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Abstract 
 

By using the Lyapunov functions and analysis technique along with 
Razumikhin technique, several results for the uniform stability criteria have 
been derived. The obtained findings extend and generalize several results 
existing in the literature. 
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I Introduction 
Impulsive delay differential equations have enormous possible applications in the 
theory of control systems, power systems, time-varying nonlinear feedback systems, 
biology, pharmacokinetics, and so on [1, 4, 5, 8]. There are many applications in 
which there is need to find the qualitative properties of the solutions, because in many 
cases it is not possible to find the solutions of the differential equation. In those cases 
we depend on the qualitative properties of the equation. 
In recent years many kinds of stability problems of impulsive delay differential 
equations have been studied and many interesting results have been obtained [2, 7]. 
An impulsive differential system generally consists of three components: a continuous 
differential equation, which directs the motion of the system between impulsive 
actions, a discrete system of difference equations, which direct the method of the 
system state change at once when a situation event occurs; and a condition for finding 
when the states of the system are to be rearranged. The important methods: Lyapunov 
functions and Razumikhin technique are very useful for the study of stability analysis 
of different kinds of delay differential equations, and it have been proved that these 
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techniques are a powerful instrument in the study and research of the properties of 
impulsive delay differential equations [4, 3]. There are a numerous research works 
appeared in the literature on impulsive delayed linear differential equations. In this 
paper we will study the uniform stability for impulsive differential equation by 
Razumikhin method. As a result criteria on uniform stability can be obtained. 
This paper is organized as follows. In Section II, we introduce some basic definitions 
and notations. In Section III, we get some criteria for uniform stability for impulsive 
differential equation by Razumikhin method. 
 
 
II Preliminaries 
Consider the following impulsive differential: ݔ ′ሺݐሻ ൌ ݂ሺݐ, ,௧ሻݔ ݐ א ሾݐ௞ିଵ, ௞ሻݐሺݔ∆ ,௞ሻݐ ൌ ,௞ݐ௞ሺܫ ,௧షሻݔ ݐ ൌ ,௞ݐ ݇ א ௧బݔ (1) ,ܰ ൌ  ߟ
 
We assume that function f, ܫ௞: ܴା ൈ ,ሺሾെ߬ܥܲ 0ሿ, ܴ௡ሻ ՜ ܴ௡ሻ and ߟ א ,ሺሾെ߬ܥܲ 0ሿ, ܴ௡ሻ 
satisfy all required conditions for existence and uniqueness of the solutions for all ݐ ൒ ∞௞ሿ௞ୀଵାݐ଴. The time sequence ሾݐ  satisfy 0=ݐ଴ ൏ ଵݐ ൏ ڮ ൏ ௞ݐ ൏ ڮ , ௞௞՜଴௟௜௠ݐ ൌ
∞, ௞ሻݐሺݔ∆ ൌ ାሻݐሺݔ െ ,௧ݔ ሻ andିݐሺݔ ௧షݔ א ,ሺሾെ߬ܥܲ 0ሿ, ܴ௡ሻ are defined by ݔ௧ሺݎሻ ൌݔሺݐ ൅ ሻݎ௧షሺݔ ሻ andݎ ൌ ሺtିݔ ൅ rሻ for – ߬ ൑ ݎ ൑ 0 respectively. We shall assume that 
f(t, 0)=0, and ܫ௞ሺݐ, 0ሻ ൌ 0 for all ݐ א ܴା and k א ܰ, so that system (1) admits the 
trivial solution. 
Given a constant ߬ ൐ 0, we equip the linear space ܲܥሺሾെ߬, 0ሿ, ܴ௡ሻ with the norm ԡ. ԡఛ ൌ ߪሺݔ .be the solution of (1) s. t ,(଴, ηݐ ,t)ሻԡ. Denote x(t)=xݎఛஸ௥ஸ଴ԡ߰ሺି݌ݑݏ ൅ ሻݎ ൌ ,ሻݎሺߟ ,ሾെ߬߳ݎ 0ሿ. 
We further assume that all the solutions x(t) of (1) are continuous except at ݐ௞ , k א ܰ 
at which x(t) is right continuous. 
 
