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Abstract

In this paper, we introduce and investigate a new concept of conformable delta frac-
tional derivative which has the identity operator on time scales. Basic properties of
the theory are proved. This work extends the results in [11].
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1. Introduction

Fractional Calculus is a generalization of ordinary differentiation and integration to
arbitrary (non-integer) order. The subject is as old as the calculus of differentiation and
goes back to times when Leibniz, Gauss, and Newton invented this kind of calculation.
During three centuries, the theory of fractional calculus developed as a pure theoretical
field, useful only for mathematicians. Nowadays, the fractional calculus attracts many
scientists and engineers. There are several applications of this mathematical phenomenon
in mechanics, physics, chemistry, control theory and so on [1-5].

Recently, the authors in [6] defined a new well-behaved simple fractional derivative
called “the conformable fractional derivative” depending just on the basic limit defini-
tion of the derivative. The notion of conformable fractional derivative was developed in
[7-10]. Especialy, in [11], Nadia Benkhettou, Salima Hassani and Delfim F.M. Torres
introduced a conformable time-scale fractional calculus, which providing a natural ex-
tension of the conformable fractional calculus. But none of them have identity operator,
in other words,

To(f2)(1) # f(1).

1Supported by Educational Commission of Hubei Province of China (Q20152505).
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In this paper, by defining a conformable function 4 («), we introduce and investigate a
new concept of conformable delta fractional derivative which has the identity operator
on time scales. Basic properties of the theory are proved.

2. Definitions and Basic Properties

A time scale T is a nonempty closed subset of real numbers R with the subspace topology
inherited from the standard topology of R. For a, b € T we define the closed interval
[a,blr by [a,b] = {t € T : a <t < b}. Fort € T we define the forward jump
operator o (t) by o (¢t) = inf{s > ¢ : s € T} where inf § = sup{T}, while the backward
jump operator p(t) is defined by p(¢) = sup{s < ¢ : s € T} where sup¥ = inf{T}. If
o (t) > t, we say that ¢ is right-scattered, while if p(¢) < ¢, we say that ¢ is left-scattered.
If o (t) = t, we say that ¢ is right-dense, while if p(¢) = ¢, we say that ¢ is left-dense. A
point¢ € T is dense if it is right and left dense; isolated if it is right and left scattered. The
forward graininess function . (¢) and the backward graininess function 7(¢) are defined
by u(t) = o) —t,n(t) =t — p(t) for all t € T respectively. If sup T is finite and
left-scattered, then we define T* .= T\ sup T, otherwise T* .= T; if inf T is finite and
right-scattered, then Ty := T\ inf T, otherwise Ty := T. We set Tﬁ = Tk ﬂ Ty.

A function f : T — R is conformable fractional differentiable of order « at ¢ € TX
if there exists a number T, ( f)(¢) such that, for each ¢ > 0, there exists a neighborhood
U of t such that

[(f@@®) = f)E' ™ =T (/@) (0 1) = 5)| < €lo(t) —s]

forall s € U. We call T, (f)(¢) the conformable fractional differentiable of f of order
o att.
Throughout this paper, @ € (0, 1].

3. Conformable Delta Fractional Derivative

Let the function A («) be continuous such that lim A(x) =1, lim h(x) =0.
a—0t a—1-

Definition 3.1. Let T be a time scale and @ € (0, 1]. A function f : T — R is
conformable delta fractional differentiable of order « at ¢ € TX if there exists a number
To(f2)(¢) such that, for each & > 0, there exists a neighborhood U of ¢ such that

(@) ()0 @) —s) + (1= h(@)(f7 @) — f(s)o' @)
— To(fH) @) (0 (1) = 5)| < €lo(t) — s
forall s € U. We call T, (f A)(t) the conformable delta fractional derivative of f of

order o at t and we say that f is conformable delta fractional differentiable if f is
conformable delta fractional differentiable for all # € TX. The collection of all functions
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that are conformable delta fractional differentiable of order o on T],g will be denoted by
¢5D.

Some useful properties of the conformable delta fractional derivative of f are given
in the next theorem.

