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Abstract

By using the Lyapunov functions and analysis technique along with
Razumikhin technique, several results for the uniform stability criteria have
been derived. The obtained findings extend and generalize several results
existing in the literature.
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I Introduction

Impulsive delay differential equations have enormous possible applications in the
theory of control systems, power systems, time-varying nonlinear feedback systems,
biology, pharmacokinetics, and so on [1, 4, 5, 8]. There are many applications in
which there is need to find the qualitative properties of the solutions, because in many
cases it is not possible to find the solutions of the differential equation. In those cases
we depend on the qualitative properties of the equation.

In recent years many kinds of stability problems of impulsive delay differential
equations have been studied and many interesting results have been obtained [2, 7].
An impulsive differential system generally consists of three components: a continuous
differential equation, which directs the motion of the system between impulsive
actions, a discrete system of difference equations, which direct the method of the
system state change at once when a situation event occurs; and a condition for finding
when the states of the system are to be rearranged. The important methods: Lyapunov
functions and Razumikhin technique are very useful for the study of stability analysis
of different kinds of delay differential equations, and it have been proved that these
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techniques are a powerful instrument in the study and research of the properties of
impulsive delay differential equations [4, 3]. There are a numerous research works
appeared in the literature on impulsive delayed linear differential equations. In this
paper we will study the uniform stability for impulsive differential equation by
Razumikhin method. As a result criteria on uniform stability can be obtained.

This paper is organized as follows. In Section II, we introduce some basic definitions
and notations. In Section III, we get some criteria for uniform stability for impulsive
differential equation by Razumikhin method.

1 Preliminaries

Consider the following impulsive differential:

x'(t) = f(t: xt)l t e [tk—lr tk);

Ax(t) = L (t, xi-), t = ty, k EN, (1)
Xeo =N

We assume that function f, I: R, X PC([—7,0],R™) - R™) and n € PC([—7,0],R"™)
satisfy all required conditions for existence and uniqueness of the solutions for all
t >t,. The time sequence [t |7, satisfy 0=ty <t; < - <ty <, Mt =
o, Ax(t,) = x(t*) —x(t~) and x;,x,~ € PC([—7,0],R™) are defined by x.(r) =
x(t+7r) and x,-(r) = x(t~ + 1) for -7 < r < 0 respectively. We shall assume that
f(t, 0)=0, and I,(t,0) =0 for all t € R, and k € N, so that system (1) admits the
trivial solution.

Given a constant T > 0, we equip the linear space PC([—t,0],R™) with the norm
. 1l; = sup_r<r<oll()]l. Denote x(t)=x(t, ty, 1), be the solution of (1) s. t.

x(o + 1) =n(r),re[—r,0].

We further assume that all the solutions x(t) of (1) are continuous except at t;, KE N
at which x(t) is right continuous.

Definition 1: The function V: R+ x R™ — R+ is said to belong to the class v, if we

have the following.

1) V' is continuous in each of the sets [t,_;, tx) X R™, and for each x € R™, t €
[tk-1. te) k€N, im )0V (& W) =V (L, x) exists.

2) V' (¢, x) is locally Lipschitzian in all x € R™, and for all > ¢, V' (¢, 0) = 0.

Definition 2: Given a function V: R+ x R™ — R+, the upper right-hand derivative of
V with respect to system (1) is defined by D* V' (¢, x(¢)) = lim sups_, o+ % [V (t+0, x( t+0
)=V, x(1)].

We shall make the following hypotheses.