Definition 1: The function V: R+ × ܴ௡ → R+ is said to belong to the class ߥ଴ if we 
have the following. 
1) V is continuous in each of the sets [ݐ௞ିଵ, ݐ௞ሻ × ܴ௡, and for each x א ܴ௡, t  

௞ିݐ) ௞ሻ k  N, ݈݅݉ሺ௧,௪ሻ՜ሺ௧ೖష,௫ሻV (t, w) = Vݐ ,௞ିଵݐ] , x) exists. 
2) V (t, x) is locally Lipschitzian in all x א ܴ௡, and for all t ≥ ݐ଴, V (t, 0) ≡ 0. 
 
Definition 2: Given a function V: R+ × ܴ௡ → R+, the upper right-hand derivative of 
V with respect to system (1) is defined by ܦାV (t, x(t)) = lim supఋ՜଴శ  ଵఋ [V (t+δ, x( t+δ 
))−V(t, x(t))]. 
We shall make the following hypotheses. 
(H1) ݂ሺݐ, ߮ሻ is composite-PC, i. e., if for each ݐ଴ א ܴା and ߙ ൐ 0, where ሾݐ଴, ଴ݐ ൅ߙሿ א ܴା, if ݔ א ଴ݐሺሾܥܲ െ ߬, ଴ݐ ൅ ,ሿߙ ܴ௡ሻ and x is continuous at each ݐ ് ௞ݐ  in ሺݐ଴, ଴ݐ ൅ ሻݐሿ, then the composite function ݃ defined by ݃ሺߙ ൌ ݂ሺݐ,  ௧ሻ is an element oݔ
the function class ܲܥሺሾݐ଴, ଴ݐ ൅ ,ሿߙ ܴ௡ሻ. 
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(H2) ݂ሺݐ, ߮ሻ is quasi-bounded, i. e., if for some ݐ଴ א ܴା and ߙ ൐ 0, where [ݐ଴, ଴ݐ ൅ߙሿ א ܴା, and for each compact set ܨ א ܴ௡ there exists some ܯ ൐ 0 such that ԡ݂ሺݐ, ߮ሻԡ ൑ ,ݐfor all ሺ ܯ ߮ሻ א ሾݐ଴, ଴ݐ ൅ ሿߙ ൈ ,ሺሾെ߬ܥܲ 0ሿ,  ሻ. isܨ
(H3)For each fixed ݐ א ܴା, ݂ሺݐ, ߮ሻ is a continuous function of ߮ on ܲܥሺሾെ߬, 0ሿ, ܴ௡ሻ. 
It is shown in[3] that under assumptions (H1)-(H3), the initial value problem has a 
solution ݔሺݐ, ଴,ηሻݐ ؜ xሺtሻ existing in a maximal interval I. If, in addition, ݂ሺݐ, ߮ሻ is 
locally Lipschitz in ߮, then the solution ݔሺݐሻ ؠ 0. 
 
 
III Main Results 
In the following, we shall establish criteria on impulsive differential equation with 
any time delay for uniform stability. We have the followings results. 
Theorem 1: Suppose that there exist a function V א ,଴and some positive constants p, ܿଵߥ ܿଶ, ,ߜ ௞ߚ ൒ 0, ݇ א ܰ such that following conditions hold: 

i. ܿଵԡݔԡ௣ ൑ ܸሺݐ, ሻݔ ൑ ܿଶԡݔԡ௣, for any t א ܴା and x א ܴ௡ 
ii. ܦାܸ൫ݐ, ߰ሺ0ሻ൯ ൑ െՅሺݐሻܸሺݐ, ߰ሺ0ሻሻ, for all ݐ ് ,ݐ௞  in ܴା, Whenever ܸሺݐ ߰ሺ0ሻሻ ൒ ܸሺݐ ൅ ,ݎ ߰ሺݎሻሻ for r א ሾെ߬, 0ሿ, where Յሺݐሻ א ଴ݐሺሾܥܲ െ߬,∞ሻ, ܴାሻ and ݅݊ ௧݂ஹ௧బିఛՅሺݐሻ ൒  ߜ

iii. There exist a positive constant ߦ௞ , where 0 ൏ ௞ିଵߦ  ൑ 1, ݇׊ א .ݏ ܰ .ݐ ܸ ቀݐ௞, ߰ሺ0ሻ ൅ ,,௞ݐ൫ܫ ߰൯ቁ ൑  ሺ1 ൅ ௞ିݐ௞ሻܸ൫ߦ , ߰ሺ0ሻ൯, with ∑ ௞∞௞ୀଵߦ ൏ ∞ and ߰ሺ0ሻ ൌ ߰ሺ0ିሻ 
 