Theorem 3.2. Let T be atime scale, ¢ € TKand o € (0, 1]. Then we have the following:
(1) If f € €§D, then f is continuous at .
(2) If f is continuous at ¢ and 7 is right-scattered, then f € €FD with

l—«a
Mo

To(f2)(0) = h(@) f (1) + (1 — h(@))

(3) If ¢ is right-dense, then f € €FD if and only if the limit limt ha)f(@) + (1 —
Nard

h(a))wtl_“ exists as a finite number. In this case, To,(fA)(t) =
lim /(@) £ (1) + (1 = h(a))%f(s)tl_“.

Proof. Part (1). The proof is easy and will be omitted.
Part (2). Assume that f is continuous at ¢ and ¢ is right-scattered, By continuity,

@ — f(s)
o(t)—s
fo@ = f@

= h(@) f(t) + (1 — (@) ————=c ().
wu(r)

Hence, given ¢ > 0, there exists a neighborhood U of ¢ such that

@) £ + (1 = h@) DTS ey ey pr)
o(t)—s

—( - h(a))wal—a(t) <e.
p(t)

lim 2(e) £ (1) + (1 — h(e)) o'~

Hence we get the desired result
O —-f@
wu(r)

Part (3). Assume that f € €FD and ¢ is right-dense. Then for each ¢ > 0, there
exists a neighborhood U of ¢ such that

a7,

To (f2) () = h(@) £ () + (1 — h(a))

[h(@) f(£)(a () —5) + (1 — h(@)(f° (1) — F(s))a' ™ (1)
—To (f2)A) (0 (1) —5)| < €lo(t) —s|.
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Since o (t) = ¢ we have that

|h(@) ()t — ) + (1 — h(@)(f (1) — fsNE'™ = To (f ))& — )| < €]t — s].
It follows that
f() f(s) e

h(e) f (1) + (1 = h(a)) —To(fY) 1) <€

forall s € U, s # t. Hence we get the desired result

TL(F)0) = lim he) @) + (1 — hien T =T e

On the other hand, if the limit

lim 7(e) f (1) + (1 = h(a))f(t)—f(s) I-a

exists as a finite number and is equal to J, then foreach ¢ > 0, there exists a neighborhood
U of t such that

(@) ()t —5) + (1= h(@)(f(t) = f(sNt' ™ — J(t — )| < €|t —s].
Since  is right-dense, we have
(o) f (1) (0 (t) =) + (1 — R(@)(f7(t) — f(sNt' ™ = T (0 (t) — 5)| < €lo(t) —s].
Hence, f € €3D and
f — f(s) o

— S

Ta(f)(0) = lim he) £ (1) + (1 = h(@))
[

Example 3.3. If f : T — R is defined by f(¢) = C forallt € T, where C € R is
constant, then To (f2) (1) = Ch(w).

Example 3.4. If f : T — R is defined by f(¢) = ¢ forall t € T, then Ta(fA)(t) =
h(@)t + (1 — h(a)o 7% (@#). Ifa = 1, then Ty (f2)(¢) = 1.

Example 3.5. If f : T — R is defined by f(z) = t*forallt € T := {g :n € Np},
then from Theorem 3.2 (2) we have that f € €5 with

l—«a
Tu (/)0 = h@)r + (1 - h(@)) (Zt + %) (r + %) |

Theorem 3.6. Assume f, g : T — R € €. Then:
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(1) for any constant A1, A2, the sum A f + g € €FD with
To (A1 f + 228)™) (@) = MTa(f (1) + 12 To () (1),
(2) If f and g are continuous, then fg : T — R € €FD with

To (f8)2(t) = Ta(f)(1)g” (1) + f(O)To(g™)(t) — h(e) £ (1)g° (1)
= Ty (g®) (1) f7 (1) + g(OTo (f2) (1) — h(a)g(t) fO(1).

