFD with

Tα(f �)(t) = h(α)t2 + (1 − h(α))

(
2t + 1

2

) (
t + 1

2

)1−α

.

Theorem 3.6. Assume f, g : T → R ∈ CFD. Then:
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(1) for any constant λ1, λ2, the sum λ1f + λ2g ∈ CFD with

Tα((λ1f + λ2g)�)(t) = λ1Tα(f �)(t) + λ2Tα(g�)(t).

(2) If f and g are continuous, then fg : T → R ∈ CFD with

Tα(fg)�(t) = Tα(f �)(t)gσ (t) + f (t)Tα(g�)(t) − h(α)f (t)gσ (t)

= Tα(g�)(t)f σ (t) + g(t)Tα(f �)(t) − h(α)g(t)f σ (t).

(3) If f (t)f σ (t) �= 0, then
1

f
∈ CFD with

Tα

(
1

f

)�

(t) = −Tα(f �)(t)

f (t)f σ (t)
+ h(α)

f (t)
+ h(α)

f σ (t)
.

(4) If g(t)gσ (t) �= 0, then
f

g
∈ CFD with

Tα

(
f

g

)�

(t) = Tα(f �)(t)g(t) − f (t)Tα(g�)(t)

g(t)gσ (t)
+ h(α)

f (t)

g(t)
.

Proof. Part (1). Let ε > 0. Then there exists neighborhoods U1 and U2 of t with

|λ1h(α)f (t)(σ (t) − s) + λ1(1 − h(α))(f σ (t) − f (s))σ 1−α(t)

− λ1Tα(f �)(t)(σ (t) − s)| ≤ ε

2
|λ1(σ (t) − s)|

for all s ∈ U1 and

|λ2h(α)g(t)(σ (t) − s) + λ2(1 − h(α))(gσ (t) − g(s))σ 1−α(t)

− λ2Tα(g�)(t)(σ (t) − s)| ≤ ε

2
|λ2(σ (t) − s)|

for all s ∈ U2.
Let U = U1 ∩ U2, λ = max{λ1, λ2}. Then we have for all s ∈ U

|h(α)(λ1f (t) + λ2g(t))(σ (t) − s) + (1 − h(α))(λ1f
σ (t)

+λ2g
σ (t) − λ1f (s) − λ2g(s))σ 1−α(t)

−(λ1Tα(f �)(t) + λ2Tα(g�)(t))(σ (t) − s)|
≤ |λ1h(α)f (t)(σ (t) − s) + λ1(1 − h(α))(f σ (t) − f (s))σ 1−α(t)

−λ1Tα(f �)(t)(σ (t) − s)|
+|λ2h(α)g(t)(σ (t) − s) + λ2(1 − h(α))(gσ (t) − g(s))σ 1−α(t)

−λ2Tα(g�)(t)(σ (t) − s)|
≤ ε

2
|λ1(σ (t) − s)| + ε

2
|λ2(σ (t) − s)| ≤ ε|λ(σ(t) − s)|.
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Therefore λ1f + λ2g ∈ CFD with

Tα((λ1f + λ2g)�)(t) = λ1Tα(f �)(t) + λ2Tα(g�)(t).

Part (2). If t is right-scattered, then from Theorem 3.2 (2) we have that

Tα(fg)�(t) = h(α)f (t)g(t) + (1 − h(α))
f σ (t)gσ (t) − f (t)g(t)

µ(t)
σ 1−α(t)

= h(α)f (t)gσ (t) + (1 − h(α))
f σ (t)gσ (t) − f (t)gσ (t)

µ(t)
σ 1−α(t)

+h(α)f (t)g(t) + (1 − h(α))
f (t)gσ (t) − f (t)g(t)

µ(t)
σ 1−α(t)

−h(α)f (t)gσ (t)

= Tα(f �)(t)gσ (t) + f (t)Tα(g�)(t) − h(α)f (t)gσ (t).

If t is right-dense, then from Theorem 3.2 (3) we have that

Tα(fg)�(t) = lim
s→t

h(α)f (t)g(t) + (1 − h(α))
f (t)g(t) − f (s)g(s)

t − s
σ 1−α(t)

= lim
s→t

h(α)f (t)g(t) + (1 − h(α))
f (t)g(t) − f (s)g(t)

t − s
σ 1−α(t)

+ lim
s→t

h(α)f (s)g(t) + (1 − h(α))
f (s)g(t) − f (s)g(s)

t − s
σ 1−α(t)

− lim
s→t

h(α)f (s)g(t)

= Tα(f �)(t)g(t) + f (t)Tα(g�)(t) − h(α)f (t)g(t)

= Tα(f �)(t)gσ (t) + f (t)Tα(g�)(t) − h(α)f (t)gσ (t).