Then the zero solution of (1) is uniformly stable. 
Proof: Let x(t)=x(t, ݐ଴, η) be any solution of the impulsive system (1) with the initial 
condition ݔ௧బ ൌ ߝ and V(t)=V(t, x(t)). Let for any given ߟ ൐ 0, there exist 0 < ߜ such 

that ሺ௖మ௖భ জሻభ೛ߜ ൏ and ԡηԡఛ ߝ  ൏ where জ ߜ ൌ ∏ ሺ1 ൅ ௜ሻ∞௜ୀ଴ߦ , since ∑ ௞ߦ ൏ ∞∞௞ୀଵ . 
We shall show that ܸሺݐሻ ൑ ܿଶ ෑሺ1 ൅ ௜ሻ௞ିଵߦ

௜ୀ଴ ԡηԡఛ ௣ , ,௞ିଵݐሾ߳ݐ ,௞ሻݐ ݇߳ܰ, ଴ߦ ݁ݎ݄݁ݓ ൌ 0 

ܸሺݐሻ െ ܿଶ ෑሺ1 ൅ ௜ሻ௞ିଵߦ
௜ୀ଴ ԡηԡఛ ௣ , ,௞ିଵݐሾ߳ݐ ,௞ሻݐ ݇߳ܰ 

Let ࣧሺݐሻ= ܸሺݐሻ െ ܿଶԡηԡఛ ௣ , ଴ݐሾ߳ݐ െ ߬,  ଴ሿݐ
We need to show that ࣧሺݐሻ ൑ 0 for all ݐ ൒ ሻݐ଴. It is clear that ࣧሺݐ ൑ 0 for ߳ݐሾݐ଴ െ߬,  ଴ሿݐ
Since ࣧሺݐሻ ൑  ܸሺݐሻ െ ܿଶԡηԡఛ ௣ ൑ 0 by condition (i). 
Take k=1, we shall show that ࣧሺݐሻ ൑ 0 for ݐ א ሾݐ଴, ߛ ଵሻ. Letݐ ൐ 0 be arbitrary. Now 
we will show that ࣧሺݐሻ ൑ ݐ for ߛ א ሾݐ଴, ݐ ଵሻ. Suppose not, then there exist someݐ א ሾݐ଴, ሻݐଵሻ such that ࣧሺݐ ൐ כݐ Let .ߛ  ൌ inf ሼݐ א ሾݐ଴, ሻݐଵሻ: ࣧሺݐ ൐ ሻݐሽ, since ࣧሺߛ ൑ 0 ൏ ଴ݐሾ߳ݐ for ߛ െ ߬, כݐ ଴ሿ, we knowݐ א ሾݐ଴,  ሻ isݐଵሻ. Note that ࣧሺݐ
continuous on ሾݐ଴, ሻכݐଵሻ, then ࣧሺݐ ൌ ሻݐand ࣧሺ ߛ ൑ ଴ݐሾ߳ݐ for ߛ െ ߬,  .ሿכݐ
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Now ܸሺכݐሻ ൌ ࣧሺכݐሻ ൅ ܿଶԡηԡఛ ௣  and for r א ሾെ߬, 0ሿ, we have ܸሺכݐ ൅ ሻݎ ൌ ࣧሺכݐ ൅ ሻݎ ൅ ܿଶԡηԡఛ ௣  ൑ ߛ ൅ ܿଶԡηԡఛ ௣  
= ܸሺכݐሻ 
So by condition (ii), we have ܦାܸሺכݐሻ ൑ െՅሺכݐሻܸሺכݐሻ, then we have ܦାࣧሺכݐሻ ൌ ሻכݐାܸሺܦ ൅ Յሺכݐሻܿଶԡηԡఛ ௣  ൑ െՅሺכݐሻሺܸሺכݐሻ െ ܿଶԡηԡఛ ௣ ሻ 
= െՅሺכݐሻߛ ൏ 0, 
which contradicts the definition of כݐ, so we get ࣧሺݐሻ ൑ ݐ for all ߛ א ሾݐ଴, ߛ ଵሻ. Letݐ ՜ 0ା, we have ࣧሺݐሻ ൑ 0 for ݐ א ሾݐ଴,  .ଵሻݐ
Now we assume that ࣧሺݐሻ ൑ 0 for ݐ א ሾݐ଴, ,௠ሻݐ ݉ ൒ 1. We shall show that ࣧሺݐሻ ൑0 for ݐ א ሾݐ଴,  .௠ାଵሻݐ
By condition(iii), we have ࣧሺݐ௠ሻ ൌ ܸሺݐ௠ሻ െ ܿଶ ෑሺ1 ൅ ௜ߦ ሻ௠