(3) If £(t) £ (t) # 0, then % € €FD with

1\% T,(f2 (@) k@)  ha)
T, (= = — .
<f) O=—oro 7o T o

4) If g(1)g° () # 0, then g e €30 with
A A _ A
T, (i) (1) = To(f2)()g@) — fF()To(g7)(1) +h(a)&.
g(1)g° (1) g(®)

Proof. Part (1). Let ¢ > 0. Then there exists neighborhoods U and U; of ¢ with
IMih(@) f(0)(0 ) —s) + A (1 — h@) (@) — f(s)o' (@)
— T (f)O (@) —5)| < glkl(a(t) — )|

for all s € Uy and

[Aah(@)g (1) (o (1) — s) + Aa(1 — h(@)) (g7 () — g()a' (1)
— MTa(g® ) (0 () — )] < %Ikz(ﬁ(t) — )|

for all s € Us.
Let U = Uy NU,, . = max{A;, A2}. Then we have forall s € U

|h(@) (A1 f (1) + 228 () (0 (1) — 5) + (1 — h(@)) (A1 [ (1)

+228° (1) — M £(5) — Aag(s)o ' (1)
—(MTe(f2) () + 22T () () (0 (1) — 5)|

< MA@ FO (@) =) + 11 —h@) () — f()o' ()
—MTa(f) (O (0 (1) — )]
Aok (@)g () (o (t) — ) + Ao (1 — h(@))(g° (t) — g(s))o 7% ()
—To (8@ (o (1) — 5)|

< %IM(J(I) —8)|+ %Mz(ﬁ(l) — 5)| < €|r(o(?) = 3)|.
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Therefore A f + Arg € €D with

To((A1f 4+ 228))(®) = MTa(f2)(#) + 22 Ta(g®) ().
Part (2). If ¢ is right-scattered, then from Theorem 3.2 (2) we have that

fO0ego @ — f(g) 1,

To(f9)2(1) = h(@)f(0)g) + (1 — h(w) p(t) o (1)
= @) fOg () + (1 — hay 18 (tli(;)f(”g @ y1-a(p)
+h(e) f(D)g(0) + (1 — h(oz))f(t)g (t;(:)f(t)g(t)al_“(t)

—h(a) f(1)g° (1)
= Ta(fM 07 @) + f()Ta(g™) () — h(@) f(1)g° ().

If ¢ is right-dense, then from Theorem 3.2 (3) we have that
f0)g) — f(S)g(S)Ol_a

t—s

f(t)g(li — f(s)g(t)al_o‘(t)

f($)g) — f(s)g(s)al_“(t)

r—s

Tu(f9)™(0) = limh@)f()g®) + (1 —h@) (1)

= }1_r)r} h(e) f()g() + (1 — h(w))

+lim h(e) f(s)g(1) + (1 — h())
— lim 2i(e) f (s)g (1)

= To(f2)(0)g(t) + f()Te(g™)(t) — h(a) f(1)g(2)
= T (f*)(0)g” @)+ f(O)Tu(g®) (1) — h(a) f(1)g° (t).

The other product rule formula follows by interchanging the role of functions f and g.
Part (3). From Example 3.3 we have that

1 A
T, (f : ?) (t) = Ta (D)2 (1) = h(a).

Therefore,

1\2 1 o
T, (—) O f7 @) + To (f2) () — — h(a)f 2 = h(a).

f f@ f@)

and consequently

1A T  h@ k@)
T, (=) ) =— .
<f) O="Zoro o T o
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Part (4). We use (2) and (3) to calculate

S 1 £0)
T.() @ = f(r)Ta(g) (1) + Ta(F ) (,(t) ez
- LT | h@) | h@)
= s 00 " 50 gw))

£
T,
T (f) () —— U() e
_ TUHO0 ~ fOTEO o f )
g(1)go (1) g()

1
Example 3.7. If f : T — R is defined by f(¢) = " forallt € T := {/n : n € No},
then from Theorem 1 (ii) we have that f € €D with

() 1 1 -
T, =— _(1—h
(H© ( (a))\/2+1<\/t2+1+t)
h(a) —a
= _(1- V21— .
( ——Fl( 12+ t)
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