(H1) f(t, ) is composite-PC, i. e., if for each t, € R, and a > 0, where [ty t, +
a] €ER,,if x € PC([ty —T,ty + a],R™) and x is continuous at each t #t, in
(to, to + @], then the composite function g defined by g(t) = f(t, x;) is an element o
the function class PC([to, ty + @], R™).
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(H2) f(t, ) is quasi-bounded, i. e., if for some t, € R, and a > 0, where [t,, t, +
a] € R,, and for each compact set F € R"™ there exists some M > 0 such that
If (t, )|l < M for all (t, @) € [to,ty + a] X PC([—1,0],F).is

(H3)For each fixed t € R, f(t, @) is a continuous function of ¢ on PC([—t,0],R™).
It is shown in[3] that under assumptions (H1)-(H3), the initial value problem has a
solution x(t, ty,m) £ x(t) existing in a maximal interval 1. If, in addition, f(¢t,¢) is
locally Lipschitz in ¢, then the solution x(t) = 0.

I Main Results
In the following, we shall establish criteria on impulsive differential equation with
any time delay for uniform stability. We have the followings results.
Theorem 1: Suppose that there exist a function V € vyand some positive constants p,
C1,C2, 0, Br = 0,k € N such that following conditions hold:
cllxlP < V(t,x) < c,||lx]||P, forany t € R* and x € R™
D*V(t,(0)) < —R()V(t,¥(0)), for all t#t, in R,, Whenever
V(t,p(0) =V(t+r () for re[-1,0], where X(t)€ PC([ty—
7,0),R,) and infs R(t) = 6
There exist a positive constant &, where 0< &,_; <1,VkKEN

stV (b, (O + (6, ¥)) < (1+ &IV (5, ¥(0)), with T, & < oo and
Y(0) =¥(07)

Then the zero solution of (1) is uniformly stable.
Proof: Let x(t)=x(t, ty, ) be any solution of the impulsive system (1) with the initial
condition x;, =n and V(t)=V(t, x(t)). Let for any given € > 0, there exist § > 0 such

1
that (E—Z B)r§ < € and |||, < § where B = [[2,(1 + &), since Xp_, & < oo.
1
We shall show that

k—1
VO < e | [+ &) Il teltis, ), keN, where & = 0
i=0

k-1
VO - e | [+ &) I, teltiu, ), keN
i=0

Let M (t)=

V() = colInll?, telto — 7.t

We need to show that M'(t) < 0 for all t > ¢t,. It is clear that M'(t) < 0 for te[t, —
T, tO]

Since M'(t) < V(t) — ¢,|Inll? < 0 by condition (i).

Take k=1, we shall show that M(t) < 0 for t € [t,,t;). Let y > 0 be arbitrary. Now
we will show that M'(t) <y for t € [ty,t;). Suppose not, then there exist some
t € [to,ty) such that M(t) > y.Let t*=inf{t € [ty t;): M(t) >y}, since
M) <0<y for te[ty—7,ty], we know t* € [ty t;). Note that M(t) is
continuous on [ty, t;), then M (t*) = y and M (t) < y for te[t, — T, t*].
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Now V(t*) = M (t*) + c,IIn|l? and for r € [—1, 0], we have

Vi +7r) =Mt + 1)+ iy

<y +clnll?

=V(t")

So by condition (ii), we have D*V (t*) < —X(t*)V(t*), then we have

D¥M(t*) = DTV (") + R(t")c,IInll?

< =RV () = c,lnllY)

=—R(t")y <0,

which contradicts the definition of t*, so we get M'(t) <y for all t € [t,, t;). Let
y = 0%, we have M'(t) < 0 fort € [ty, t;).

Now we assume that M (t) < 0 for t € [ty, t,,),m = 1. We shall show that M (t) <
0 fort € [tg, tins1)-

By condition(iii), we have

M) = Vitw) = | [+ Il

<A+EVED —c | [a+e i

l
=1+ )M (t) <0
Let y > 0 be arbitrary, we need to show M (t) <y for t € [t,, tins1)- Suppose not,
let t* =inf{t € [t,,,, tyns1): M (t) > y. Since M (t,,) < 0 <y, by the continuity of
M (t), we gett* > t,,, M(t*) =y and M (t) <y fort € [ty t*].