௜ୀ଴ ԡηԡఛ ௣  

൑ ሺ1 ൅ ௠ିሻݐ௠ሻܸሺߦ െ ܿଶ ෑሺ1 ൅ ௜ሻ௠ߦ
௜ୀ଴ ԡηԡఛ ௣  

=ሺ1 ൅ ௠ିሻݐ௠ሻࣧሺߦ ൑ 0 
Let ߛ ൒ 0 be arbitrary, we need to show ࣧሺݐሻ ൑ ݐ for ߛ א ሾݐ௠,  ,௠ାଵሻ. Suppose notݐ
let כݐ ൌ inf ሼݐ א ሾݐ௠, :௠ାଵሻݐ ࣧሺݐሻ ൐ ௠ሻݐSince ࣧሺ .ߛ ൑ 0 ൏ כݐ ሻ, we getݐby the continuity of ࣧሺ ,ߛ ൐ ,௠ݐ ࣧሺכݐሻ ൌ ሻݐand ࣧሺ ߛ ൑ ݐ for ߛ א ሾݐ଴,  .ሿכݐ
Since ܸሺכݐሻ ൌ ࣧሺכݐሻ ൅ ܿଶ ∏ ሺ1 ൅ ௜ሻ௠௜ୀ଴ߦ ԡηԡఛ ௣ , then for any r א ሾെ߬, 0ሿ, we have ܸሺכݐ ൅ ሻݎ ൑ ࣧሺכݐ ൅ ሻݏ ൅ ܿଶ ෑሺ1 ൅ ௜ሻ௠ߦ

௜ୀ଴ ԡηԡఛ ௣  

൑ ߛ ൅ ܿଶ ෑሺ1 ൅ ௜ሻ௠ߦ
௜ୀ଴ ԡηԡఛ ௣  

= ܸሺכݐሻ 
Thus by condition (ii), ܦାܸሺכݐሻ ൑ െՅሺכݐሻܸሺכݐሻ, and then we have ܦାࣧሺכݐሻ ൌ ሻכݐାܸሺܦ ൅ Յሺכݐሻܿଶ ෑሺ1 ൅ ௜ሻ௠ߦ

௜ୀ଴ ԡηԡఛ ௣  

൑ െՅሺכݐሻሺܸሺכݐሻ െ ܿଶ ෑሺ1 ൅ ௜ሻ௠ߦ
௜ୀ଴ ԡηԡఛ ௣ ሻ 

=െՅሺכݐሻߛ ൏ 0 
Again this contradicts the definition of כݐ, which implies ࣧሺݐሻ ൑ ݐ for all ߛ ,௠ݐሾא ߛ ௠ାଵሻ. Letݐ ՜ 0ା, we have ࣧሺݐሻ ൑ 0 for all ݐ א ሾݐ௠, ሻݐ௠ାଵሻ. So ࣧሺݐ ൑ 0 for 
all ݐ א ሾݐ଴,  .௠ାଵሻݐ
Thus by the method of induction, we get ܸሺݐሻ ൑ ܿଶ ∏ ሺ1 ൅ ௜ሻ௞ିଵ௜ୀ଴ߦ ԡηԡఛ ௣ , ݐ א ሾݐ௞ିଵ, ,௞ሻݐ ݇ א ܰ. 
By condition (i)-(iii), we have 
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ܿଵԡݔԡ௣ ൑ ܸሺݐሻ ൑ ܿଶ ෑሺ1 ൅ ௜ሻ௞ିଵߦ
௜ୀ଴ ԡηԡఛ ௣ ൑ ܿଶজԡηԡఛ ௣ , ݐ ൒  ,଴ݐ

