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Abstract

In this paper we have developed a method to solve intuitionistic fuzzy linear
system of equations (IFLS). In this method, the intuitionistic fuzzy system has
been converted to a crisp system of linear equations with the help of four
parametric form of intuitionistic fuzzy numbers. Using four parametric form, the
n x n IFLS has been converted to two n X n crisp systems, which then have been

solved using a new method.
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1. INTRODUCTION

System of linear equations is one of the most important topics in research due to its
applicability in mathematics, physics, and other science as well as engineering subjects.
In real life situation we often get parameters as a result of some experiment, estimation,
observation or modelling. Since all these processes involve uncertainty at some point
or the other, the natural choice is to consider fuzzy parameters instead of crisp ones.
Fuzzy parameters handle uncertainty and vaguness. In fuzzy set theory, membership of
an element plus non-membership of that element is equal to one. In real life situation
it may not be always true that the degree of membership of an element plus the degree
of non-membership of that element is equal to one, because there may exist some
hesitation degree. In intuitionistic fuzzy set this hesitation degree is also considered.
So intuitionistic fuzzy set(number) seems to fit more suitably to describe uncertainty,
therefore it is more useful to take intuitionistic fuzzy set(number) rather than fuzzy
set(number) .
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The concept of fuzzy set and fuzzy numbers has been first introduced by Zadeh [25].
Since then, there have several generalizations of fuzzy set; intuitionistic fuzzy set (IFS)
is one of them. IFS was first introduced by Atanassov [5-8]. Intuitionistic fuzzy
linear systems (IFLS) are the linear systems whose parameters are all or partially
represented by intuitionistic fuzzy numbers (IFN). Friedman et al. [17] first proposed
a general model for solving n x n fuzzy linear systems (FLS) with the coefficient
matrix consisting of crisp numbers and right hand side column vector consisting of
arbitrary fuzzy numbers. By using parametric form of fuzzy number they converted
n X n FLS into 2n x 2n crisp systems. Behera et al. [15] gave a new model for
solving FLS. They converted n x n fuzzy system into n X n crisp system by using
double parametric form. Fuzzy system of linear equations has been studied by several
authors [1-4,11-13,16, 18-22,24]. Banerjee et al. [10] developed an approach to solve
intuitionistic fuzzy linear systems (IFLS). They converted m x n system of IFLS into
two 2m X 2n crisp linear systems. Atti et al. [9] also developed an approach to solve
IFLS. They converted n X n system of equation into four n X n crisp linear systems.
Solvability of system of intuitionistic fuzzy linear equations was studied by Pradhan et
al. [23].

In this paper, we have developed an approach to solve IFLS following Behera et
al. [15],which originally was developed for FLS. The paper is organised as follows:
In the next section we review some definitions, in section (3) we discuss in detail the
proposed method of solution and in section (4) numerical examples have been included
which are solved using the new method. The last section includes the conclusion.

2. PRELIMINARIES

Definition 2.1. Intuitionistic Fuzzy Sets: Let X be a finite set of elements. An IFS A
in X is defined as

A= {{z, pa(e),vi(x)) | = € X},

where the functions 5 : X — [0,1] and v; : X — [0, 1] respectively represent the
degrees of membership and non-membership of the element x € X to the set A such
that yu5(x) € 0,1], v4(x) € [0,1], 0 < ps(x) +v4(2) < L.

Definition 2.2. (o, §)-cuts: A subset (o, 3)-cut of X, generated by IFS A, where
a € [0,1], 5 € [0, 1] are fixed numbers such that a + § < 1 defined as

Ay=1{o € X s pi(a) = 0, vz(w) < B)

A, 5 1s a crisp set of elements which belong to A at least to the degree of o and which
does not belong to A at most to the degree of 3.
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Definition 2.3. Intuitionistic Fuzzy Number(IFN): An IFS A on real line is called
IFN if it satisfies the following conditions

1. there exists z, € R such that 11 ;(x¢) = 1 and v;(xy) =0

2. the membership function 1 ; is convex
ie, pi(Ary + (1 = Nag) > min{uz(z1), pi(xe); } Ve, 20 € R, A € [0,1]

3. the non-membership function v/ ; is concave
ie, vi(Axy + (1 — Naxg) < max{vi(xy), vi(za)}; Vo, zg € R, X € [0, 1].