Since V(t*) = M (t*) + ¢, [T (1 + &) IInlI?, then for any r € [—1, 0], we have
m

Ve +n) S ME +)+6 | [a+a

=0
m

<y+e| [a+eme
i=0

=V (t")
Thus by condition (ii), D¥V(t*) < —R(t*)V(t*), and then we have
m

DRM() = DV () +X(E)e, | [(1+ &) Il

< -XEE) = | [+ i)

=0

=—RXR({t)y <0

Again this contradicts the definition of t*, which implies M (t) <y for all t €
[t tms1). Let y = 07, we have M'(t) < 0 for all t € [t,,, tyne1). SO M (t) <0 for
all t € [to, tms1)-

Thus by the method of induction, we get

V) < ¢ [T (1 + &) InllZ ¢ € [ty—q, tiy, k € N.

By condition (i)-(iii), we have
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k-1
allkl? <v© < e | [a+e i < Bl > 6,
i=0
which yields
c, L
lxll < 2 B)Plinle t = to
1

x|l <&t =t
Therefore the zero solution of (1) is uniformly stable.
Theorem 2: Suppose that the given hypothesis are satisfied and there exist a function
V € vy, and the constants p>0, m>1, positive constants ¢4, ¢, such that:
cllxllP < V(t,x) < c,||lx]||P, forany t € R* and x € R™
D*V(t,(0)) < —R()V(t,¥(0)), for all t#t, in R,, Whenever
V(t,Y(0)) =V(t+ry()) forre [—1,0]

V(te$(0) + Le(ti ) <y (V(t,¥(0))), where  1(07) = 1(0), and
wg (1) is continuous, 0 < w (jr) < jwy(r) and wy(r) = r holds for any j=> 0
and r > 0, and there exists R > 1 such that wy (wx_1 (... (0, (1)) ...))/r < R,
where r > 0, keN.

Then the zero solution of (1) is uniformly stable.

Proof: To prove, we shall show that
V(t) < wy_q (a)k_z(... (wl(a)o(V(tO))) )) Jt € [ty—1, ti), k €N where wy(r) =
r for any r € R. Suppose

V() = 0t (02 (o (@200 (V (£0))) ) ) teltis, i), keN

Let M (t)=

M (to)

U E [ty — T, t0]

When k=1, we shall prove that M'(t) < 0 for all t € [¢ty, t;). To prove this we shall
show that M (t) <y for any y > 0. Assume that there exists some t € [t,,t;) such
that M (t) > y.

Let t* =inf{t € [ty, t;): M (t) >y}, Since M (t,) <V(t,) —V(t,) =0<y and
hence M (t) <yfor t€ [ty—1,t,],we know that t* € (¢, t;). Also M(t) is
continuous on [ty, t;), then M (t*) =y and M (t) < y fort € [t, — T, t*].

Since V(t*) = M (t*) + V(t,), then for r € [—1, 0], we have

Vit +s) =M +r)+V(ty) <y+V(ty) =V(t)

Then by condition (ii), we have D*V (t*) < —RV(t*), so we have

D*M(t*) =DV (t*) + V(t,)

< =RV (t*) + V(ty)

<-(V)-V(ty))<-y <0

Which is a contradiction of the definition of t*, so we get M (t) <y for all t €
[to, t1). Lety —» 0%, we have M'(t) < 0 for t € [¢to, ty).
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Suppose that M (t) < 0 for t € [t, t), k = 1. Now we shall show that M (t) < 0 for
t € [ty, tys1). For any y > 0, we shall show that M (t) <y for t € (t, txs1)-
Suppose not, let

t* = inf{t € [ty, ty+1): M (t) > y}. By condition (iii) we have

M (ty) = V(ty) — wi (a’k—1(--- (w1 (o (V(t))) - ))
< w, (V(tg)) — wy (a)k_l(... (w1 (wo(V (o)) - ))

< wyg (a)k_l(... (w1 (wo(V (t))) )) — Wy (a)k_l(... (w1 (wo(V(te))) ))