which yields ԡݔԡ ൑ ሺܿଶܿଵ জሻଵ௣ԡηԡఛ, ݐ ൒ ԡݔ଴, ԡݐ ൑ ,ߝ ݐ ൒  ଴ݐ
Therefore the zero solution of (1) is uniformly stable. 
Theorem 2: Suppose that the given hypothesis are satisfied and there exist a function 
V א ,଴, and the constants p>0, m>1, positive constants ܿଵߥ ܿଶ such that: 

i. ܿଵԡݔԡ௣ ൑ ܸሺݐ, ሻݔ ൑ ܿଶԡݔԡ௣, for any t א ܴା and x א ܴ௡ 
ii. ܦାܸ൫ݐ, ߰ሺ0ሻ൯ ൑ െՅሺݐሻܸሺݐ, ߰ሺ0ሻሻ, for all ݐ ് ,ݐ௞  in ܴା, Whenever ܸሺݐ ߰ሺ0ሻሻ ൒ ܸሺݐ ൅ ,ݎ ߰ሺݎሻሻ for r א ሾെ߬, 0ሿ 

iii. ܸ൫ݐ௞, ߰ሺ0ሻ ൅ ,௞ݐ௞ሺܫ ߰ሻ൯ ൑ ߱௞ ቀܸ൫ݐ௞ି , ߰ሺ0ሻ൯ቁ, where ߰ሺ0ିሻ ൌ ߰ሺ0ሻ, and ߱௞ሺݎሻ is continuous, 0 ൑ ߱௞ሺ݆ݎሻ ൑ ݆߱௞ሺݎሻ and ߱௞ሺݎሻ ൒ holds for any j൒ ݎ 0 
and ݎ ൒ 0, and there exists ব ൒ 1 such that ߱௞ሺ߱௞ିଵ൫… ൫߱ଵሺݎሻ൯ … ൯ሻ/ݎ ൑ ব, 
where ݎ ൐ 0, ݇߳ܰ. 

 
Then the zero solution of (1) is uniformly stable. 
 