Definition 2.4. Triangular Intuitionistic Fuzzy Number (TIFN): A triangular
intuitionistic fuzzy number A is denoted by A = ((Iy, 1, 1), (I},15,13)). An IFN A
is called TIFN if its membership and non-membership functions follow the following

rules:
0, $§ll
-1
/,L~(x)_ l12‘—1117l1 §x§l2
A = -
%7l2§9€§l3
0, .132[3
and
I, =<1}
2 <e <l
VA('I) = x—l2 l < <l/
—ly° 25T > i3
L, z>14

where I} <1 <1y <3 <Ii.

(ar, B)-cut of A = ((Iy,15,13), (I}, 12,14)) may be represented as

Aas= ([Ala), A()], [A(8), A(B)]), where A(a) = L + a(lz — L), Ala) =
Iy — a(ly — o), A(B) = Iy — Bly — 1)) and A'(B) = I + B(I, — Iy).

Definition 2.5. Trapezoidal Intuitionsitic fuzzy number (TrIFN):A trapezoidal
intuitionistic fuzzy number A is denoted by A = ((Iy, Iy, I3, 1), (I}, 15, 13, 1;)). AnIFN A
is called TrIFN if its membership and non-membership functions follow the following
rule:
( 0, =<1l

%, h<z<l
palr)=q 1, Lb<z<ls
llf:[z? l3<z <l

\ Oalezl
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2o

membership and non-membership value

Figure 1: TIFN((ll, l2, lg), (lll, 12, lg)>

and

I, =<l
l_
122 lafi?lllngZQ
I/A(.CE): O,ZQSl’Slg
-1
ﬁ7l3§$§lﬁ
I, x>1

where I} <13 <y <3 <1y <.

(v, B)-cut of A = ((Iy, 1y, 13, 14), (I, I, I5, 1,)) may be represented as

A= ([Ala), Ala)),[4(8), T (B))), where Aa) = b + all — ), Ala) =
i —a(ly—1s), A(B) =l — B(ly — 1) and A'(B) = Is + B(l, — I3).

Note:

1. If Iy = I3 then trapezoidal intuitionistic
fuzzy number (TrIFN) ((l1,l2,13,14), (I}, 2,13, 1}) is transformed into triangular
intuitionistic fuzzy number (TIFN) ((11, l2, 1), (11, 12,1})).

Definition 2.6. Non-Negative TrIFN : A trapezoidal intuitionistic fuzzy number
A= ((l,la,15,1y), (I, 15,15, 1)) is said to be non-negative if I > 0.
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membership and non-membership value

Figure 2: TI'IFN((ll, lg, lg, l4>, (lll, lg, l3, l£1>

Definition 2.7. Non-Negative TIFN : A triangular intuitionistic fuzzy Number A =
((I1,19,13), (11,12, 15)) is said to be non-negative if [; > 0.

3. INTUITIONISTIC FUZZY SYSTEM OF LINEAR EQUATIONS

The n X n intuitionistic fuzzy system of linear equations may be written as

1121 + Q12T2 + ... + Q1p Ty = by

&21@2 + &22.%2 + —|— &anin - b2
A1 En + Gnads 4 ... + Gnn@pn = bp.
In matrix-vector form the above system may be written as
AX = B, where the coefficient matrix A = (ay;), 1 < k <n, 1 < j < nisacrisp

real n X n matrix, B = (l;k)7 1 < k < n,is a column vector of fuzzy numbers and
X = (&;), 1 < j < n, is the vector of fuzzy unknowns.

3.1 Solution Method Using Four Parametric Form With Crisp
Coefficient:

The system of equations AX = Bcanbe represented as
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> iy = by fork=1,2,....n. (3.1)

J=1

Using parametric form of intuitionistic fuzzy number we may write

2 = ([2;(a), T5()], [2(8), 25(8)]) and by, = ([ba(@), bi(@)], [B(5). Bi.(B)])-

Substituting the above expression in equation(3.1), we get

> ang([z(@), Ti ()], [25(8), 25(8)]) = ([bu(a), br(a)], [b,(8), b.(8)]),
fork=1,2,....n.

