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Abstract

In this paper, we define and study a new symmetric fractional derivative on time
scales. Many basic properties of symmetric fractional derivative will be obtained.
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1. Introduction

Fractional Calculus is a generalization of ordinary differentiation and integration to
arbitrary (non-integer) order. The subject is as old as the calculus of differentiation and
goes back to times when Leibniz, Gauss, and Newton invented this kind of calculation.
During three centuries, the theory of fractional calculus developed as a pure theoretical
field, useful only for mathematicians. Nowadays, the fractional calculus attracts many
scientists and engineers. There are several applications of this mathematical phenomenon
in mechanics, physics, chemistry, control theory and so on [1-4].

Recently, the authors in [5] defined a new well-behaved simple fractional derivative
called “the conformable fractional derivative” depending just on the basic limit definition
of the derivative. The notion of conformable fractional derivative was developed in [6—
10]. On the other hand, It is well known that symmetric properties of real functions play
an important role in a number of problems. Particularly in the theory of trigonometric
series. The investigation of such notions (symmetric continuou, symmetric derivative
etc) has become a separate and recognizable topic of study in Real Variables [15-19]. In
this paper, we introduce the concepts of symmetric fractional derivative on time scales,
give a generalization of the symmetric derivative [20].
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2. Definitions and Basic Properties

A time scale T is a nonempty closed subset of real numbers R with the subspace topology
inherited from the standard topology of R. For a, b € T we define the closed interval
[a,blr by [a,b] = {t € T : a <t < b}. Fort € T we define the forward jump
operator o (t) by o (t) = inf{s > ¢ : s € T} where inf ¥ = sup{T}, while the backward
jump operator p(¢) is defined by p(¢) = sup{s < ¢ : s € T} where sup¥ = inf{T}. If
o (t) > t, we say that is right-scattered, while if p(¢) < ¢, we say that 7 is left-scattered.
If o(t) = t, we say that 7 is right-dense, while if p(¢) = ¢, we say that ¢ is left-dense. A
point¢ € T is dense if it is right and left dense; isolated if it is right and left scattered. The
forward graininess function w(z) and the backward graininess function 7(¢) are defined
by u(t) = o(t) —t, n(t) =t — p(t) for all t € T respectively. If sup T is finite and
left-scattered, then we define T* .= T\ sup T, otherwise T* .= T; if inf T 1s finite and
right-scattered, then Ty := T\ inf T, otherwise T := T. We set T* .= Tk ﬂ Ty.

A function f : T — R is symmetric differentiable at t € ']I‘i if there exists a number
f <>(t) such that, for each ¢ > 0, there exists a neighborhood U of ¢ such that

ILF7@) — &)+ fQRt —5) — fFPO] — (0 @) +2t — 25 — p(1))]
<e€lo(t)+2t —2s — p(t)|

for all s € U for which 2t — s € U. Throughout this paper, « € (0, 1].

3. Symmetric Fractional Derivative

Definition 3.1. We say that a function f : T — R is symmetric continuous at ¢ € T if
for each ¢ > 0 there is a gauge § such that | f(t + h) — f(t — h)| < € for any |h| < §.

Definition 3.2. Assume f : T — R is a function and let ¢ € Tz. Then we define
Ty (f*) () to be the number (provided it exists) with the property that given any & > 0,
there exists a gauge & such that

((f7@) = fa+h) + @& —h) = [P = To(f)) (0 @) = 21 — p(1))]
<é€lo(®) =2h — p()]

for any 0 < |h| < 8. We call T, (f*)(¢) the symmetric fractional derivative of order «
at r. Moreover, we say that f is symmetric fractional differentiable of order o on T’,ﬁ
provided T, (f*)(¢) exists for all r € Tﬁ. The function Ty (f°) : ’]1"’,2 — R is then called
the symmetric fractional derivative of order o on Tﬁ. The collection of all functions
that are symmetric fractional differentiable of order o on ']I",i will be denoted by &9. If
o = 1, then we obtain the symmetric derivative f ).

Some useful properties of the symmetric fractional derivative of f of order « are
given in the next theorem.

Theorem 3.3. Let f : T — Randt € Ti. Then we have the following:
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(1) Function f has at most one symmetric derivative at ¢.
(2) If f € G, then f is symmetric continuous at ¢.
(3) If f issymmetric continuous at ¢ and ¢ is notdense, then f € &® with Ty (f*)(¢) =
fo@) — f”(t)tl_a
o(t) — p(t)

f(t—l—h)—f(t—h)tl_a

(4) If ¢ is dense, then f € GD if and only if the limit }}in%) T

exists as a finite number. In this case

fath = fa=h .,
2h '

To (f*)(1) = lim

(5) If f € 6D, then f7(1) = f(1) + Tu(f*) ) (0 (1) — p(0))1*".

Proof. Part (1). The proof is easy and will be omitted.
Part (2). Assume that f € G®. Lete € (0, 1). Define

* € | l—Ot|

© T2 H (D + 0 (0) — p()D)

Then ¢* € (0, 1). By Definition 3.2 there exists a gauge 8 such that for any 0 <
|h| < 8 we have

((F7@) = f+h) + & —h) = [P = To(f)) (0 1) — 20 — p(1))]
<€'lo(t) —2h — p@)|.