Proof: To prove, we shall show that ܸሺݐሻ ൑ ߱௞ିଵ ቀ߱௞ିଶ൫… ൫߱ଵሺ߱଴ሺܸሺݐ଴ሻ൯ሻ … ൯ቁ , ݐ א ሾݐ௞ିଵ, ,௞ሻݐ ݇ א ܰ where ߱଴ሺݎሻ ൌݎ for any ݎ א ܴ. Suppose ܸሺݐሻ െ ߱௞ିଵ ቀ߱௞ିଶ൫… ൫߱ଵሺ߱଴ሺܸሺݐ଴ሻ൯ሻ … ൯ቁ , ,௞ିଵݐሾ߳ݐ ,௞ሻݐ ݇߳ܰ 
Let ࣧሺݐሻ=  ࣧሺݐ଴ሻ 
ݐ , א ሾݐ଴ െ ߬,  ଴ሿݐ
When k=1, we shall prove that ࣧሺݐሻ ൑ 0 for all ݐ א ሾݐ଴,  ଵሻ. To prove this we shallݐ
show that ࣧሺݐሻ ൑ ߛ for any ߛ ൐ 0. Assume that there exists some ݐ א ሾݐ଴,  ଵሻ suchݐ
that ࣧሺݐሻ ൐  .ߛ
Let כݐ ൌ inf ሼݐ א ሾݐ଴, :ଵሻݐ ࣧሺݐሻ ൐ ଴ሻݐሽ, Since ࣧሺߛ ൑ ܸሺݐ଴ሻ െ ܸሺݐ଴ሻ ൌ 0 ൏  and ߛ
hence ࣧሺݐሻ ൑ ݐ for ߛ א ሾݐ଴ െ ߬, כݐ ଴ሿ, we know thatݐ א ሺݐ଴,  ሻ isݐଵሻ. Also ࣧሺݐ
continuous on ሾݐ଴, ሻכݐଵሻ, then ࣧሺݐ ൌ ሻݐand ࣧሺ ߛ ൑ ݐ for ߛ א ሾݐ଴ െ ߬,  .ሿכݐ
Since ܸሺכݐሻ ൌ ࣧሺכݐሻ ൅ ܸሺݐ଴ሻ, then for ݎ א ሾെ߬, 0ሿ, we have ܸሺכݐ ൅ ሻݏ ൌ ࣧሺכݐ ൅ ሻݎ ൅ ܸሺݐ଴ሻ ൑ ߛ ൅ ܸሺݐ଴ሻ ൌ ܸሺכݐሻ 
Then by condition (ii), we have ܦାܸሺכݐሻ ൑ െՅܸሺכݐሻ, so we have ܦାࣧሺכݐሻ ൌ ሻכݐାܸሺܦ ൅ ܸሺݐ଴ሻ ൑ െՅܸሺכݐሻ ൅ ܸሺݐ଴ሻ ൑ െ൫ܸሺכݐሻ െ ܸሺݐ଴ሻ൯ ൑ െߛ ൏ 0 
Which is a contradiction of the definition of כݐ, so we get ࣧሺݐሻ ൑ ݐ for all ߛ ,଴ݐሾא ߛ ଵሻ. Letݐ ՜ 0ା, we have ࣧሺݐሻ ൑ 0 for ݐ א ሾݐ଴,  .ଵሻݐ
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Suppose that ࣧሺݐሻ ൑ 0 for ݐ א ሾݐ଴, ,௞ሻݐ ݇ ൒ 1. Now we shall show that ࣧሺݐሻ ൑ 0 for ݐ א ሾݐ଴, ߛ ௞ାଵሻ. For anyݐ ൐ 0, we shall show that ࣧሺݐሻ ൑ ݐ for ߛ א ሺݐ௞,  .௞ାଵሻݐ
Suppose not, let כݐ ൌ inf ሼݐ א ሾݐ௞, :௞ାଵሻݐ ࣧሺݐሻ ൐ ௞ሻݐሽ. By condition (iii) we have ࣧሺߛ ൌ ܸሺݐ௞ሻ െ ߱௞ ቀ߱௞ିଵ൫… ൫߱ଵሺ߱଴ሺܸሺݐ଴ሻ൯ሻ … ൯ቁ ൑ ߱௞൫ܸሺݐ௞ି ሻ൯ െ ߱௞ ቀ߱௞ିଵ൫… ൫߱ଵሺ߱଴ሺܸሺݐ଴ሻ൯ሻ … ൯ቁ ൑ ߱௞ ቀ߱௞ିଵ൫… ൫߱ଵሺ߱଴ሺܸሺݐ଴ሻ൯ሻ … ൯ቁ െ ߱௞ ቀ߱௞ିଵ൫… ൫߱ଵሺ߱଴ሺܸሺݐ଴ሻ൯ሻ … ൯ቁ 
=0 
As ࣧሺݐ௞ሻ ൑ 0 ൏ כݐ ሻ, we haveݐso by the continuity of ࣧሺ ,ߛ ൐ ,௞ݐ ࣧሺכݐሻ ൌ ሻݐand ࣧሺ ߛ ൑ ݐ for ߛ א ሾݐ଴ െ ߬,  .ሿכݐ