From equation(3.1), one may get two n X n system of equations as

Zakj<[ﬁ(a),az_j(oz)]) = ([bp(a), bp()]), for k = 1,2, ..., n. (3.2)

and

> an{[5(8), Z(B)]) = ([BL(8). b(B)]). for k= 1,2,....n. (3.3)

Let us define

zj(a,v) =7(T;(a) — zj(a)) + zj(a), for j =1,2, ..., n. (3.4)

bi(a, ) = v(br(@) = be(@)) + be(@), for k= 1,2, .., n. (3.5)
and

#(8,8) = 8(x(B) — () + 2(B), for j =1,2,...,n. (3.6)

br(B,8) = 6(b,(B) — bi(B)) + b(B), for k =1,2,....n. (3.7)
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Substituting the above expressions in equation (3.2) and in equation (3.3) we get,

Z agTi(o,y) = Bk(a,’y), fork=1,2, .. n. (3.8)
j=1
> agE(B,6) = bi(B,0), fork =1,2,...,n. (3.9)
j=1

The above system of equation (3.8) is now solved to obtain Z;(c, 7). After getting
Zj(a,y) one can put v = 0 to get z;(a)(= Z;(,0)) and v = 1 to get T;(a)(=
T (a7 1))

Similarly, solving equations (3.9) one can get Z;(3, ). After getting Z;(, ) one can
put & = 0 to get 2’(3)(= 7;(,0)) and § = 1 to get x_;(ﬁ’)(: z;(B,1)).

Definition 3.1. If X = (21,79, ...,7,)T is a solution set of (3.1) and for each 7,
1 < j < n the inequalities z;(a) < Zj(a), 7%(8) < x_;(ﬂ) hold, then the solution

X is called a strong solution of the system (3.1)._

Definition 3.2. If X = (&y,45,...,4,)" is a solution set of (3.1) and for some 7,
1 < j < n the inequalities z;(«) > Tj(a) or 25(3) > x_;(ﬁ) hold, then the solution X
is called a weak solution of the system (3.1). o

4. NUMERICAL EXAMPLE ON INTUITIONISTIC FUZZY SYSTEM OF
LINEAR EQUATIONS WITH CRISP COEFFICIENTS

Example 4.1. Let us consider 2 x 2 intuitionistic fuzzy system of linear equations ( [10])
471 4+ (=5)Z2 = ((25, 35,50, 67), (20, 35,50, 73))
7T + (—3)xy = ((27,37,48,65), (22,37, 48,72)).

Using parametric form of intuitionistic fuzzy number we have,
b1a,p = ([br(e), br(@)], [04(8), 01 (B)]) = ([25 +10c, 67 — 170, [35 — 153,50 + 23/3]),

= ([ba(a), ba(@)], [5(8), b5(8)]) = ([27 + 10av, 65 — 17a], [37 — 153, 48 + 245]).

(
and &1, = ([21(a), T1(a), [24(8), 71 (B)]),
( )

[23(a), Ta(a)], [25(8), 25(8
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b.(8) = 0,(8)) + b ().

7;(8,0) = 0(5(8) — x5(8)) + «5(B),
=9

Then we get the 15 2 x 2 system as

471 (o, y) + (=5)Z1 (e, y) = 7[67 — 17 — 25 — 10a] + 25 + 10«
TZo(a,y) + (—=3)Z2(a, v) = 7[65 — 17Tac — 27 — 10a] 4 27 + 10cv.
i.e,

421 (0, y) + (=5) T4 (
TZy(a,7) + (=3)2(

,Y) = v[42 — 27a] 4+ 25 + 10a,
) = ~[38 — 27a] + 27 + 10a.