=0

As M (t,) < 0 <y, so by the continuity of M (t), we have t* > t,, M (t*) = y and
M(()<yfort€[ty—71,t"]

Since V(t*) = M(t*) + wy (a)k_l(... (w1 (wo(V(t))) )), Whent* +r >tV
r € [—7, 0], then for r € [—71, 0] we have

V@t +71) = M +7) + w, (a)k_l(... (w1 (wo(V (&) - ))

<y+ wg (a)k_l(... (w1 (wo(V (tn))) - ))

< V(tY)

When t* + r < t;, for some r € [—7, 0], then for 0 < w,(j7) < jwi(r) and wy (1) =
7 holds for any j=> 0 and r > 0, we have, for anyr € [—7,0]and g < k,q,k €N,

wq (wq_l(... (w1 (o (V(te))) )) < wyg (a)k_l(... (w1 (wo(V(te))) ))
So in this case we can also get V(t* +r) < V(t*) holds for all r € [—t, 0]. Thus by
condition (ii), we have DTV (t*) < —XV(t*), and then we have

D*M(t*) = D*V(t*) + wy (a)k_l(... (w1 (wo(V () ))
< —RV(t*) + wy (a)k_l(... (a)l(a)o(V(tO))) ))

< -(V(t") — wy (wk—l(--- (w1 (wo(V (te))) )))

<-y<o0

Which is a contradiction of the definition of t*, so we get M (t) <y for all t €
[ti) tis1). Let y = 0%, we have M(t) < 0 for t € [ty, ty41). Thus M (t) < 0 for all
t € [to, txs1) by principle of mathematical induction proves  that

V(t) < wyg (a)k_l(... (wl(a)o(V(tO))) )), for t € [ty—1,tx), k € N.By
condition(iii), we have

Wy (a)k_l(... (w1 (o (V (tn))) - )) < wg ((Dk—1(--- (0, (V(tp)) - )) <RV (ty), t =t
Thus by condition (i), we have
allxl? < V(o) < cRIlT .t =t
sR -
Il < ESlinlle, ¢ = t
Hence the proof is complete.
Corollary 1: Let us consider that the hypothesis (H1-H3) are satisfied, also the
condition (i), (ii) of the theorem 2 hold and the condition (iii) is changed by
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(i) V(e () + Lt ) < @ (V(t7,¥(0))), where  (07) = 1(0),and
w(r) = (1 + k31r2) r,Vk € N

Then the zero solution of (1) is uniformly stable.

Proof: Note that w, (1) = (1 +—t )r <|r| (1 + k%),k € N, then by Theorem 2

k34712
result is true.

V. Example
Assume the impulsive delay differential equation

X (0) = —g(Ox(0) + — 2
1+ (x(t))
x(ty) = A+ b)x(te), ty =k,k €N, ()
xto:: n,

Where constants 7, b, > 0 with X5%_; by < o, the functions q,r € C(R,R,), Y €
PC([—7,0],R™).If q(t) = r(t) + a where a is a constant then zero solution of this
system is uniformly stable.

Proof:Let V(x) = V(t,x) = |x|,R(t) = a,Vt = t, — T, then

D*V(t,9(0)) < sgn($(0)[~4 (DY (0) + 1 s P(-) ]

< —q@ O]+ rOY(-)]

< —q@V((©0) +r®OVE(-0)

For any result of the equation (2), which hold V(t,(0)) =V (t +r,y¥(r)) for
r € [—1, 0], we know that V (y(1)) < V(¥ (0)), so

D*V(t,p(0)) < (=q () + r())V (W(0))
Also q(t) = r(t) + a, then

D*V(t,1(0)) < —aV(¥(0)) < ROV ((0))

When V(t,(0))=V(t+ry((@)) for re[-7,0], and also V(tk’ Y(0) +
I(tk’,lp)) < (1+ &)V (tr,¥(0)). Then by Theorem 1 the zero solution of (2) is
uniformly stable.

x(t—1),t =ty =0,
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