Therefore we have that

|+ h) = f@—h)

< AfO0 — fE+h) + f(t —h) — fPt) — To (A0 (1) — 2k — p()t* |
HIFO(t) — FP() — To(f) () (0 () —2h — p(e)t*™ !
< (o) —2h — pO))t* |+ 2| T (f5) (t)ht* |

HIO@) = f(O) + f@) = £P1) — To(f)0) (0 () — 2k — p(0)t* 7!
e*[(o(t) — 2h — p(Nt* |+ 2|To (f) Ot + *[(a (t) — p(0))t* !
2¢*(0 (1) — p()t% | 4+ 2€¥| (€ + T (f) ()17

2617 (L+ |o (1) — p()] + [Ta(f)(0)])

€.

IAIA TA

It follows that f is symmetric continuous at ¢.
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Part (3). Assume that f is symmetric continuous at# and ¢ is not dense. By symmetric
continuity,

lim fo@) — fe+h)+ f(t —h) — fp(t)tl_a [ - f"(t)tl_a
h—0 o(t) —2h — p(t) o) — p() '

Hence, given ¢ > 0, there exists exists a gauge é such that

f"(t)—f(t+h)+f(t—h)—f”(t)tl_a_ f"(t)—f”(t)tl_a -
o(t) —2h — p(t) o(t) — p(t) B

for any 0 < |h| < §. It follows that

_STO =0 i,

o B h _h) — fP -«
’(f () = fa+h)+ ft —h)— fP@)t o(t) — p(t)

<é€lo(t) =2h = p(D)].

(o(t) —2h — ,o(t))‘

o(t) — p(t)
Part (4). Assume that f € &9 and ¢ is dense. Then for each ¢ > 0, there exists §

such that

Hence we get the desired result T, (f*)(¢) =

|(f7 @)= f (t+h)+ £ t—m)— [P ()t =To (f*) (1) (0 (1)—2h—p(1))| < €lo(t)—2h—p(1)!.

Since o (t) = p(t) = t we have that

[(f @t +h) = [t =)' ™ =2hTo(f5)(0)] < 2¢]h].

It follows that
f@+h) — f(— h)tl_a
2h

Hence we get the desired result

~To (1) <e.

f@+h)— f(t _h)tl—a
2h '

To (f*)(1) = Jim

t+h)— f(t—nh
On the other hand, if the limit illirr}) TAURS )2h Al )tI’“
and is equal to J, then for each ¢ > 0, there exists a gauge § such that

exists as a finite number

|(f(t +h)— f(t — h))tl_“ —2hJ| < €|2h].
Since ¢ is dense, we have that

(fOO—fE+R)+fE—h)—fPO))t' =T (o) —2h—p®))] < €lo () —2h—p(1)].
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Hence, f € G and

fa+h) - f(t_h)tl—o(
2h '

Part (5). The proof is easy and will be omitted. |

To (f)(@) = Jim

Corollary 3.4. Again we consider the two cases T = R and T = hZ.

t+h)— f(t—h
(1) IT=R,thenf :R - R e 6D ifandonlyifthelimit%ir% AU )th( )tl_“
exists as a finite number. In this case

T, = lim T +h)2_hf(t — i gl g,

where f*(¢) is the classic symmetric derivative. If @ = 1, then we have that

To (f)(@) = f7(0).
(2) fT=hZ,h > O, then f : Z — R € &D with

Ja+h) —fe—h

To (f)(@0) = 7

(t +h)' .

If « = 1, then we obtain the symmetric /-derivative in quantum calculus [19].
Theorem 3.5. Assume f, g : T — R € &9. Then:

(1) for any constant A1, A, A1 f + Aog € &P with
To (M1 f +228)")(1) = MTo(f) (1) + 22To(g°) ().
(2) If f and g are continuous, then the product fg : T — R € &% with

Ta(f8)' (1) = Ta(f) ()87 )+ 1)Ta(8") (1) = Ta(g") (1) 7 (1) +8” () Ta (f*) ().

(3) If f7(@t)fP(t) # 0, then % € 69 with

T, (l) 0 = - L
f oo

(4) If g7 (t)g”(t) # 0, then g € 69 with

T (i) O = To(f*)(1)g" (1) — fP(1)To(g*)(t)
“Ng g°(1)gh (1) ‘
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Proof. Part (1). The proof is easy and will be omitted.
Part (2). Let us assume that ¢ € ']I",i and f and g are continuous at ¢. If ¢ is not dense,
then

foge @) — f"(t)g"(t)tl_a

o(t) — p(1)
O =P o e 87(0) —8P()
= =0 O T 0T ow
= To(fH)g° @)+ fP()Ta(g*)(1).

To(f8)' (1) =

Pt

If ¢ is dense, then

T,(for() — lim Z0EMEEAN —fl—hgt—h)

h—0 2h
L f+h) —fGt—h I
= %1_{1}) o gt +h)t
. gt+h)—gt—nh) l—a
1 t—h)t
tom 2h fe=n

= To(fHDg7 (1) + fP()Ta(g")(@).
Thus
To(fg)' () = To(f)(@)g° (1) + fP()Tu(g*) ()

holds at ¢ € T’,ﬁ . The other product rule formula follows by interchanging the role of
functions f and g.
Part (3). It is easy to get that

1
To(f - ?)S(t) =Ty (1)’(t) = 0.
Therefore,

1\° 1\’
Ty (f° — + fPOTy | = =0
(f )(0(},) )+ fF() (f) (*)

and consequently
- (1) 0= T
f fo@ fr)
Part (4). We use (2) and (3) to calculate

f N s 1 1 N
T, (—) 1) =To(f)O)——+ fP ()T (—) (1)
g go(1) g
_ Ta(FH 08" 1) = [P Ta(g") @)
g (t)gr (1) '
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Example 3.6. If f : T — R is defined by f(¢) = ¢> for all t € T%, then

sy |1 @@+ ) ifa# L
T(fH® = o(t) + p(t) ifo = 1. 1
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