Writing in matrix-vector form we have
4 =5\ (wi(o,y)\ _(7[42 —27a] + 25+ 10a
7 =3) \xa(a,y) ] \[38 = 27a] + 27 + 10«

-1
N ri(o,y)\ (4 —5 v[42 — 27a) + 25 + 10«
zo(o,) ] \7 =3 v[38 — 27a] + 27 + 10a

)
T53 93| (742 —27a] + 25 + 10«

- ZE1<OZ,’}/) —
xQ(av’Y)
T A ) \4[38 = 27a] + 27 + 10w
23 23
60 + 20a + 64y — Hdary
- (JTl(Oé,'Y ) — 23
z2(a,7) 67 — 300 — 142 + 81lary
23

Now we get the solution as

60 + 20a + 64y — Hdary 67 + 30a + 142y — 8lary

Z1(a,y) = 53 and Ty (v, y) = 53
Putting v = 0 in (v, ) and Z2(cv, ) we get respectively

- 60 + 20« . —67 — 30c
x1(04, 0) - _1(0[) - 2—3 and $2(O{,O) = @(Q) = T
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Putting v = 1 in Z1 (v, 7) and Z5 (v, 7y) we get respectively

B 124 — 34« —209 4+ 51l
T1(a, 1) =77 (a) = ————— B ———

7 ,and Zo(a, 1) = T3(a) = 23

Then we get the 2"¢ 2 x 2 system as

471(B,6) + (=5)71(5,0) = §[50 + 235 — 35 + 153] 4+ 35 — 154,
TZ9(5,0) + (—3)T2(B,9) = 0[48 4+ 245 — 37 + 155 4+ 37 — 150.
1.e,

4721(B,9) + (=5)z1(5,0) = §[15 + 38p] + 35 — 150,

TZ5(8,0) + (=3)Z2(B,0) = 6[11 + 398] + 37 — 153.

Writing in matrix-vector form we have
4 =5 r1(B,0)\ _[d[15+4388] + 35— 158
7 =3) \x2(8,0)) \6[11 +398] + 37 — 158

_ (mB.9)\_(4 -5 (615 + 386] + 35 — 158
z2(6,6)) \7 =3 §[11 4 3953] + 37 — 158

3 5
_ (a:l(ﬁ,é)): “93 93| (O[15+388]+35 - 158
e _ T A ) 611 +398] + 37 — 153

80 — 308 + 106 + 8134

(o9
~—

(«r1<67 > _ 23

N =

5(8,9) —97 + 453 — 616 — 11086
23

Now we get the solution as

80— 308+ 100 + 8130 . —97 + 455 — 616 — 11089

xl(ﬁa 6) 23 nd Ig(ﬁ, (5) = 73
Putting 6 = 0in (3, 0) and Z5(3, 0) we get respectively
- , 80 — 30 N , —97 + 45

Putting 6 = 1in Z1(f3, d) and Z2(3, §) we get respectively
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90+ 518 — . —158 - 658

51(8,1) =7 (3) = 0 and da(B,1) = T(8) = — o

Here we see that,

Tra,5 = {[21(a), T1(a)], [2(B), 1 (B)]),

and

Taa,8 = ([22(@), T2()], [25(5), 25(B)]),

are both trapezoidal shaped Intuitionistic Fuzzy Numbers.

Here z5(a) > T3() and 24(B) > 25(53).

Hence the solution 7 = (95_1, 79)" is a weak solution of the system .

2 -

embership and non-membershi
embership and non-membershi

b
b

0 0
50/23  60/23 80/23  90/23 124/23 141/23 -223/23™-209/23 -158/23 -97/23 -67/23 -52/23

(a) (b)
Figure 3: fig(a):z; fig(b): 75

Example 4.2. Let us consider 2 x 2 intuitionistic fuzzy system of linear equations
(—4)Z1 + 232 = ((2,3,4,5),(1,3,4,6)),
371 + (_1>£2 = <(47 5,0, 7)’ (37 5,0, 8)>

Using parametric form of intuitionistic fuzzy number we have
b1a,s = ([br(e), br(@)], [04(8), 11 (B)]) = (2 + @, 5 — al, [3 — 26,4+ 26)),

baass = ([ba(@), ba(@)], [05(8), B5(B)]) = ([4 + @, T — al, [5 — 28,6 + 2]),
and

Fras = ([22(0). Fi()], [24(8). 7]

an,B = <[@(O‘>’x_2 _/2 x

Let us define

zj(a, ) =1(T5(@) - z(a)) + z4(a),
bi.(e,7) = (bi(a) — be(a)) + bi(@),

and
7;(8,0) = (_;(6)—73_;(6))+:r_}(6),
br(B,6) = 6(b(B) — b(B)) + b ().
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Then we get the 15 2 x 2 system as