Since ܸሺכݐሻ ൌ ࣧሺכݐሻ ൅ ߱௞ ቀ߱௞ିଵ൫… ൫߱ଵሺ߱଴ሺܸሺݐ଴ሻ൯ሻ … ൯ቁ, When כݐ ൅ ݎ ൒ ,௞ݐ ݎ ׊ א ሾെ߬, 0ሿ, then for ݎ א ሾെ߬, 0ሿ we have ܸሺכݐ ൅ ሻݎ ൌ ࣧሺכݐ ൅ ሻݎ ൅ ߱௞ ቀ߱௞ିଵ൫… ൫߱ଵሺ߱଴ሺܸሺݐ଴ሻ൯ሻ … ൯ቁ ൑ ߛ ൅ ߱௞ ቀ߱௞ିଵ൫… ൫߱ଵሺ߱଴ሺܸሺݐ଴ሻ൯ሻ … ൯ቁ ൑ ܸሺכݐሻ 
When כݐ ൅ ݎ ൏ ݎ ௞ for someݐ א ሾെ߬, 0ሿ, then for 0 ൑ ߱௞ሺ݆ݎሻ ൑ ݆߱௞ሺݎሻ and ߱௞ሺݎሻ ൒ݎ holds for any j൒ 0 and ݎ ൒ 0, we have, for any ݎ א ሾെ߬, 0ሿ and ݍ ൏ ݇, ,ݍ ݇ א ܰ, ߱௤ ቀ߱௤ିଵ൫… ൫߱ଵሺ߱଴ሺܸሺݐ଴ሻ൯ሻ … ൯ቁ ൑ ߱௞ ቀ߱௞ିଵ൫… ൫߱ଵሺ߱଴ሺܸሺݐ଴ሻ൯ሻ … ൯ቁ 
So in this case we can also get ܸሺכݐ ൅ ሻݎ ൑ ܸሺכݐሻ holds for all ݎ א ሾെ߬, 0ሿ. Thus by 
condition (ii), we have ܦାܸሺכݐሻ ൑ െՅܸሺכݐሻ, and then we have ܦାࣧሺכݐሻ ൌ ሻכݐାܸሺܦ ൅ ߱௞ ቀ߱௞ିଵ൫… ൫߱ଵሺ߱଴ሺܸሺݐ଴ሻ൯ሻ … ൯ቁ ൑ െՅܸሺכݐሻ ൅ ߱௞ ቀ߱௞ିଵ൫… ൫߱ଵሺ߱଴ሺܸሺݐ଴ሻ൯ሻ … ൯ቁ ൑ െሺܸሺכݐሻ െ ߱௞ ቀ߱௞ିଵ൫… ൫߱ଵሺ߱଴ሺܸሺݐ଴ሻ൯ሻ … ൯ቁሻ ൑ െߛ ൏ 0 
Which is a contradiction of the definition of כݐ, so we get ࣧሺݐሻ ൑ ݐ for all ߛ ,௞ݐሾא ߛ ௞ାଵሻ. Letݐ ՜ 0ା, we have ࣧሺݐሻ ൑ 0 for ݐ א ሾݐ௞, ሻݐ௞ାଵሻ. Thus ࣧሺݐ ൑ 0 for all ݐ א ሾݐ଴, ሻݐ௞ାଵሻ by principle of mathematical induction proves that ܸሺݐ ൑ ߱௞ ቀ߱௞ିଵ൫… ൫߱ଵሺ߱଴ሺܸሺݐ଴ሻ൯ሻ … ൯ቁ, for ݐ א ሾݐ௞ିଵ, ,௞ሻݐ ݇ א ܰ. By 
condition(iii), we have ߱௞ ቀ߱௞ିଵ൫… ൫߱ଵሺ߱଴ሺܸሺݐ଴ሻ൯ሻ … ൯ቁ ൑ ߱௞ ቀ߱௞ିଵ൫… ൫߱ଵሺܸሺݐ଴ሻ൯ … ൯ቁ ൑ বܸሺݐ଴ሻ, ݐ ൒  ଴ݐ
Thus by condition (i), we have ܿଵԡݔԡ௣ ൑ ܸሺݐሻ ൑ ܿଶবԡηԡఛ ௣ , ݐ ൒ ԡݔ଴ ԡݐ ൑ ሺ௖మব௖భ ሻభ೛ԡηԡఛ, ݐ ൒  ଴ݐ
Hence the proof is complete. 
Corollary 1: Let us consider that the hypothesis (H1-H3) are satisfied, also the 
condition (i), (ii) of the theorem 2 hold and the condition (iii) is changed by 
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(iii) ܸ൫ݐ௞, ߰ሺ0ሻ ൅ ,௞ݐ௞ሺܫ ߰ሻ൯ ൑ ߱௞ ቀܸ൫ݐ௞ି , ߰ሺ0ሻ൯ቁ, where ߰ሺ0ିሻ ൌ ߰ሺ0ሻ, and ߱௞ሺݎሻ ൌ ቀ1 ൅ ଵ௞యା௥మቁ ,ݎ ݇׊ א ܰ 
Then the zero solution of (1) is uniformly stable. 
Proof: Note that ߱௞ሺݎሻ ൌ ቀ1 ൅ ଵ௞యା௥మቁ ݎ ൑ |ݎ| ቀ1 ൅ ଵ௞యቁ , ݇ א ܰ, then by Theorem 2 
result is true. 
 