The other product rule formula follows by interchanging the role of functions f and g.
Part (3). From Example 3.3 we have that

Tα

(
f · 1

f

)�

(t) = Tα(1)�(t) = h(α).

Therefore,

Tα

(
1

f

)�

(t)f σ (t) + Tα(f �)(t)
1

f (t)
− h(α)

f σ (t)

f (t)
= h(α).

and consequently

Tα

( 1

f

)�

(t) = −Tα(f �)(t)

f (t)f σ (t)
+ h(α)

f (t)
+ h(α)

f σ (t)
.
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Part (4). We use (2) and (3) to calculate

Tα

(f

g

)�

(t) = f (t)Tα

(1

g

)�

(t) + Tα(f �)(t)
1

gσ (t)
− h(α)

f (t)

gσ (t)

= f (t)
(

− Tα(g�)(t)

g(t)gσ (t)
+ h(α)

g(t)
+ h(α)

gσ (t)

)

+Tα(f �)(t)
1

gσ (t)
− h(α)

f (t)

gσ (t)

= Tα(f �)(t)g(t) − f (t)Tα(g�)(t)

g(t)gσ (t)
+ h(α)

f (t)

g(t)
.

�

Example 3.7. If f : T → R is defined by f (t) = 1

t
for all t ∈ T := {√n : n ∈ N0},

then from Theorem 1 (ii) we have that f ∈ CFD with

Tα(f �)(t) = h(α)

t
− (1 − h(α))

1√
t2 + 1

(
1√

t2 + 1 + t

)−α

= h(α)

t
− (1 − h(α))

1√
t2 + 1

(√
t2 + 1 − t

)−α

.

References

[1] K. Miller, B. Ross, An introduction to the fractional calculus and fractional differ-
ential equations, New York: Wiley, 1993.

[2] K. B. Oldham, J. Spanier, The fractional calculus, Academic Press, New York and
London, 1974.

[3] R. Herrmann, Fractional Calculus:An Introduction for Physicists, World Scientific,
Singapore, 2014.

[4] R. P. Meilanov, R. A. Magomedov, Thermodynamics in Fractional Calculus, Jour-
nal of Engineering Physics and Thermophysics, (2014), 87(6):1521–1531.

[5] A. Carpinteri, P. Cornetti, Alberto Sapora, Nonlocal elasticity: an approach based
on fractional calculus, Meccanica, (2014), 49(11):2551–2569.

[6] R. Khalil, M. Al Horani, A. Yousef, M. Sababheh, A new definition of fractional
derivative, J. Comput. Appl. Math., (2014), 264:57–66.

[7] T. Abdeljawad, On conformable fractional calculus , J. Comput. Appl. Math.,
(2015), 279, 57–66.

[8] I. Abu Hammad, R. Khalil, Fractional Fourier series with applications, American
J. Computational Appl. Math., (2014), 6(4):187–191.



68 Da-Fang Zhao, Xue-Xiao You, and Jian Cheng

[9] M.Abu Hammad, R. Khalil, Legendre fractional differential equation and Legendre
fractional polynomials, International J. Appl. Math. Research, (2014), 3(3): 214–
219.

[10] H. Batarfi, Jorge Losada, Juan J. Nieto, W. Shammakh, Three-point boundary value
problems for conformable fractional differential equations, J. Funct. Spaces, 2015.
Art. ID 706383, 6 pages.

[11] N. Benkhettou, S. Hassani, D.F.M. Torres, A conformable fractional calculus on
arbitrary time scales, Journal of King Saud University (Science). (2016), DOI:
10.1016/j.jksus.2015.05.003.

[12] N. Benkhettou, A.M.C. Brito da Cruz, D.F.M. Torres, A fractional calculus on
arbitrary time scales: Fractional differentiation and fractional integration, Signal
Processing, 2015, 107:230–237.

[13] S. Hilger, Ein Makettenkalkl mit Anwendung auf Zentrumsmannigfaltigkeiten,
Ph. D. Thesis, Universtat Wurzburg, 1988.

[14] S. Hilger, Analysis on measure chains–A unified approach to continuous and dis-
crete calculus, Results Math., (1990), 18:18–56.

[15] M. Bohner, A. Peterson, Dynamic equations on time scales. An introduction with
applications, Birkhauser, Boston, MA, 2001.

[16] M. Bohner, A. Peterson, Advances in Dynamic Equations on Time Scales,
Birkhauser, Boston, 2004.