(=) Z1 (v, ) + 221 (o, y) =9 —a—2—a]+ 2+«
3za(a,y) + (1) Z2(a,y) =v[T—a—4—a] + 4+ a.
i.e,

(=4)Z1 (e, 7) + 221 (e, 7)
375, 7) + (=1)Z2(a,7)

783 —2a] + 2+ a,
73 — 2a] + 4+ a.

Writing in matrix-vector form we have

— x1(a, ) 7[3—2a]+2+a
3 zo(a, ) 3 20] +4+a)
—4

Y3 —2a]+ 2+«
Y3 —2a] +4+a

77
,7 3
1
-1
:> a,’y 2 Y3 —2al+2+a
04,7 3 Y3 —2a]+44+a)
- 2
2

10 + 3a + 97 — b6ary

- (:El(a,’)/) — 2
w2(@,7) 22 + 7o+ 21y — 14y
2

Now we get the solution as

- 10 + 3 + 9y — b6ary 22 + T + 21y — ldary

sl (Oé, 7) = 2 ) and :Z.Z(OQ ’7) = 2
Putting v = 0 in 71 (v, ) and Z5(cv, ) we get respectively

10+ 3 2247
71(0,0) = z1(0) = — " and y(a,0) = zy(a) = =
Putting v = 1 in 71 (v, ) and Z5(cv, ) we get respectively

19 — 3« 43 — 7a

(1) =Ti(a) =

and Zo(a, 1) = T3(a) =

2 2

Then we get the 2"¢ 2 x 2 system as
3T2(B,0) + (—=1)Z2(B,0) = 6[6 + 28 + 5 — 28] + 5 — 23,
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i.e,
372(8,6) + (~1)2(8, 6) = 3[1 + 4] + 5 — 28,
Writing in matrix-vector form we have

—4 2\ (z(B,6)\_(d[1+48]+3—28
3 —1) \zy(B,0)) \6[1+48]+5—28

 (mBo\_(—4 2 T (5[ +48) +3—28
z5(8,0))] \ 3 -1 §[1+4p]+5—28
1
-1
N 21(8,0)\ | 2 S[1+48] +3—26
22(8,0)) | 3 , S[1+48] +5—28
2

13 — 66 + 36 4+ 12536

(«xl(ﬁaé)) — 2

N =

z5(5,0) 29 — 148 + 70 4 2886
2

Now we get the solution as

13 — 68 + 35 + 12536 29— 148+ 76 + 2836

571(675) = 5 andi"g(ﬂ,d)_ 5
Putting § = 0in (3, §) and Z,(3, §) we get respectively

- 13-6 . . 20 — 14
T1(8,0) = 24(B) = 5 ﬁ’ and 72(8,0) = x5(8) = Tﬁ
Putting § = 1in (3, §) and Z,(3, §) we get respectively

) 1646 ) 36+ 14
71(8,1) = 7 (B) = — O and #,(8,1) = T5(8) = Tﬁ

Here we see that,

Tras = ([z1(0), T1()], [21(8), 21 (B)]),

and

Taap = ([22(), T2(a)], [25(8), 25(8))),
are both trapezoidal shaped Intuitionistic Fuzzy Numbers.
The solution & = (27, Z2)" is a strong solution of the system .
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membership and non-membership
=

membership and non-membership
=

0
2 10/2 132 16/2 19/2 222 15/2 2242 29/2 36/2 432 50/2

Figure 4: fig(a):z; fig(b): 75

5. CONCLUSION

In this paper we have developed a new approach to solve intuitionistic fuzzy linear
systems (IFLS) with crisp coefficients. In this approach n x n IFLS is transformed into
two n X n crisp systems. This «, 3,7, d parametric approach is easy, straight forward
and requires much lesser effort than the other existing methods. Future work may focus
on fully intuitionistic fuzzy linear systems (FIFLS).
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