 
IV. Example 
Assume the impulsive delay differential equation ݔ ′ሺݐሻ ൌ െݍሺݐሻݔሺݐሻ ൅ ሻ1ݐሺݎ ൅ ൫ݔሺݐሻ൯ଷ ݐሺݔ െ ߬ሻ, ݐ ൒ ଴ݐ ൌ ௞ሻݐሺݔ ,0 ൌ ሺ1 ൅ ܾ௞ሻݔሺݐ௞ି ሻ, ௞ݐ ൌ ݇, ݇ א ௧బݔ (2) ,ܰ ൌ  ,ߟ
Where constants ߬, ܾ௞ ൐ 0 with ∑ ܾ௞ ൏ ∞∞௞ୀଵ , the functions ݍ, ݎ א ,ሺܴܥ ܴାሻ, ߰ ,ሺሾെ߬ܥܲא 0ሿ, ܴ௡ሻ. If ݍሺݐሻ ൒ ሻݐሺݎ ൅ ܽ where a is a constant then zero solution of this 
system is uniformly stable. 
Proof:Let ܸሺݔሻ ൌ ܸሺݐ, ሻݔ ൌ ,|ݔ| Յሺݐሻ ൌ ܽ, ݐ׊ ൒ ଴ݐ െ ߬, then  ܦାܸ൫ݐ, ߰ሺ0ሻ൯ ൑ ሻ߰ሺ0ሻݐሺݍ൫߰ሺ0ሻ൯ሾെ݊݃ݏ ൅ ௥ሺ௧ሻଵାሺటሺ଴ሻሻయ ߰ሺെ߬ሻ ] ൑ െݍሺݐሻ|߰ሺ0ሻ| ൅ ሻ|߰ሺെ߬ሻ| ൑ݐሺݎ െݍሺݐሻܸ൫߰ሺ0ሻ൯ ൅  (ሻܸሺ߰ሺെ߬ሻݐሺݎ
For any result of the equation (2), which hold ܸሺݐ, ߰ሺ0ሻሻ ൒ ܸሺݐ ൅ ,ݎ ߰ሺݎሻሻ for 
r א ሾെ߬, 0ሿ, we know that ܸሺ߰ሺ߬ሻሻ ൑ ܸሺ߰ሺ0ሻሻ, so  ܦାܸ൫ݐ, ߰ሺ0ሻ൯ ൑ ൫െݍሺݐሻ ൅  ሻ൯ܸሺ߰ሺ0ሻሻݐሺݎ
Also ݍሺݐሻ ൒ ሻݐሺݎ ൅ ܽ, then  ܦାܸ൫ݐ, ߰ሺ0ሻ൯ ൑ െܸܽሺ߰ሺ0ሻሻ ൑ Յሺݐሻܸሺ߰ሺ0ሻሻ 
When ܸሺݐ, ߰ሺ0ሻሻ ൒ ܸሺݐ ൅ ,ݎ ߰ሺݎሻሻ for r א ሾെ߬, 0ሿ, and also ܸ ቀݐ௞, ߰ሺ0ሻ ൅ܫ൫ݐ௞,, ߰൯ቁ ൑  ሺ1 ൅ ௞ିݐ௞ሻܸ൫ߦ , ߰ሺ0ሻ൯. Then by Theorem 1 the zero solution of (2) is 
uniformly stable. 
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